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Abstract Online remaining-useful-life (RUL) estimation is an effective method with respect to ensuring

the safety of complex-huge systems. Generally, current methods assume a specific degradation model when

degradation values are observed in the initial degradation phase. However, this assumption may not always

be robust enough owing to the often-ambiguous inherent incipient-degradation characteristic. Therefore,

besides model-parameter uncertainty, the uncertainty of the degradation model is worth examining in online

RUL estimations. In this paper, a Bayesian-updated expectation-conditional-maximization (ECM) algorithm

is adopted to address the uncertainty of prior parameters, and a modified Bayesian-model-averaging method

is used to deal with the uncertainty of the degradation model. Then, simulation studies are conducted to

analyze the effectiveness of the proposed fusion algorithm. Results suggest that the Bayesian-updated ECM

algorithm and modified Bayesian-model-averaging method effectively address the associated uncertainties

of model parameters and the degradation model itself. Finally, we apply the proposed fusion algorithm to

predict the RUL of a gyroscope.
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1 Introduction

Complex-huge systems play significant roles in a number of industries, such as manufacturing, aerospace
engineering, the military, and transportation. Failure in any one of these systems can have catastrophic
consequences with profound impacts and potential safety hazards [1–3]. Remaining-useful-life (RUL)
prediction is an important method with respect to avoiding serious consequences as well as ensuring
operational safety in various industries [4–6]. Unlike other common systems, complex equipment, such as
high-speed rails and aircraft carriers, is newly manufactured; accordingly, historical-degradation data are
nonexistent. This is problematic because common approaches that require historical-degradation data
to accomplish RUL predictions are rendered useless. To overcome this, online RUL prediction utilizes
online monitoring values; therefore, it is the optimal choice for complex-huge systems [7].

Usually, online RUL prognostics mainly comprise two aspects: model selection and model-parameter
estimation [8]. In the model-selection process, a specific degradation model is often assumed when the
degradation signals are observed in the initial degradation phase. However, the degradation characteris-
tics are often indistinct and usually lead to model uncertainty; for instance, the characteristics datasets
comprising the fatigue-crack growth data from Hudak and Saxena [9] and laser-device degradation data
from Meeker and Escobar [10]. Indeed, both of these degradation datasets have been modeled using
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different degradation paths: the Gamma-stochastic process [11] and the regression model [12] for the
fatigue-crack-growth data, and the Wiener process with both normal distribution [13] and skew-normal
distribution [14] for the laser-device data. However, owing to indistinct degradation characteristics, these
widely adopted degradation models should be carefully selected for particular application purposes. Be-
sides indistinct degradation characteristics, imprecise model-selection criteria can also result in model
uncertainty. Although various kinds of model-selection criteria have been proposed, such as minimum
description length [15], Akaike information criterion [16], Bayesian information criterion [12], and empiri-
cal average log-likelihood, current model-selection criteria are not comprehensive. Usually, they primarily
consider the sampling errors in parameter estimation [17]. Indeed, owing to indistinct degradation char-
acteristics and insufficient selection criteria, a fixed degradation model may be unscientific, especially for
real-time RUL prediction with incomplete degradation trajectory. Therefore, model uncertainty should
be considered when dealing with online degradation data. Once the degradation model is selected,
model-parameter estimation becomes the primary focus. In online RUL prognosis, Bayesian parame-
ter updating is an effective method with respect to accomplishing parameter estimation. Usually, the
accuracy of the estimated posterior Bayesian parameters is affected by the prior assumed parameters.
In current Bayesian parameter updating, constant prior-parameter distribution is often assumed [18].
However, the prior-parameter distribution of newly manufactured devices is usually unknown. Thus, the
uncertainty of the assumed prior parameters should be considered in online parameter estimating, and
new parameter-updating methods should be adopted in order to reduce the influence of prior-parameter
uncertainty.

In online RUL estimation, prior-parameter uncertainty affects the estimated-model posterior parame-
ters, and model uncertainty influences the parameter form. Indeed, posterior parameters and parameter
form both directly influence the prediction accuracy of RUL estimation. Thus, in order to simultane-
ously address prior-parameter uncertainty and model uncertainty, this paper proposes a novel fusion
algorithm in order to predict the online RUL of newly manufactured devices. This fusion algorithm
adopts a Bayesian-updated expectation-conditional-maximization (ECM) algorithm to address the prior-
parameter uncertainty; each time a new degradation value is observed, the prior parameters can be
updated so as to ensure estimation accuracy. Furthermore, by combining parameter-updating processes,
a modified Bayesian-model-averaging method is proposed to address the model uncertainty of online
RUL. Based on the modified Bayesian-model-averaging method, the degradation probability of each can-
didate model can be updated once a new degradation value is observed. Simulation studies and a gyro
case study indicate that the proposed fusion algorithm can obtain precise RUL-estimation results when
addressing prior-parameter uncertainty and degradation-model uncertainty.

This paper is organized as follows: Section 2 estimates the parameters of two candidate models using
the Bayesian-updated ECM algorithm; Section 3 calculates the RUL of the target system with a modified
Bayesian-model-averaging method; numerical experiments are provided in Section 4; and in Section 5, a
conclusion is provided.

2 Parameter estimation with Bayesian-updated ECM algorithm

2.1 Candidate degradation models

The estimated posterior parameters of the traditional Bayesian parameter-updating method are directly
affected by the assumed prior-parameter distributions, which are uncertain for newly manufactured de-
vices. Usually, the collaboration between Bayesian updating and expectation maximization (EM) algo-
rithms can be adopted in order to address this problem [19]. However, when the associated maximum
likelihood estimation is complicated, the M-step of the EM algorithm is computationally unattractive
and usually cannot be used to obtain analytical results [20]. Thus, in order to address prior-parameter
uncertainty, we adopt a Bayesian-updated ECM algorithm to estimate the posterior parameters. As for
candidate degradation-model selection, the selected models should possess similar characteristics, such
as monotonicity, concavity, and convexity. Thus, considering the fact that exponential models are widely
used in the prognostics of mechanical and electrical systems [21–23], we adopt two typical exponential
models in order to demonstrate the effectiveness of the Bayesian-updated ECM algorithm with respect
to estimating model parameters.

