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Dear editor,
The requirements for control performances (e.g.,
the control accuracy) are highly increasing in prac-
tical engineering systems. However, multiple dis-
turbances, which consist of internal disturbances,
external disturbances, and model uncertainties in
complex control systems may degrade the control
performance [1]. How to effectively attenuate and
reject the multiple disturbances will be a key tech-
nology to maintain the nominal operations of con-
trol systems.

Two well-known disturbance rejection meth-
ods are the active disturbance rejection control
(ADRC) [2] and disturbance-observer-based con-
trol (DOBC) [3]. Within the ADRC scheme, the
“total disturbance” is treated as one derivative-
bounded variable and subsequently rejected with
the help of extended state observer (ESO) [4, 5].
On the other hand, within a DOBC architecture,
the disturbance can be estimated by a disturbance
observer (DO) [6, 7]. By fully using the knowl-
edge of disturbances, DOBC can achieve superior
performance in disturbance estimation and rejec-
tion. However, all the above methods focus on one
type of merged disturbance. In [1], multiple dis-
turbances are firstly addressed and a composite hi-
erarchical architecture is proposed systematically.

In common practice, multiple disturbances with
various characteristics exist. One of them has par-
tially known information, e.g., the harmonic dis-

turbances or periodic disturbances with known or
unknown frequencies [8]. In this case, an impor-
tant and interesting question is: is it possible to
combine DOBC and ADRC in a cooperative man-
ner to further enhance the anti-disturbance ca-
pability and reduce the conservativeness further-
more?

A novel enhanced anti-disturbance control
(EADC) law is proposed for the systems with
multiple disturbances by combing the DOBC and
ADRC in a unified framework. It can be seen as
an extension of the composite hierarchical anti-
disturbance control (CHADC) [1,8], and the mul-
tiple disturbances are divided into two types:
the disturbances with exogenous models and the
derivative-bounded disturbances. Within the pre-
sented context, the unmatched disturbances with
exogenous models are dealt with by the DOBC,
while the derivative-bounded disturbances are re-
jected by the designed ADRC. Stability analysis
is given and simulation results illustrate the effec-
tiveness of the proposed scheme.

Notations. For a vector x, ‖x‖ represents the

Euclidean norm defined as ‖x‖ =
√
xTx, and

‖x‖2 denotes the L2-norm defined as ‖x‖2 =
√

∫ t

0 ‖x‖
2
dt. For a matrix Y , sym(Y ) is defined

as Y + Y T.

System description. Consider the following con-
trol system:
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ẋ1 = x2 + d1,

...

ẋn−1 = xn + dn−1,

ẋn = f0(x1, x2, . . . , xn) + bu+ w,

(1)

where xi ∈ R (i = 1, 2, . . . , n) are available system
states, f0(x1, x2, . . . , xn) ∈ R is a known nonlinear
function, and u ∈ R is the control input. dj ∈ R

(j = 1, 2, . . . , n − 1) and w ∈ R are the distur-
bances. b ∈ R is an uncertain constant formed as
b = b0 + ∆b, where b0 is the known portion and
∆b is the uncertainty portion, respectively.

The unmatched disturbances dj are described
by the following uncertain exogenous models [8]:

{

ξ̇j = Wjξj +Hjδj ,

dj = Vjξj ,
(2)

where ξj ∈ R
r and δj ∈ R

l are the state variables
and the norm-bounded uncertainties of model (2),
respectively. Wj ∈ R

r×r, Hj ∈ R
r×l and Vj ∈

R
1×r are known coefficient matrices.
By defining f1(u,w) = ∆bu+w, one can obtain

ẋn = f0(x1, x2, . . . , xn) + b0u+ f1(u,w). (3)

The term f1(u,w) is assumed to be differen-
tiable. In other words, there exists an unknown
but bounded function h such that the following
equation holds:

ḟ1(u,w) = h. (4)

Define a smooth desired trajectory xd. The ob-
jective is to design a controller u such that the
state x1 can track the trajectory xd precisely.

