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Appendix A Proof of Theorem 1

The proof procedure is given as follows.
Define the Lyapunov functions as
Voj = €] Pyé; (A1)
with j =1,2,...,n — 1.
According to (6), the time derivatives of Vp; can be computed as

Vo =€/ P& + [P, o o
=& (W, — L;Vi)T Pi&; + 6] HI Pi&; + £ Pj(W; — L;V;)§; + & P H;d;

. 1T . - (A2)
_ [fj Pj(Wj — L;V;) + (W = L;V;)" Pj PjH; [5;‘].
5; HIP; 0 5
Construct the auxiliary functions as
% ¢ 2 2 2
Sj = Voj +/0 (217 = 51165 117)dt. (A3)
In view of (A2), the time derivatives of S; can be derived as
Sj = Voj +llz;lI> = 721551
‘. T P.W. — Pr.V: PW.: — Pr.vi\T TT. P.H. > (A4)
_ & ( Wi LJ‘/J)"—( Wi LJVJ) +Tj Ty PjHj &
5 HI'P; =21 6]

Hence, if Theorem 1 holds, we can get S; = Vp; + fg (Hz7||2 - 7]2-||5j||2)dt < 0 under the zero initial condition based on

$; < 0. In other words, fot (1z11% = 7]2-||5j||2)dt < 0 can be satisfied. That is, the robust Hoo performance HZJH% < 'y]? HJJHg
holds.

Appendix B Proof of Theorem 2
Based on the backstepping algorithm, the proof procedure of Theorem 2 is given as follows.
Step 1: Define &1 = 21 — 2% and consider the following Lyapunov function:
_ 1 2

Vi = —¢€7. B1
1 251 ( )

According to (11), the time-derivative of Vi can be given as

Vi=¢e1é1
=€]_(:E2+621 +(i]_ 7:kd) (BQ)
=e1(e2 +ut 4+ dy +dy — i),
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where g9 = 2o — u{, and u{ is a virtual control law which can be designed as

= —kie1 —dq + 2% (B3)
As a result, the equation (B2) can be simplified as
Vi= fklz-:f +e1ea + e1ds. (B4)
Step 2: Consider the Lyapunov function:
Vo= Th + %5%. (B5)

Computing its time-derivative yields

‘72 = ‘71 + €262

= —k1e? +e1e2 +e1dy 4 ea(in — uy)
ouy } ouy . ouy ..
= —kie? + e1e2 +e1dy +e2(z3 4+ da + da — aTzl —Zhé - Bl%zd — aﬁxd) (B6)

. 96
= —k1€1 +e1ea+e1dy +e2(ez +ul + dy +do — TE(IQ +di+di) — (W1§1 + L1d1)

dul .4  Oul .4
~ But 1% — 570 &%)

aul

where €3 = x3 — u3, and uj is a virtual control law. Similarly, the virtual control law u3 can be designed as

ouj A ouj ouy . d

= —koeg —e1 — 8 o (acz +d1) Z Wié + a— 44 Pads (B7)
Substituting (B7) into (B6) yields
Vo= —k1e? — koe2 + e0e3 + e1dy + e2da — 82(%621 + %Lﬁil), (B8)
oxr1 0&1
Step 3: Consider the Lyapunov function:
Vs =TVo+ %eg. (B9)

It can be obtained that

Vs

Vo +esés
—k1e? — kaed + eae3 + e1d1 + £2da — e( axl dy +
—k151 - k262 +e2e3 +e1d1 + 62d2 — &2 aul di +

_(Z Bac (Z'q+1 +d +d )+ Zl (Wq£q+Lq q)+ z o d(q2 1) d(‘I))),
q=

('?ul

lel) +e3(d3 —uj)
L1d1)+€3(€4+u3 +d3 +ds (B10)

8u1

where €4 = x4 — uj, and the virtual control law u3 is designed as

* 2
:—k383—62—d3+28 (Tqt1 + dg) Z
Tq

l\.’)*

ous
quq)+z P =L (B11)

Substituting (B11) into (B10), one obtains

- ouy  Ou? ~ 2
V3= 7’6161 — k2€2 — k3€3 + e3e4 + €1d1 + €2d2 + Egdg —eaf 1 1 Ly)dy — 53(2 D dgq + Z 2 quq). (B12)

0r1 96 a=1
Step j(4 < j <m —1): Consider the following Lyapunov function
Vi=Vj1 + (B13)
where €; = x; — U;,l-
Its time-derivative can be derived as
\73‘ = ‘7 71 +€j¢€5
j j—1 A—1 6u§\71 - A—1 8u§\71 - . -
=- Z kqs +ej-1€5 + Zlquq )\Z (ex( D ds + 21 oE Lsds)) +e5(2; _uj—l)
q= = s= s= s
j Jj—1 - Jj—1 A—1 ou* ~ A—1 ou* B14
:—st tej—1gj+ 20 €qdg — 32 (ea( Zi’lderZ 1;5*1Ld))+aj(5]+1+u +dj+d; E14)
q=1 A=2 s=1 N s=1 €s
j—l our - =1 gy N . I our_
=T S e+ dg +dg) = L T (Wb + Ladg) — X oty 2t @),
q=1 q=1 q=1
where Ej+1 = XTj41 — ’LL;(
By designing u;* as
w* j—1
ul = —kje; —ej-1 — d; +Z L (wgsr +d. )+Z Wq§q+z G a@) (B15)