In the first model, the error term is described as an independent and identically distributed (IID)
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random variable. This means that the error terms, ε(t1), . . . , ε(tk), are IID random variables. Letting
X(t) denote the degradation, the model can be expressed as

X(t) = ϕx + θx exp

(

βxti + εx(t)−
σ2
x

2

)

= ϕx + θx exp(βxt) exp

(

εx(t)−
σ2
x

2

)

, (1)

where ϕx is the fixed intercept representing initial degradation, βx ∼ N(µx1, σ
2
x1) is a normal random

variable, θx is a lognormal random variable that follows ln θx ∼ N(µx0, σ
2
x0), and εx(t) ∼ N(0, σ2

x) is a
normal distribution. For simplicity, this model could be rewritten as

Sx(t) = θ′x + β′
xt+ εx(t), (2)

where Sx(t) = ln(X(t)− ϕx), θ
′
x = ln θx − σ2

x

/

2, β′
x = βx. Then θ

′
x ∼ N(µ′

x0, σ
2
x0) and β

′
x ∼ N(µ′

x1, σ
2
x1),

where µ′
x0 = µx0 − σ2

x/2, µ
′
x1 = µx1.

In the second model, the error term is assumed as a Brownian motion [23]. In this case, the error
increments, which are denoted as ε(t1), ε(t2)−ε(t1), . . . , ε(tk)−ε(tk−1), are independent random variables.
Y (t) can denote this kind of degradation process model, represented as

Y (t) = ϕy + θy exp

(

βyti + εy(t)−
σ2
yt

2

)

= ϕy + θy exp(βyt) exp

(

εy(t)−
σ2
yt

2

)

, (3)

where ϕy , βy, and θy are the same as the parameters in (1), but εy(t) = σyW (t) is a Brownian motion.
Similarly, we assume that θy, βy, and εy(t) are mutually independent, and that they obey distributions
as follows: ln θy ∼ N(µy0, σ

2
y0), βy ∼ N(µy1, σ

2
y1), and εy(t) ∼ N(0, σ2

yt). For simplicity, this model can
be re-expressed as

Sy(t) = θ′y + β′
yt+ εy(t), (4)

where Sy(t) = ln(Y (t) − ϕy), θ
′
y = ln θy and β′

y = βy − σ2
y

/

2. Accordingly, θ′y ∼ N(µ′
y0, σ

2
y0) and

β′
y ∼ N(µ′

y1, σ
2
y1), where µ

′
y0 = µy0, µ

′
y1 = µy1 − σ2

y/2.

2.2 Bayesian parameter-updating method

Because our aim is to address real-time monitoring information, we adopt a Bayesian method to update
the model parameters. Assuming that the prior distributions of the candidate model parameters are
known, we can obtain the joint posterior distribution of stochastic parameters.

Let Sx,1:k = {Sx,1, Sx,2, . . . , Sx,k}, where Sx,k = ln(X(tk) − ϕx). Then, for the exponential model
with IID errors, the joint posterior distribution of the parameters can be expressed as θ′x, β

′
x|Sx,1:k ∼

N(µθ′x,k, σ
2
θ′x,k

, µβ′

x,k
, σ2
β′

x,k
, ρx,k) with [23]

µθ′x,k =
(
∑k

i=1 Sxiσ
2
x0 + µ′

x0σ
2
x)(
∑k

i=1 σ
2
x1t

2
i + σ2

x)− (
∑k

i=1 σ
2
x0ti)(

∑k
i=1 Sxitiσ

2
x1 + µ′

x1σ
2
x)

(kσ2
x0 + σ2

x)(
∑k

i=1 σ
2
x1t

2
i + σ2

x)− (
∑k

i=1 tiσ
2
x1)(

∑k
i=1 tiσ

2
x0)

, (5)

µβ′

x,k
=

(kσ2
x0 + σ2

x)(
∑k

i=1 Sxitiσ
2
x1 + µ′

x1σ
2
x)− (

∑k
i=1 σ

2
x1ti)(

∑k
i=1 Sxiσ

2
x0 + µ′

x0σ
2
x)

(kσ2
x0 + σ2

x)(
∑k

i=1 σ
2
x1t

2
i + σ2

x)− (
∑k

i=1 tiσ
2
x1)(

∑k
i=1 tiσ

2
x0)

, (6)

σ2
θ′x,k

=
σ2
x0σ

2
x(
∑k

i=1 σ
2
x1t

2
i + σ2

x)

(kσ2
x0 + σ2

x)(
∑k

i=1 σ
2
x1t

2
i + σ2

x)− (
∑k

i=1 ti)
2
σ2
x0σ

2
x1

, (7)

σ2
β′

x,k
=

σ2
xσ

2
x1(kσ

2
x0 + σ2

x)

(kσ2
x0 + σ2

x)(
∑k

i=1 σ
2
x1t

2
i + σ2

x)− (
∑k

i=1 ti)
2
σ2
x0σ

2
x1

, (8)

ρx,k =
−σx0σx1

∑k
i=1 ti

√

kσ2
x0 + σ2

x

√

∑k
i=1 σ

2
x1t

2
i + σ2

x

. (9)
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Let Sy,1:k = {Sy,1, Sy,2, . . . , Sy,k}, where Sy,k = ln(Y (tk)−ϕy)−ln(Y (tk−1)−ϕy) and Sy,1 = ln(Y (t1)−
ϕy). Thus, for the exponential model with Brownian errors, the joint posterior distribution of the
parameters can be expressed as θ′y, β

′
y|Sy,1:k ∼ N(µθ′y,k, σ

2
θ′y,k

, µβ′

y,k
, σ2
β′

y,k
, ρy,k) with [19, 23]

µθ′y,k =
(Sy1σ

2
y0 + µ′

y0σ
2
yt1)(σ

2
y1tk + σ2

y)− σ2
y0t1(σ

2
y1

∑k
i=1 Syi + µ′

y1σ
2
y)

(σ2
y0 + σ2

yt1)(σ
2
y1tk + σ2

y)− σ2
y0σ

2
y1t1

, (10)

µβ′

y,k
=

(σ2
y1

∑k
i=1 Syi + µ′

y1σ
2
y)(σ

2
yt1 + σ2

y0)− σ2
y1(Sy1σ

2
y0 + µ′

y0σ
2
yt1)

(σ2
y0 + σ2

yt1)(σ
2
y1tk + σ2

y)− σ2
y0σ

2
y1t1

, (11)