Remark 1. Different from the traditional ADRC
and DOBC methods [2–6], this study divides the
disturbances into two categories: the disturbance
dj with exogenous models (2) and the disturbance
f1(u,w) with bounded derivative. Moreover, the
two kinds of disturbances exhibit in different chan-
nels. In practical control systems, many distur-
bances with partially known information can be
described by the exogenous model (2). Hence,
as compared to the ADRC method, this treat-
ment can further reduce the conservativeness of
disturbance description by adequately utilizing the
known information of the disturbances in priori.

Remark 2. A disturbance is said to be “com-
pensable” if there exists a control input u such
that the influence from the disturbance to refer-
ence output can be eliminated. In order to make
the disturbance f1(u,w) “compensable”, the max-
imum magnitude of term b0u should be larger than

that of f1(u,w). That is, ‖b0‖‖u‖max > ‖f1(u,w)‖
holds.

The design procedure of EADC. With respect to
the proposed EADC, the DOs are designed to es-
timate dj , while an ESO is designed to estimate
f1(u, t).

(1) The DOs design. According to the exoge-
nous model (2), the DOs can be designed as
{

d̂j = Vj ξ̂j , ξ̂j = vj + Ljxj ,

v̇j = (Wj − LjVj)(vj + Ljxj)− Ljxj+1,
(5)

where ξ̂j ∈ R
r and d̂j ∈ R denote the estimates of

ξj and dj , respectively. vj ∈ R
r are auxiliary vari-

ables, Lj ∈ R
r×1 are the observer gains of DOs,

and j = 1, 2, . . . , n− 1.
Define the estimation errors of DOs as ξ̃j =

ξj − ξ̂j . Then, according to (2) and (5), the dy-

namics of ξ̃j can be derived as

˙̃
ξj = (Wj − LjVj)ξ̃j +Hjδj . (6)

Define the reference output zj = Tj ξ̃j , where Tj

are given weighting matrices. Then, we can obtain
Theorem 1.

Theorem 1. For system (6), if there exist pos-
itive matrices Pj and matrices PLj such that the
following linear matrix inequalities (LMIs) hold:
[

sym(PjWj − PLjVj) + TT
j Tj PjHj

HT
j Pj −γ2

j I

]

< 0, (7)

where γj are given constants. Then, system (6)
satisfies robust H∞ performance ‖zj‖22 6 γ2

j ‖δj‖22
by selecting Lj = P−1

j PLj .
Proof. The proof of Theorem 1 is given in Ap-
pendix A.

Remark 3. From Theorem 1, it can be seen that
the smaller the parameters γj are, the less influ-
ence from the uncertainties δj to zj is. Hence, the
parameters γj can be regarded as the “degree of
disturbance attenuation”. During the selection of
γj , a tradeoff should be made between the observer
gains Lj and observation performances.

(2) The ESO design. For system (3), the ESO
is designed as










e1 = xn − x̂n,

˙̂xn=f0(x1, x2, . . . , xn)+b0u+x̂n+1−β1e1,

˙̂xn+1 = −β2fal(e1, 0.5, α),

(8)

where x̂n+1 is the estimate of xn+1 = f1(u,w),
β1 and β2 are the observer gains of ESO, and the
function fal(e1, 0.5, α) is defined as

fal(e1, 0.5, α)=







e1

α0.5
, ‖e1‖6α,

‖e1‖0.5sign(e1), ‖e1‖>α,
(9)
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where α > 0 is a constant.
In view of (3) and (8), the dynamics of estima-

tion errors can be obtained as
{

ė1 = e2 + β1e1,

ė2 = h+ β2fal(e1, 0.5, α),
(10)

where e2 = xn+1 − x̂n+1.
(3) The EADC design. Based on the outputs of

DOs and ESO, system (1) can be written as


























ẋ1 = x2 + d̂1 + d̃1,

...

ẋn−1 = xn + d̂n−1 + d̃n−1,

ẋn=f0(x1, x2, . . . , xn)+x̂n+1+b0u+ e2,

(11)

where d̃j = dj − d̂j = Vj ξ̃j . With the help of
DOs, the unknown disturbances dj can be approx-

imately replaced by known ones d̂j which can be
used directly in the controller design.