4 Opdla—1)
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The equation (B14) can be transformed into

J J ~ J A—1 au* ~ A—1 au* 5
=D _kaeh tejeiir+ ) eqdg = D (ex (D a;j dat 82:1 Lsds)). (B16)
q=1 q=1 A=2 s=1 s=1 s
Step n: Construct the Lyapunov function
Vo =Va1+ %ei. (B17)

We can obtain the time-derivative of V;, as

Vi =Vn_1+enén
n—1 A=l 5

n—1 n—1 ~
=—> kq€g+€n—15n+ > eqdg — > (ea(
= a=1 A= 2

s + Z /\ 1L dS))'i‘fn(ﬂbn_u:fl)
o (B18)

n—1 n—1 - ~ ) ~
=_ z kqag+en_len+ z eqdq — z (sA( Aorgoy z “HLSdS))+en(fo(xl,x2,...,xn)
= = s=1
+:Jcn+1+bOU+ez wh_ 1)
Note that the following equation holds:
n—1 n—1 n
‘ oul _ ou;, Un-1_ ()
e ; o Y(@qr1 + dg +d. ; “L (W + Lody) + Z m : (B19)
Then, based on (12), we can derive that
A—1 ou* - A—1 ou*
qus + Z eqdg + enea — Z (Y AL 4 3 TR ), (B20)
A=2 s=1 9zs s=1 853

A1 g
For the sake of simplicity, define Ay = > u* Lds + Z ’\ L J,.ds. One can obtains
1

o=

. n n—1 . n

V== kee2 + 3 eqdq +enea — Y exAy
q=1 g=1 A=2

n—1 - n—1 - n—1
ket = 5 kaeh = kach +lleall ]| + 5 lleal ]|+ llenll leall + 5 Heall 11+ leall 140
7 (B21)

2 72 n—1 _2 a2 2 e 2 2 2

< —hie? - ZQka b+ G TS (G T 2+Z( 5+ g+
n n—1 ;2 n 2
== =)t = 3 (g~ Def + 5 T3S

From Theorem 1, it can be seen that Ay and d~q are bounded. Meanwhile, according to [1,2], by properly selecting the

parameters 1 and B2 in ESO, the estimation errors e; and ez can be limited small enough. Then, one can obtain that
n—1 32 n 2 2

> oSt Z A; + %2 is bounded. Hence, according to [3], the variables e, (p = 1,2, ..., n) will converge to the neighborhoods
q=1

of zeros asymptotically by selecting k1 > % and kg > 1. Thus, z1 will converge to the neighborhood of z® asymptotically.
This completes the proof.

Appendix C Numerical simulation

In this section, in order to demonstrate the effectiveness of proposed methods, numerical simulations are conducted. Without
loss of generality, a second order control system is considered as follows:

T = x2 +dy,
.1 2 1 (1)
2 = fo(z1,2z2) + bu + w.

Assume that di = asin(wot + ¢), where the frequency information wp = 2 is known. Set a = 0.5, p = X, H; = I, and ¢

30

o 5} vi=[10].

The desired trajectory is selected as x? = sin(t). The nonlinear function fo(z1,x2) = x% + x2, the parameters by = 1,
and Ab = 0.2 are adopted. The disturbance w is assumed to be w = 0.2 4 sin(0.1¢t + %)
For the above second order system, the EADC can be written as

is a bounded random signal (]|§]| < 0.5) in this simulation. Then, we can get W7 =

1 - . N S ..
u= *bf((l + kika)zy + (k1 + k2)ao — (1+ kiko)a® + (k1 + ko)d1 — (k1 + k2)i® + fo(z1, 22) + 23 + ViWi€y — &), (C2)
0

The parameters for the DO, ESO, and controller are selected as L; = [9.20,7.69]7, a = 0.1, 81 = —5, and f2 = —50.
The initial conditions of x; and z2 are 1 and 0.5, respectively. Based on these parameters, the simulation results are shown
as follows.
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Figure C1 shows the performance of DO in estimating the unmatched disturbance di, from which we can see that the
proposed DO can estimate the actual value of d; precisely and rapidly. Similarly, it can be concluded from Figure C2
that the proposed ESO can estimate the matched disturbance fi(u,w) effectively. The two figures have demonstrated the
effectiveness of proposed DO and ESO in disturbance estimation.

On the basis of disturbance estimation, the controller (C2) is designed. It can be seen from Figure C3 that the state x1
can track the desired trajectory z® precisely under the proposed EADC. Moreover, comparisons with linear ADRC method
proposed in [2] are given. The bandwidth of ESO for the linear ADRC is selected as 20. From Figure C4 we can see that,
compared to the linear ADRC method, the control accuracy has been significantly improved by the proposed EADC.
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Figure C1 The performance of DO in estimating dj.
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Figure C2 The performance of ESO in estimating f1(u, w).
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Figure C3 The performance of EADC.
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Figure C4 Performance comparisons with ADRC.
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