σ2
θ′y,k

=
σ2
yσ

2
y0t1(σ

2
y1tk + σ2

y)

(σ2
y0 + σ2

yt1)(σ
2
y1tk + σ2

y)− σ2
y0σ

2
y1t1

, (12)

σ2
β′

y,k
=

σ2
yσ

2
y1(σ

2
y0 + σ2

yt1)

(σ2
y0 + σ2

yt1)(σ
2
y1tk + σ2

y)− σ2
y0σ

2
y1t1

, (13)

ρy,k =
−σy0σy1

√
t1

√

(σ2
y0 + σ2

yt1)(σ
2
y1tk + σ2

y)
. (14)

Letting x and y denote the model with IID errors and the model with Brownian errors, respectively,
we can use Sc,1:k = {Sc,1, Sc,2, . . . , Sc,k} to denote the observed degradation data of the corresponding
degradation model, where c ∈ {x, y}. The joint posterior distribution of parameters with the observed
degradation data Sc,1:k can be expressed as θ′c, β

′
c|Sc,1:k ∼ N(µθ′c,k, σ

2
θ′c,k

, µβ′

c,k
, σ2
β′

c,k
, ρc,k).

Based on precise priori-parameter distribution assumptions, the traditional Bayesian parameter-
updating method can obtain accurate posterior distributions for these unknown model parameters. How-
ever, in online prognostics for newly manufactured systems, prior-parameter distribution is usually uncer-
tain. Therefore, the accuracy of the posterior parameters with respect to the updated model is negatively
affected, which, in turn, can result in inaccurate RUL prediction. In order to reduce the influence of un-
certain prior information and computational complexity, we adopt a Bayesian-updated ECM algorithm
to update the model parameters based on the observed degradation data Sc,1:k.

2.3 Bayesian-updated ECM algorithm

An ECM algorithm replaces the complicated M-step of the EM algorithm with several computationally
simpler CM-steps [24,25]. Therefore, the ECM algorithm is more attractive than the EM with respect to
parameter estimation, particularly when the associated complete data maximum likelihood estimation is
complicated. However, the ECM involves multiple iterative computations, which are time-consuming. In
order to address this problem, a Bayesian-updated ECM algorithm is adopted, which can obtain optimal
parameter estimation through an N-step calculating process for an N-dimensional parameter vector.

Let Θc = [σ2
c , µ

′
c0, µ

′
c1, σ

2
c0, σ

2
c1] denote the unknown prior parameters of candidate models, Θc,k =

[σ2
c,k, µ

′
c0,k, µ

′
c1,k, σ

2
c0,k, σ

2
c1,k] denote the estimated parameters based on the observed degradation data

Sc,1:k, and Θ̂
(i)
c,k = [σ̂

2(i)
c,k , µ̂

′
(i)

c0,k, µ̂
′
(i)

c1,k, σ̂
2(i)
c0,k, σ̂

2(i)
c1,k] denote the i-th iteration result of Θc,k in the ECM

algorithm. Based on the candidate models, θ′c and β
′
c are selected as hidden variables and Θc,k is treated

as the objective parameter vector. Accordingly, the E-step of the ECM algorithm can be expressed as

l(Θc,k|Θ̂(i)
c,k) = E

θ′c,β
′

c|Sc,1:k,Θ̂
(i)
c,k

{ln p(Sc,1:k, θ′c, β′
c|Θc,k)}, (15)

where E
θ′c,β

′

c|Sc,1:k,Θ̂
(i)
c,k

is the conditional expectation of hidden variables given Θ̂
(i)
c,k and Sc,1:k. Further-

more, the CM-step could be written as

Θ̂
(i+1/N)
c,k = argmax

Θc

l
(

Θc,k|Θ̂(i)
c,k =

[

σ̂
2(i)
c,k , µ̂

′
(i)

c0,k, µ̂
′
(i)

c1,k, σ̂
2(i)
c0,k, σ̂

2(i)
c1,k

])

,

Θ̂
(i+2/N)
c,k = argmax

Θc

l
(

Θc,k|Θ̂(i+1/N)
c,k =

[

σ̂
2(i+1)
c,k , µ̂′

(i)

c0,k, µ̂
′
(i)

c1,k, σ̂
2(i)
c0,k, σ̂

2(i)
c1,k

])

,

Θ̂
(i+3/N)
c,k = argmax

Θc

l
(

Θc,k|Θ̂(i+2/N)
c,k =

[

σ̂
2(i+1)
c,k , µ̂′

(i+1)

c0,k , µ̂′
(i)

c1,k, σ̂
2(i)
c0,k, σ̂

2(i)
c1,k

])

,

Θ̂
(i+4/N)
c,k = argmax

Θc

l
(

Θc,k|Θ̂(i+3/N)
c,k =

[

σ̂
2(i+1)
c,k , µ̂′

(i+1)

c0,k , µ̂′
(i+1)

c1,k , σ̂
2(i)
c0,k, σ̂

2(i)
c1,k

])

,

Θ̂
(i+1)
c,k = argmax

Θc

l
(

Θc,k|Θ̂(i+4/N)
c,k =

[

σ̂
2(i+1)
c,k , µ̂′

(i+1)

c0,k , µ̂′
(i+1)

c1,k , σ̂
2(i+1)
c0,k , σ̂

2(i)
c1,k

])

,

(16)
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whereN = 5 is the dimension of vectorΘc, and Θ̂
(i+1)
c,k is the maximum value ofΘc based on Θ̂

(i+(N−1)/N)
c,k

from the derivative equation ∂l(Θc,k|Θ̂(i+(N−1)/N)
c,k )/∂σ̂

2(i)
c1,k = 0.

