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Dear editor,
Recently, the cooperative control of multi-agent
systems (MASs) has stirred a significant amount of
research effort [1, 2]. Within the realm of MASs,
formation control is a very attractive topic with
the aim of driving multiple agents to achieve pre-
scribed constraints on their states/outputs.

For MASs, time-scheduled control is commonly
used. This type of control is conservative in terms
of the number of control updates, because a con-
stant sampling period is needed to guarantee the
stability of the system in the worst-case scenario
[3]. In practice, the energy and computational
ability are limited. Therefore, the fixed sam-
pling period is very inefficient and it is neces-
sary to develop new scheduling control protocols
in which the control values are updated as needed.
Event-triggered approachs (proposed in [4]) typi-
cally have sporadic scheduling, where the control
and communication executions are triggered if and
only if pre-described events occur. With appropri-
ately designed triggering events, both the reduc-
tion in the energy consumption and the bandwidth
occupation, as well as the desired properties (e.g.,
stability and convergence), can be guaranteed.

However, event-triggered protocols require ded-
icated hardware to periodically monitor the sys-
tem at every iteration; such hardware is not avail-
able in many general-purpose devices [5]. In addi-
tion, knowledge of the initial states is required by
agents to deploy this type of control strategy [6].

Therefore, the communication load is increased
and high frequency input transitions are included
in practical MASs. To relax these limitations, a
self-triggered cooperative control algorithm is pro-
posed. Compared to the event-triggered approach,
in the self-triggered control approach, the next
triggering instance is predetermined by the agent
itself at the current triggering instance, without
having to keep track of the measurement error.
Moreover, each agent’s input is only allowed to be
triggered at the event time.

The consensus problem has been investigated in
studies on the self-triggered control of MASs. Nev-
ertheless, little relevant research on self-triggered
formation for MASs can be found. As shown
in [7], the consensus is just a special case of for-
mation problem. Therefore, most existing results
on event-triggered schemes of the leader-following
consensus cannot be directly extended to deal with
the formation control problem. In practical for-
mations, it is necessary to add a leader that can
generate the pre-determined formation and make
all the agents reach a command trajectory [8]. In
addition, the robustness and scalability of the for-
mations can be enhanced under the leader-follower
structure. However, leader-follower formation con-
trol with a self-triggered scheme has not been fully
investigated in the study. Further, most exist-
ing results include a major limitation that the
real-time information of the full states of adjacent
agents are available to allow agents to share their
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local information at every sampling instance. In
practice, this is restrictive because the states of
the agents may not be easily available in some sit-
uations [9].

The new contributions of this study can be high-
lighted as follows: (1) the self-triggered formation
control problem is investigated for linear leader-
follower MASs and, to the best of our knowledge,
this issue has not yet been addressed; and (2)
unlike most existing results, relative output mea-
surements between neighboring agents are used
for the distributed cooperative self-triggered con-
troller design.

Problem formulation. Consider a leader-follower
MAS with N + 1 agents labeled 0, 1, 2, . . . , N ,
respectively. The dynamics of the ith (i =
1, 2, . . . , N) follower is modeled using the linear
system model:

{

ẋi(t) = Axi(t) +Bui(t),

yi(t) = Cxi(t),
(1)

where xi(t) ∈ R
n is the system state; ui(t) ∈ R

p is
the sequence of the control input or protocol; and
yi(t) ∈ R

m is the measurement. In addition, A, B,
and C are known matrices with proper dimensions.

The leader has the following linear dynamics:

{

ẋ0(t) = Ax0(t),

y0(t) = Cx0(t),
(2)

where x0(t) ∈ R
n is the state and y0(t) ∈ R

m is
the measured output of the leader.

For the MAS, let a vector l(t) =
[lT1 (t), . . . , l

T
N (t)]T ∈ R

Nn, where li(t) ∈ R
n

(i = 1, . . . , N) has the dynamic l̇i(t) = Ali(t).
The ideal formation objective of the MAS is to sat-
isfy the constraint limt→∞[xi(t) − x0(t) − li(t)] =
0 (i = 1, . . . , N). In general, li(t) specifies the
desired displacement between an agent i and the
leader.

Assumption 1. It is assumed that the pair
(A,B,C) is stabilizable and detectable.

Assumption 2. Each agent can transmit the
value of its triggering instant to its neighbors be-
fore the arrival of the triggering instant. There-
fore, at the triggering instant of this agent,
its neighbors may transmit their output signals,
which will be used to update its control law.

In this study, we assume that at least one fol-
lower can obtain the leader’s information directly.
Further, the topology of the followers is undirected
and connected, such that many results and conclu-
sion on the formation control of undirected MASs
can be used.

Distributed self-triggered formation control

based on static output feedback. In self-triggered
control, each control task triggers its next release
based on the value of the last sampled measure-
ment. The sequence of execution instances for
agent i is denoted by ti0, t

i
1, . . .. The distributed

self-triggered output feedback control law is de-
signed such that

ui(t) = −µKwi(t
i
k), t ∈ [tik, t

i
k+1), (3)

where

wi(t
i
k) =

∑

j∈Ni

aij
(

yi(t
i
k)− yj(t

i
k)− Cli(t

i
k)

+ Clj(t
i
k)
)

+ gi
(

yi(t
i
k)− y0(t

i
k)− Cli(t

i
k)
)

,

µ is a positive scalar, and K ∈ R
p×n is the feed-

back gain matrix to be determined.
In the following, we give the sufficient conditions

as Theorem 1, which guarantees that the MAS (1)
and (2) reach the desired formation configuration.