Theorem 2. For system (11), the EADC is de-
signed as

u =− 1

b0

(

f0(x1, x2, . . . , xn)+x̂n+1+knεn+εn−1

−
n−1
∑

q=1

∂u∗
n−1

∂xq

(xq+1 + d̂q) −
n−1
∑

q=1

∂u∗
n−1

∂ξ̂q
Wq ξ̂q

−
n
∑

q=1

∂u∗
n−1

∂xd(q−1)
xd(q)

)

, (12)

where εn = xn − u∗
n−1, and u∗

k (k = 2, . . . , n − 1)
are obtained as follows:

u∗
k =−kkεk−εk−1−d̂k+

k−1
∑

q=1

∂u∗
k−1

∂xq

(xq+1+d̂q)

+

k−1
∑

q=1

∂u∗
k−1

∂ξ̂q
Wq ξ̂q+

k
∑

q=1

∂u∗
k−1

∂xd(q−1)
xd(q) (13)

with u∗
1 = −k1ε1 − d̂1 + ẋd, ε1 = x1 − xd, and

εk = xk − u∗
k−1. xd(q) is the q-th order deriva-

tive of xd. The controller gains need to satisfy
k1 > 0.5, kk > 1, and kn > 1. Consequently, the
state x1 will converge into a bounded set contain-
ing xd asymptotically.

Remark 4. In this study, by combining the
DOBC and ADRC into a unified framework, an
EADC law is designed. In comparison to ei-
ther DOBC or ADRC, the anti-disturbance perfor-
mance has been further enhanced. Moreover, the

proposed EADC can be tailored to the traditional
ADRC or DOBC methods. To be more specific,
if the disturbances dj are absent, the combination
of ESO (8) and controller (12) can be treated as
the traditional ADRC [4]. Similarly, if there is no
f1(u,w), DOs (5) together with controller (12) can
be regarded as the traditional DOBC [6].

The proof of Theorem 2 and the simulations are
given in Appendixes B and C, respectively.

Conclusion. This study proposes a novel EADC
method in the presence of multiple disturbances
including derivative-bounded disturbances and un-
matched disturbances with exogenous models.
The integration of the ADRC and DOBC has fur-
ther enhanced the anti-disturbance capability and
reduced the conservativeness of the control design.
Numerical simulations have demonstrated the val-
idation of the proposed methods.

Acknowledgements This work was supported by Na-

tional Natural Science Foundation of China (Grant Nos.

61627810, 61633003, 61603021).

Supporting information Appendixes A–C. The sup-

porting information is available online at info.scichina.com

and link.springer.com. The supporting materials are pub-

lished as submitted, without typesetting or editing. The

responsibility for scientific accuracy and content remains

entirely with the authors.

References

1 Guo L, Cao S Y. Anti-Disturbance Control for Sys-
tems with Multiple Disturbances. Boca Raton: CRC
Press, 2013

2 Gao Z Q. Scaling and bandwidth-parameterization
based controller tuning. In: Proceedings of American
Control Conference (ACC), Denver, 2003. 4989-4996

3 Chen W H, Ballance D J, Gawthrop P J, et al. A non-
linear disturbance observer for robotic manipulators.
IEEE Trans Ind Electron, 2000, 47: 932–938

4 Huang Y, Xue W C. Active disturbance rejection
control: methodology and theoretical analysis. ISA
Trans, 2014, 53: 963–976

5 Chen S, Xue W C, Zhong S, et al. On comparison of
modified ADRCs for nonlinear uncertain systems with
time delay. Sci China Inf Sci, 2018, 61: 070223

6 Chen W H, Yang J, Guo L, et al. Disturbance-
observer-based control and related methods-an
overview. IEEE Trans Ind Electron, 2016, 63:
1083–1095

7 Guo L, Chen W H. Disturbance attenuation and re-
jection for systems with nonlinearity via DOBC ap-
proach. Int J Robust Nonlinear Control, 2005, 15:
109–125

8 Wei X J, Guo L. Composite disturbance-observer-
based control and H∞ control for complex continuous
models. Int J Robust Nonlinear Control, 2010, 20:
106–118

info.scichina.com
link.springer.com
https://doi.org/10.1109/41.857974
https://doi.org/10.1016/j.isatra.2014.03.003
https://doi.org/10.1007/s11432-017-9403-x
https://doi.org/10.1109/TIE.2015.2478397
https://doi.org/10.1002/rnc.978
https://doi.org/10.1002/rnc.1425