In order to reduce computational costs, we modify the E-step in (15). The conditional distribution,

(θ′c, β
′
c|Sc,1:k, Θ̂

(i)
c,k) in (15) is replaced by the posterior distribution (θ′c, β

′
c|p(θ′c, β′

c|Sc,1:k)) in (5)–(14).
Accordingly, the modified E-step can be rewritten as

l(Θc,k|p(θ′c, β′
c|Sc,1:k)) = Eθ′c,β′

c|p(θ
′

c,β
′

c|Sc,1:k){ln p(Sc,1:k, θ′c, β′
c|Θc,k)}. (17)

Furthermore, the corresponding CM-step can be modified as

Θ̂
(1/5)
c,k = argmax

Θc

l(Θc,k|p(θ′c, β′
c|Sc,1:k)) = [σ2

c,k, µ
′
c0,k, µ

′
c1,k, σ

2
c0,k, σ

2
c1,k]),

Θ̂
(2/5)
c,k = argmax

Θc

l(Θc,k|p(θ′c, β′
c|Sc,1:k))(1/5) = [σ̂2

c,k, µ
′
c0,k, µ

′
c1,k, σc0,k, σc1,k]),

Θ̂
(3/5)
c,k = argmax

Θc

l(Θc,k|p(θ′c, β′
c|Sc,1:k))(2/5) = [σ̂2

c,k, µ̂
′
c0,k, µ

′
c1,k, σc0,k, σc1,k]),

Θ̂
(4/5)
c,k = argmax

Θc

l(Θc,k|p(θ′c, β′
c|Sc,1:k))(3/5) = [σ̂2

c,k, µ̂
′
c0,k, µ̂

′
c1,k, σc0,k, σc1,k]),

Θ̂c,k = argmax
Θc

l(Θc,k|p(θ′c, β′
c|Sc,1:k))(4/5) = [σ̂2

c,k, µ̂
′
c0,k, µ̂

′
c1,k, σ̂c0,k, σc1,k]).

(18)

Based on (18), with the observed degradation data Sc,1:k, the optimal prior parameters of the candidate

models Θ̂c,k = [σ̂2
c,k, µ̂

′
c0,k, µ̂

′
c1,k, σ̂c0,k, σ̂c1,k] can be calculated. The specific calculation steps for each

candidate model are shown below.

(a) Calculation for model Mx. The log-likelihood function of observed Sx,1:k should be expressed
as

ln p(Sx,1:k, θ
′
x, β

′
x|Θx,k)

= ln p(Sx,1:k|θ′x, β′
x,Θx,k) + ln p(θ′x, β

′
x|Θx,k)

= −k + 2

2
ln 2π− k

2
lnσ2

x,k −
k
∑

j=1

(Sxj − θ′x − β′
xtj)

2

2σ2
xk

− 1

2
lnσ2

x0,k

−1

2
lnσ2

x1,k −
(θ′x − µ′

x0,k)
2

2σ2
x0,k

−
(β′
x − µ′

x1,k)
2

2σ2
x1,k

.

(19)

Accordingly, the modified E-step is

l(Θx,k|p(θ′x, β′
x|Sx,1:k))

= Eθ′x,β′

x|p(θ
′

x,β
′

x|Sx,1:k){ln p(Sx,1:k, θ′x, β′
x|Θx,k)}

= −k + 2

2
ln 2π− k

2
lnσ2

x,k −
1

2
lnσ2

x0,k −
1

2
lnσ2

x1,k

−
µ2
θ′x,k

+ σ2
θ′x,k

− 2µθ′x,kµ
′
x0,k + µ′2

x0,k

2σ2
x0,k

−
µ2
β′

x,k
+ σ2

β′

x,k
− 2µβ′

x,k
µ′
x1,k + µ′2

x1,k

2σ2
x1,k

−
k
∑

j=1

S2
x,j − 2Sx,j(µθ′x,k + µβ′

x,k
tj) + µ2

θ′x,k
+ σ2

θ′x,k
+ 2tj(ρx,kσθ′x,kσβ′

x,k
+µθ′x,kµβ′

x,k
)+t2j(µ

2
β′

x,k
+ σ2

β′

x,k
)

2σ2
x,k

.

(20)
Based on the CM-step in (18), we can compute the optimal prior parameters Θ̂x,k as

σ̂2
x,k =

1

k

k
∑

j=1

[

S2
x,j − 2Sx,j(µθ′x,k + µβ′

x,k
tj) + µ2

θ′x,k
+ σ2

θ′x,k

+2tj(ρx,kσθ′x,kσβ′

x,k
+ µθ′x,kµβ′

x,k
) + t2j(µ

2
β′

x,k
+ σ2

β′

x,k
)

]

,

µ̂′
x0,k = µθ′x,k, σ̂2

x0,k = σ2
θ′x,k

, µ̂′
x1,k = µβ′

x,k
, σ̂2

x1,k = σ2
β′

x,k
.

(21)

(b) Calculation for model My. The log-likelihood function of the total observed data Sy,1:k can be
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written as

ln p(Sy,1:k, θ
′
y, β

′
y|Θy,k)

= ln p(Sy,1:k|θ′y, β′
y,Θy,k) + ln p(θ′y, β

′
y|Θy,k)

= −k + 2

2
ln 2π− k

2
lnσ2

y,k −
1

2
lnσ2

y0,k −
1

2
lnσ2

y1,k

−
(Sy,1 − θ′y − β′

yt1)
2

2σ2
y,kt1

−
k
∑

i=2

(Sy,i − β′
y(ti − ti−1))

2

2σ2
y,k(ti − ti−1)

−
(θ′y − µ′

y0,k)
2

2σ2
y0,k

−
(β′
y − µ′

y1,k)
2

2σ2
y1,k

.

(22)

Accordingly, the E-step can be modified as

l(Θy,k|p(θ′y, β′
y|Sy,1:k))

= Eθ′y,β′

y
|p(θ′y, β′

y|Sy,1:k){ln p(Sy,1:k, θ′y, β′
y|Θy,k)}

= −k + 2

2
ln 2π− k

2
lnσ2

y,k −
1

2
lnσ2

y0,k −
1

2
lnσ2

y1,k

−
µ2
θ′y,k

+ σ2
θ′y,k

− 2µθ′y,kµ
′
y0,k + µ′2

y0,k

2σ2
y0,k

−
µ2
β′

y,k
+ σ2

β′

y,k
− 2µβ′

y,k
µ′
y1,k + µ′2

y1,k

2σ2
y1,k

−
S2
y,1 − 2Sy,1(µθ′y,k + µβ′

y,k
t1) + µ2

θ′y,k
+ σ2

θ′y,k
+ 2t1(ρy,kσθ′y,kσβ′

y,k
+ µθ′y,kµβ′

y,k
) + t21(µ

2
β′

y,k
+ σ2

β′

y,k
)

2σ2
y,kt1

−
k
∑

i=2

S2
y,i − 2Sy,iµβ′

y,k
(ti − ti−1) + (µ2

β′

y,k
+ σ2

β′

y,k
)(ti − ti−1)

2

2σ2
y,k(ti − ti−1)

.