Theorem 1. For the MAS described in (1) and
(2) under Assumption 1, suppose that the inter-
connection topology Ḡ has a directed spanning
tree with root 0 and the G is undirected and con-
nected. Given a positive scalar δ > 0, consider the
controller gain K satisfying KC = BTP , where
P = PT > 0 is a solution of the following Riccati
function:

ATP + PA− 2PBBTP + δI = 0. (4)

If the triggering instant is chosen by

tik+1 = tik +
1

‖A‖
ln

(

1 +
γiλi

1 + γi

× (‖A‖ · ‖ηi(t
i
k)‖)/

(

λi‖Aηi(t
i
k)‖

+λi

∥

∥

∥

∥

µBK

[

∑

j∈Ni

(

ηi(t
i
k)−ηj(t

i
k)
)

+giηi(t
i
k)

]
∥

∥

∥

∥

))

,

(5)

where the parameter µ is sufficiently large such
that µλ1 > 1, and the parameters γi, σi, and θ
satisfy

γi =

(

σiθ
δ − 2µθdi‖PBBTP‖

2µdiλ2
i ‖PBBTP‖

)

1

2

,

0 < σi < 1, 0 < θ <
δ

2µmaxi{di}‖PBBTP‖
,

then the desired formation will be reached under
the control law (Eq. (3)).

Remark 1. Considering the definitions of µ and
θ as well as the conditions in Theorem 1, and re-
ferring to [5], it can be obtained that the right part
of (5) is larger than

ln(1 + µ

‖PBTBP‖ )

‖A‖+ λN‖BBTP‖(1 + θ)
.
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This means that the inter-event time for each
agent is at least bounded from below by a strictly
positive number and that Zeno behavior can be
ruled out.

Observer-based distributed self-triggered forma-

tion control. In the static output feedback-based
formation control scheme, the controller gain K
cannot be directly obtained. As shown in The-
orem 1, one only obtains KC = BTP , where
the solution of K may be non-unique or may
not even exist. In this case, a control scheme
based on state estimation should be used. In this
study, the decentralized state observer for agent i
(i = 1, 2, . . . , N) is designed as follows:

{

˙̂xi(t) = Ax̂i(t) +Bui(t) + L(yi(t)− ŷi(t)),

ŷi(t) = Cx̂i(t),
(6)

where x̂i(t) and ŷi(t) are the estimations of xi(t)
and yi(t), respectively, and L ∈ R

n×m is the ob-
server gain matrix to be designed. The observer-
based distributed self-triggered control law is

ui(t) = −µKŵi(t
i
k), (7)

where ŵi(t
i
k) ,

∑

j∈Ni
aij(ˆ̄xi(t

i
k) − ˆ̄xj(t

i
k)) +

gi ˆ̄xi(t
i
k), ˆ̄xi(t) , x̂i(t)− x0(t)− li(t).

Theorem 2. For the MAS described in (1) and
(2) under Assumption 1, suppose that the inter-
connection topology Ḡ has a directed spanning tree
with root 0 and that G is undirected and con-
nected. Given ε > 0, consider the controller gain
K = BTQ, where Q = QT > 0 is a solution of the
following Riccati function:

ATQ+QA− 2QBBTQ+ εI = 0. (8)

Let L be any gain matrix such that A − LC is a
Hurwitz matrix. If the triggering time is chosen
by

tik+1 = tik + ̺, (9)

where ̺ satisfies the following equation:

s1s2̺+ s3 = εe−s1̺, (10)

in which

s1 = ‖A‖, s2 =
µs0
s1

‖BK
∑

j∈Ni

(ŵi(t
i
k)− ŵj(t

i
k))‖,

s3 =

(

s1+s0

(

1+
πi

1+πi

))

‖ŵi(t
i
k)‖+µ

(

1−
s0
s1

)

×

∥

∥

∥

∥

∥

∥

BK
∑

j∈Ni

(ŵi(t
i
k)− ŵj(t

i
k))

∥

∥

∥

∥

∥

∥

,

s0 = ‖LC‖, ε = s3 +
s1πi

1 + πi

‖ŵi(t
i
k)‖,

πi =

(

σiθ
ε− 2µθdi‖PBBTP‖

2µdi‖PBBTP‖

)

1

2

,

the parameters σi and θ satisfy

0 < σi < 1, 0 < θ <
ε

2µmaxi{di}‖PBBTP‖
,

and µ is chosen sufficiently large such that µλ1 >
1, then the formation will be reached under the
control law (Eq. (7)).

Conclusion. This study provides two self-
triggered formation control strategies for linear
leader-follower MASs. These approaches extend
the results for event-triggered control of MASs to
a self-triggered framework. Contrary to the event-
triggered law, under the self-triggered law, each
agent calculates its next triggering time instance
at the current triggering event, without having to
keep track of the state error that triggers the ac-
tuation between two consecutive update instants.
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