(23)
Based on (18), we obtain the optimal Θ̂y,k as

σ̂2
x,k =

1

k







S2
y,1−2Sy,1(µθ′y,k+µβ′

y,kt1)+µ
2
θ′y,k

+σ2
θ′y,k

+2t1(ρy,kσθ′y,kσβ′
y,k+µθ′y,kµβ′

y,k)+t
2
1(µ

2
β′
y,k

+σ2
β′
y,k

)

t1

+
k
∑

i=2

S2
y,i−2Sy,iµβ′

y,k(ti−ti−1)+(µ2
β′
y,k

+σ2
β′
y,k

)(ti−ti−1)
2

(ti−ti−1)






,

µ̂′
y0,k = µθ′y,k, σ̂2

y0,k = σ2
θ′y,k

, µ̂′
y1,k = µβ′

y,k
, σ̂2

y1,k = σ2
β′

y ,k
.

(24)

Theorem 1. According to the results of (21) and (24), the estimated optimal prior parameters Θ̂c,k for
model Mx or model My, consist of the only maximum point of the derivative equation
∂l(Θc,k|p(θ′c, β′

c|Sc,1:k)/∂Θc,k = 0.

Proof. First, from the E-step in (20) or (23), we can infer that Θ̂c,k is the only solution of the derivative

equation ∂l(Θc,k|p(θ′c, β′
c|Sc,1:k)/∂Θc,k = 0. Next, we prove that the estimated Θ̂c,k in (21) or (24)

maximizes the function l(Θc,k|p(θ′c, β′
c|Sc,1:k). Based on the expectation function in (20) or (23), the

second derivative on Θc,k can be expressed as

∂2l(Θc,k|p(θ′c, β′
c|Sc,1:k))

∂Θc,k∂ΘT
c,k

=























k
2σ4

c,k

− τc
σ6
c,k

0 0 0 0

− 1
σ2
c0,k

0
µ′

c0,k−µθ′c,k

σ4
c0,k

0

− 1
σ2
c1,k

0
µ′

c1,k−µβ′
c,k

σ4
c1,k

symmetrical 1
2σ4

c0,k
− ψc1

σ6
0c,k

0

1
2σ4

c1,k

− ψc2

σ6
c1,k























, (25)
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where

τc=x =

k
∑

j=1

[

S2
x,j − 2Sx,j(µθ′x,k + µβ′

x,k
tj) + µ2

θ′x,k
+ σ2

θ′x,k

+2tj(ρx,kσθ′x,kσβ′

x,k
+ µθ′x,kµβ′

x,k
) + t2j (µ

2
β′

x,k
+ σ2

β′

x,k
)

]

,

τc=y =
S2
y,1 − 2Sy,1(µθ′y,k + µβ′

y,k
t1) + µ2

θ′y,k
+ σ2

θ′y,k
+ 2t1(ρy,kσθ′y,kσβ′

y,k
+ µθ′y,kµβ′

y,k
) + t21(µ

2
β′

y,k
+ σ2

β′

y ,k
)

t1

+

k
∑

i=2

S2
y,i − 2Sy,iµβ′

y,k
(ti − ti−1) + (µ2

β′

y,k
+ σ2

β′

y,k
)(ti − ti−1)

2

(ti − ti−1)
,

ψc1 = µ2
θ′c,k

+ σ2
θ′c,k

− 2µθ′c,kµ
′
c0,k + µ′2

c0,k,

ψc2 = µ2
β′

c,k
+ σ2

β′

c,k
− 2µβ′

c,k
µ′
c1,k + µ′2

c1,k.

Based on the obtained optimal value of Θ̂c,k = [σ̂2
c,k, µ̂

′
c0,k, µ̂

′
c1,k, σ̂c0,k, σ̂c1,k] in (21) or (24), the order

of principal minor determinants with respect to the second derivative matrix in (25) can be obtained as
follows:

∆1|Θc,k=Θ̂c,k
< 0, ∆2|Θc,k=Θ̂c,k

> 0, ∆3|Θc,k=Θ̂c,k
< 0, ∆4|Θc,k=Θ̂c,k

> 0, ∆5|Θc,k=Θ̂c,k
< 0.

The results show that Eq. (25) is a negative-definite matrix when Θc,k = Θ̂c,k. Therefore, Θ̂c,k =
[σ̂2
c,k, µ̂

′
c0,k, µ̂

′
c1,k, σ̂c0,k, σ̂c1,k] in (21) or (24) is the only maximum point of l(Θc,k|p(θ′c, β′

c|Sc,1:k)).

3 RUL prediction with modified Bayesian-model-averaging method

Based on the obtained parameter distributions using the Bayesian-updated ECM algorithm, we can
predict the RUL of the target system. However, owing to indistinct degradation characteristics and
insufficient model-selection criteria, the optimal model for the observed degradation data may be am-
biguous. Thus, this paper proposes a modified Bayesian-model-averaging method in order to address
model uncertainty. Accordingly, based on the probability of each candidate model and the estimated
model parameters, the RUL can be obtained.

3.1 Modified Bayesian-model-averaging method

Bayesian model averaging is an effective method of addressing model uncertainties [26, 27]. Therefore,
in order to obtain an adaptive model probability for each candidate model for the online prognostics, a
modified Bayesian-model-averaging method is proposed. We use Mx and My to denote the candidate
models with IID errors and Brownian errors, respectively. Let RULk denote the RUL of the target system
with the observed data Sc,1:k, at time tk. Considering Bayesian model averaging, RULk can be calculated
as

RULk =
∑

c
P (Mc|Sc,1:k)RULc,k, (26)

where P (Mc|Sc,1:k) is the posterior probability of model Mc, and RULc,k is the RUL of the target system
when Mc is the correct degradation model. In original Bayesian model averaging, P (Mc|Sc,1:k) is the
weight of the model average when Sc,1:k is obtained, which can be calculated using

P (Mc|Sc,1:k) =
P (Sc,1:k|Mc)P (Mc)
∑

P (Sc,1:k|Mc)P (Mc)
, (27)

where P (Sc,1:k|Mc) is the integrated likelihood of model Mc, and P (Mc) is the assumed prior probability
of model Mc. Letting Φc = [θ′c, β

′
c], the integrated likelihood P (Sc,1:k|Mc) can be expressed as

P (Sc,1:k|Mc) =

∫

L(Sc,1:k|Φc,Mc)P (Φc|Mc)dΦc, (28)

where L(Sc,1:k|Φc,Mc) denotes the likelihood function of modelMc, and P (Φc|Mc) is the prior-probability
density of Φc when Mc is the true model.
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However, in online prognosis, the parameters in (26)–(28) need to be updated once Sc,k is observed.
In order to solve this problem, a modified Bayesian-model-averaging method is proposed, and Eq. (27)
is modified as

PA(Mc|Sc,1:k) =
P (Sc,1:k|Mc)PA(Mc|Sc,1:k−1)
∑

P (Sc,1:k|Mc)PA(Mc|Sc,1:k−1)
, (29)

where PA(Mc|Sc,1:k) is the adaptive model probability of model Mc at time t = k with the degradation
data Sc,1:k. At time t = 1, letting the initial value PA(Mc|Sc,1) = P (Mc), PA(Mc|Sc,1:k) can be updated
when Sc,k is observed. Let Φc,k = [θ′c,k, β

′
c,k] denote the corresponding model parameters at time t = k

with the data Sc,1:k. In the same way, the integrated likelihood P (Sc,1:k|Mc) of model Mc is modified as

P (Sc,1:k|Mc) =

∫

L(Sc,1:k|Φc,k−1,Mc)P (Φc,k−1|Mc)dΦc,k−1, (30)

where P (Φc,k−1|Mc) is the conditional prior density of Φc,k−1 when Mc is the true model, which can
be obtained using the Bayesian-updated ECM algorithm in (21) and (24). Based on (2) and (4), the
likelihood functions L(Sx,1:k|Φx,k−1,Mx) and L(Sy,1:k|Φy,k−1,My) can be written as

L(Sx,1:k|θ′x,k−1, β
′
x,k−1) =





1
√

2πσ2
x,k−1





k

exp

(

−
k
∑

i=1

(Sx,i − θ′x,k−1 − β′
x,k−1ti)

2

2σ2
x,k−1

)

, (31)

L(Sy,1:k|θ′y,k−1, β
′
y,k−1) =





1
√

2πσ2
y,k−1





k

exp







− (Sy,1−θ
′

y,k−1−β
′

y,k−1t1)
2

2σ2
y,k−1t1

−
k
∑

i=2

(

(Sy,i−β
′

y,k−1(ti−ti−1))
2

2σ2
y,k−1(ti−ti−1)

)






. (32)

Owing to the complexities of (30), this paper adopts a large-sample approximation method in order to
numerically calculate the adaptive model probability PA(Mc|Sc,1:k) in (29) at time t = k. The detailed
steps are outlined below.

Step 1. Based on P (Φc,k−1|Mc), simulate Φ
r
c,k−1 from the corresponding distribution π(Φc,k−1) for

Wc times, where r = 1, 2, . . . ,Wc and Wc > 500000.
Step 2. According to (29) and (30), the adaptive model probability PA(Mc|Sc,1:k) is proportional to

the integrated likelihood P (Sc,1:k|Mc), which can be approximated as

P (Sc,1:k|Mc) =
1

Wc

Wc
∑

r=1

L(Sx,1:k|Φrc,k−1,Mc). (33)

Owing to PA(Mc|Sc,1:k−1) ∝ P (Sc,1:k|Mc) · PA(Mc|Sc,1:k−1), we obtain

Sumc =

(

1

Wc

Wc
∑

r=1

L(Sx,1:k|Φrc,k−1,Mc)

)

· PA(Mc|Sc,1:k−1). (34)

Accordingly, the adaptive model probability can be calculated by

PA(Mc|Sc,1:k) =
Sumc

∑

c Sumc

. (35)

3.2 RUL calculation

Based on the posterior distribution of the parameters, RULc,k of model Mc can be computed. For model
Mx, given Sx,1:k, the degradation Sx(tk + T ) at time t = tk + T should follow the distribution:

Sx(T + tk)|Sx,1:k ∼ N(µ̃x(T + tk), σ̃
2
x(T + tk)),

µ̃x(T + tk) = µθ′x,k + µβ′

x,k
(T + tk)− σ2

x,k/2,

σ̃2
x(T + tk) = σ2

θ′x,k
+ σ2

β′

x,k
(T + tk)

2 + σ2
x,k + 2ρx,k(T + tk)σθ′x,kσβ

′

x,k
.

(36)
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Figure 1 The algorithm of RUL calculation for model Mc.

For the model My, the conditional degradation Sy(tk + T )|Sy,1:k at time t = tk + T follows

Sy(T + tk)|Sy,1:k ∼ N(µ̃y(T + tk), σ̃
2
y(T + tk)),

µ̃y(T + tk) =
k
∑

i=1

Sy,i + µβ′

y
T = Sy(tk) + µβ′

y,k
T,

σ̃2
y(T + tk) = σ2

β′

y,k
T 2 + σ2

y,kT.

(37)

Assuming that w is the failure threshold, and based on the failure equation Sc(T + tk) = lnw, RULc,k
can be computed. For simplification, we replace the real degradation with the mean value in (36) and
(37). Letting µ̃c(T + tk) = lnw, RULc,k can be approximated as

RULx,k =
lnw − µθ′x,k + σ2

x,k/2

µβ′

x,k

− tk, (38)

RULy,k =
lnw − Sy(tk)

µβ′

y,k

. (39)

Accordingly, based on the adaptive model probability obtained through the modified Bayesian-model-
averaging method, we can calculate the RULk of the target system using

RULk =
∑

c
PA(Mc|Sc,1:k) ·RULc,k = RULx,k · PA(Mx|Sx,1:k) + RULy,k · PA(My|Sy,1:k). (40)

Figure 1 shows the algorithm of the RUL calculation for each candidate model PA(Mc|Sc,1:k) ·RULc,k.

4 Numerical experiment

4.1 Simulation study

The objective of the proposed fusion algorithm is to address both parameter uncertainty and model
uncertainty. Therefore, we discuss the effectiveness of the Bayesian-updated ECM algorithm with respect
to parameter estimation and the effectiveness of the modified Bayesian-model-averaging method with
respect to model-probability computing.

4.1.1 Effectiveness of Bayesian-updated ECM algorithm

In order to verify the effectiveness of the Bayesian-updated ECM algorithm, we adopt a method to
estimate the parameters of specific degradation models. Based on statistical data, we select a set of
parameters for the candidate models. The distributions of the selected parameters are given in Table 1.

Based on Table 1, degradation trajectories with IID errors and Brownian errors can be obtained, all
of which possess similar monotonicity, concavity, and convexity. In order to demonstrate the Bayesian-
updated ECM algorithm, we adopt the distributions in Table 2 to estimate model parameters, and, for
the purposes of comparison, we adopt the Bayesian method in [28].
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Table 1 Distributions of the selected simulation parameters

Simulation parameter Simulation distribution

θ′x N(0.02, 1 × 10−6)

Exponential degradation with IID errors β′

x N(0.01, 1 × 10−6)

σ2
x 0.1

θ′y N(0.02, 1 × 10−6)

Exponential degradation with Brownian errors β′

y N(0.01, 1 × 10−6)

σ2
y 0.0004

Table 2 Prior-distribution assumption for Bayesian-updated ECM algorithm

Model Parameter Bayesian method [28]
Our method

Distribution 1 Distribution 2 Distribution 3

θ′x N(0.04, 1 × 10−6) N(0.04, 1 × 10−6) N(0.1, 1 × 10−6) N(0.2, 1 × 10−6)

Mx β′

x N(0.02, 1 × 10−6) N(0.02, 1 × 10−6) N(0.05, 1 × 10−6) N(0.1, 1 × 10−6)

σ2
x 0.01 0.01 0.01 0.01

θ′y N(0.04, 1 × 10−6) N(0.04, 1 × 10−6) N(0.1, 1 × 10−6) N(0.2, 1 × 10−6)

My β′

y N(0.02, 1 × 10−6) N(0.02, 1 × 10−6) N(0.05, 1 × 10−6) N(0.1, 1 × 10−6)

σ2
y 0.004 0.004 0.004 0.004
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Figure 2 (Color online) Results of Bayesian-updated ECM algorithm for model Mx. (a) Simulated trajectory with IID errors;

(b) predicted RUL of model Mx; (c) estimated µ′

x0 of model Mx; (d) estimated µ′

x1 of model Mx.

Figures 2 and 3 show the results of model Mx for the degradation trajectory with IID errors and the
results of model My for the degradation trajectory with Brownian errors, respectively.

Figure 2(a) shows one simulated degradation trajectory with IID errors; the system fails at roughly
t = 402. In Figure 2(b), for this group of degradation trajectory IID errors, model Mx can obtain an
accurate RUL at roughly t = 175 using the Bayesian method. Indeed, compared to the Bayesian method,
the Bayesian-updated ECM algorithm performs better with different prior-parameter distributions and
can obtain an accurate RUL at roughly t = 65. Figures 2(c) and (d) show that the estimated µ′

x0 and
µ′
x1 of the Bayesian-updated ECM algorithm converge to real values at roughly t = 90 and t = 65,

respectively.
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Figure 3 (Color online) Results of Bayesian-updated ECM algorithm for model My . (a) Simulated trajectory with Brownian

errors; (b) predicted RUL of model My ; (c) estimated µ′

y0 of model My ; (d) estimated µ′

y1 of model My .

Figure 3(a) shows the simulated degradation trajectory with Brownian errors; the system fails at
roughly t = 400. Figure 3(b) suggests that the Bayesian-updated ECM algorithm performs well with
different prior-parameter distributions and the estimated RULs converge to the real RUL at roughly
t = 60, whereas the estimated results of the Bayesian method converge to the real RUL at roughly
t = 200. Figures 3(c) and (d) show that the estimated µ′

y0 and µ′
y1 of the Bayesian-updated ECM

algorithm converge to the real values at roughly t = 75 and t = 30, respectively.
Based on the above results, the conclusion outlined below can be drawn.
(1) When adopting the proper degradation model to predict the RUL of the target system, both

the Bayesian-updated ECM algorithm and Bayesian method give accurate results based on sufficient
degradation data. This means that both algorithms are effective in processing online monitoring data.

(2) Compared to the Bayesian method, the Bayesian-updated ECM algorithm has better convergence
with real RUL under the same initial prior-parameter distribution. This indicates that the Bayesian-
updated ECM algorithm can obtain more precise degradation parameters in the initial degradation period.

(3) The Bayesian-updated ECM algorithm can obtain accurate µ′
c0 and µ′

c1, which are the core param-
eters of RUL prediction.

(4) Although different initial prior distributions are adopted, the results estimated by the Bayesian-
updated ECM algorithm converge to the real RUL in a relatively short period of time. This means that
the Bayesian-updated ECM algorithm effectively addresses the uncertainty of initial prior-parameter
distribution, and that it can obtain an accurate RUL when the selected degradation model is appropriate
for the observed monitoring data.

4.1.2 Effectiveness of modified Bayesian-model-averaging method

In order to verify the effectiveness of the modified Bayesian-model-averaging method, we compare it with
the original method. The simulated trajectories in Figures 2(a) and 3(a) are adopted as the objective
degradation paths. Distribution 1 in Table 2 is adopted to estimate the model parameters, and the
prior-model probabilities are set as follows: (1) P (Mx) = 1/3 and P (My) = 2/3, (2) P (Mx) = 1/2 and
P (My) = 1/2, and (3) P (Mx) = 2/3 and P (My) = 1/3.

Figure 4 suggests that the results of model My cannot converge with the real RUL for the degradation
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Figure 4 (Color online) Effectiveness of modified Bayesian-model-averaging method for trajectory with IID errors.

(a) Modified Bayesian model averaging for trajectory with IID errors; (b) original Bayesian model averaging for trajectory with

IID errors; (c) the obtained model probability of the modified Bayesian model averaging for model Mx; (d) the obtained model

probability of the original Bayesian model averaging for model Mx.

trajectory with IID errors. Moreover, the RUL of the modified Bayesian-model-averaging method in
Figure 4(a) converges with the predicted RUL of Mx at roughly t = 125; however, the original Bayesian
model averaging in Figure 4(b) converges with predicted RUL ofMx at roughly t = 150. Figure 4 suggests
that the obtained model probabilities of the modified Bayesian model averaging and the original Bayesian
model averaging can converge, but the results of the former perform better than the latter.

Figure 5 shows that the RUL of model Mx cannot converge with the real RUL with respect to the
degradation trajectory with Brownian errors. Indeed, both the modified Bayesian model averaging and
the original Bayesian model averaging converge with the real RUL; however, the modified Bayesian model
averaging has better convergence than the original. Figures 5(c) and (d) show that the obtained model
probabilities of the modified Bayesian model averaging converge at roughly t = 75; however, the results
of the original Bayesian model averaging converge at roughly t = 130.

Based on the above results, the conclusion outlined below can be drawn.
(1) Unfaithful models may lead to inaccurate RUL-prediction results. Therefore, in order to ensure a

proper degradation model is obtained, it is essential to consider the model-selection process.
(2) Both the modified and original Bayesian-model-averaging methods effectively address model un-

certainty; moreover, the inaccurate degradation model slightly effects the RUL-prediction results of the
averaged results.

(3) Compared to the original Bayesian-model-averaging method, the modified Bayesian-model-
averaging method has a higher convergence speed; moreover, it addresses the uncertainty of initial model
probability better than the original with respect to the online RUL prediction.

4.2 Case study

Gyroscopes are vital devices with respect to the inertial platform of strategic missile inertial navigation
systems (INSs). When the inertial platform is operating, high-speed rotating of the gyroscope can result
in rotation-axis deterioration. Indeed, this will eventually result in the deformation of the gyroscope’s
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Figure 5 (Color online) Effectiveness of modified Bayesian model averaging for trajectory with Brownian errors.

(a) Modified Bayesian model averaging for trajectory with Brownian errors; (b) original Bayesian model averaging for trajec-

tory Brownian errors; (c) obtained model probability of modified Bayesian model averaging for model My ; (d) obtained model

probability of original Bayesian model averaging for model My .

Figure 6 Illustration of a deformed motor bearing.

motor bearing, which will result in gyroscope drift as well as failure of the gyroscope and the inertial
platform [29]. Statistical analysis shows that gyroscope failure is largely the result of the bearings;
moreover, gyroscope drift is responsible for 70.

In Figure 6, a deformed motor bearing of a gyroscope is shown, which is obtained using a scanning
electron microscopy S-3700N. The maximum length of the metal flake is 155 µm, which is the result of
deformation. Indeed, deformations such as these are reflected by the gyroscope drift.

In our experiment, the monitoring interval is 2.5 h and the failure threshold is 0.37◦/h. In practice,
this threshold is strictly enforced because INS devices are critical in navigated weapon systems. In
order to illustrate the validity of our method, we adopt different prior-model parameters and prior-model
probabilities in order to predict the RUL of the observed gyroscope in Figure 7(a). With the prior-model
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Figure 7 (Color online) Effectiveness of the proposed algorithm. (a) The observed drift data of the gyroscope; (b) estimated

RUL of different prior parameters; (c) estimated RUL of different prior probabilities; (d) estimated RUL of our method.

Table 3 Prior-distribution assumption for observed drift data

Model Parameter Distribution 1 Distribution 2 Distribution 3

θ′x N(0.0025, 1 × 10−6) N(0.005, 1 × 10−6) N(0.0075, 1 × 10−6)

Mx β′

x N(0.001, 1 × 10−6) N(0.002, 1 × 10−6) N(0.003, 1 × 10−6)

σ2
x 0.01 0.01 0.01

θ′y N(0.0025, 1 × 10−6) N(0.005, 1 × 10−6) N(0.0075, 1 × 10−6)

My β′

y N(0.001, 1 × 10−6) N(0.002, 1 × 10−6) N(0.003, 1 × 10−6)

σ2
y 0.00004 0.00004 0.00004

probability assumption P (Mx) = 1/2 and P (My) = 1/2, Figure 7(b) shows the results of different prior-
model parameters that are shown in Table 3. With Distribution 1 in Table 3, Figure 7(c) shows the
results of different prior-model probabilities. With the prior-model probability assumption P (Mx) = 1/2
and P (My) = 1/2 and Distribution 1 in Table 3, Figure 7(d) shows the predicted RUL results of our
method, the single model Mx, and the single model My.

Figure 7(a) shows the observed gyroscope drift; the inertial platform fails at t = 180 h. Figures 7(b)
and (c) show that our method can effectively address prior-parameter uncertainty and model uncertainty:
the estimated RULs of different prior-parameters and different prior-model probabilities converge to the
real RUL at roughly t = 60. In Figure 7(d), although the single model Mx and the single model My

could not effectively address the observed drift data of the gyroscope, the proposed method can obtain
an accurate RUL based on the advantages of the Bayesian-updated ECM algorithm and the modified
Bayesian-model-averaging method. Indeed, this indicates that the proposed fusion method should be
adopted when model uncertainty and parameter uncertainty both exist.

5 Conclusion

In this paper, we studied the problem of online RUL prediction for newly manufactured systems that
lack historical-degradation data. The method for RUL prediction was based on two typical exponential
models. In particular, we examined posterior-parameter estimation with prior-parameter uncertainty in
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online RUL prognostics, as well as online RUL prediction with degradation-model uncertainty for newly
manufactured systems using real-time degradation data. With respect to the former, a Bayesian-updated
ECM algorithm was proposed by combining an ECM algorithm and the traditional Bayesian updating
method. In our parameter-estimating method, the prior parameters were updated by the ECM algorithm
each time a new degradation value was observed. This implies that our method can reduce prior-parameter
uncertainty, thereby ensuring RUL-estimation accuracy. With respect to the latter, we used a modified
Bayesian-model-averaging method that relies on the prior-parameter-updating process. Combining the
updated prior parameters of the degradation model, the prior-probability term of the original Bayesian-
model-averaging method was updated. This implies that the degradation-model uncertainty can be
processed by updating the prior parameters. Indeed, combining the advantages of Bayesian-updated
ECM and the modified Bayesian-model-averaging method, our fusion algorithm can obtain an accurate
RUL result for newly manufactured systems that lack historical-degradation data. Overall, this paper
analyzes the uncertainties of prior-parameter distribution and prior-model probability with two typical
exponential models. Future work can and should extend this study to stochastic-process degradation
models, such as Wiener, Gamma, and inverse Gaussian process models.
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