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Dear editor,
Containment control problems of multi-agent systems (MASs) have attracted considerable attention in recent years owing to their widespread
use in applications pertaining to spacecraft control, sensor networks, power systems, and mobile
robots.
The containment control problem was solved
for MASs with high-order dynamics and random
switching networks respectively in [1, 2]. The containment control was designed for multi-rigid systems in [3]. In [4], the containment control was discussed for heterogeneous linear MASs. However,
most existing containment control methods rely on
explicit system models, which are often quite difficult to obtain in the real world. It has been shown
that this problem may be efficiently resolved by
using data-driven reinforcement learning technology [5]. In [6], a data-driven value iteration algorithm was proposed to solve a containment control problem for discrete-time MASs. The optimal containment control problem of continuoustime MASs with disturbances remains to be investigated. In fact, the disturbances in the system,
which are a common facet of many real applications, pose a challenge.
Motivated by the above observations, this study

addresses an optimal containment control problem
for continuous-time MASs with unknown disturbances. The main contributions are summarized
as follows. (1) An appropriate model transformation is presented to convert the original containment control problem of MASs with disturbances into an optimal containment control problem, where the unknown disturbances no longer
exist. Thus, the data-driven learning-based approach comes into play. (2) The equivalence relation between the original MASs with unknown disturbances and the converted optimal containment
control system is presented. (3) A data-driven
based neural network framework is adopted during the implementation of the proposed approach,
negating the need for an accurate system dynamic
model.
Problem formulation. Consider an MAS consisting of n followers and m leaders, which are denoted by {1, 2, . . . , n} and {n+1, n+2, . . . , n+m},
respectively. The followers’ dynamics are described by
ẋi (t) = Axi (t) + Bi ui (t) + Di ωi (t),

(1)

where xi (t) ∈ RN is the state of follower i and
ui (t) ∈ Rqi is the control input. ωi ∈ Rli presents
unknown disturbances bounded by a non-negative
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known function τb . Notice that ωi represents unmatched disturbances, that is, Bi 6= Di for ∀i. The
leaders’ dynamics are described by
(k)

(k)

ẋ0 (t) = Ax0 (t), k = n + 1, . . . , n + m,

(2)

(k)

where x0 ∈ RN is the state of the kth leader.
Herein we assume the system matrix A is unknown.
The objective of containment control is to identify control policies to ensure that all the followers
can converge to the convex hull spanned by the
leaders as t → ∞, that is,
(k) 
lim dist xi (t), Co(x0 ) = 0,
(3)
t→∞
(k)

where Co(x0 ) denotes the convex hull of a finite
(k)
point set {x0 |k = n+1, . . . , n+m}. dist(x, C) denotes the distance from x ∈ RN to the set C ⊆ RN ,
that is, dist(x, C) = inf y∈C kx − yk.
The interaction relationships among followers
can be described by a weighted adjacency matrix
A = [aij ] ∈ Rn×n . The connection weight between the kth leader and the ith follower is denoted by gik . Then, gik > 0 if the ith follower is
connected to the kth leader; otherwise, gik = 0.
Then, the adjacency matrix of the kth leader is
Bk = diag{g1k , . . . , gnk }. Let Ni be the neighbors
of agent i. The Laplacian matrix is given by
L = D − A,P
where D = diag{di } is a diagonal
matrix, di = j∈Ni aij .
Define the local neighbor tracking error of the
ith follower as
ei (t) =

X

j∈Ni

aij (xi − xj )+

n+m
X

k=n+1

(k)

gik (xi − x0 ). (4)

We can P
further rewrite (4) in the compact form,
n+m
e(t) =
k=n+1 (Hk ⊗ IN )(x − x̄k ), where x̄k =
(k)

1
L + Bk .
1n ⊗ x0 and Hk = m
Consider the dynamics of the local neighborhood tracking error for agent i as
!
!
n+m
n+m
X
X
k
k
ėi = Aei + di +
gi Bi ui + di +
gi
k=n+1

· Di ωi −

X

j∈Ni

aij Bj uj −

k=n+1

X

aij Dj ωj .

(5)

j∈Ni

According to [4], ke(t)k → 0 implies the convergence of followers to the convex hull spanned by
the leaders as t → ∞, that is, the containment
control is achieved.
Implementation of the optimal containment control policy design. In order to establish the transformed optimal control system for any i, we divide the uncertainty term Di ωi into two parts:
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a matched component and an unmatched component. By projecting Di ωi onto the range of Bi , we
have
Di ωi = Bi Bi† Di ωi + (I − Bi Bi† )Di ωi ,

(6)

where Bi† is the Moore-Penrose pseudoinverse of
Bi .
Therefore, a converted MAS can be constructed
as follows:
ẋi = Axi + Bi ui + (I − Bi Bi† )Di vi ,

(7)

where the vector [ui ; vi ] is the control policy of the
converted MAS (7), and vi ∈ Rqi is an augmented
control policy and used to handle the unmatched
uncertainty component.
According to (4) and (7), the dynamics (5) can
be rewritten as
!
n+m
X
ėi = Aei + di +
gik (Bi ui +(I −Bi Bi† )Di vi )
k=n+1

−

X

j∈Ni

aij (Bj uj + (I − Bj Bj† )Dj vj ).

(8)

The neighborhood tracking error dynamics contain
multiple control signals, that is, ui , vi of agent i
and their neighbors.
Define the local performance indices of (7) as
Z ∞
Vi =
(ζ 2 kpii k2 τb2 + kρk2
0

+ r(ei (τ ), ui (s), u−i (s), vi (s), v−i (s)))ds, (9)

where r(ei , ui , u−i , vi , v−i ) is the utility function
and defined by
r(ei , ui , u−i , vi , v−i )
T
2 T
= eT
i Qii ei + ui Rii ui + ζ vi Pii vi
X
X
+
uT
ζ 2 vjT Pij vj ,
j Rij uj +
j∈Ni

j∈Ni

the matrices Qii > 0, Rii > 0, Pii > 0, Rij > 0,
and Pij > 0 are positive definite, Pii = pii pT
ii , pii
is an invertible matrix, ρ and ζ > 0 are the designed parameters, and u−i = {uj |j ∈ Ni } and
v−i = {vj |j ∈ Ni } are respectively the sets of control policies from the neighbors of agent i.
Then the Hamiltonian function Hi can be defined as
Hi = (∇Vi )T ėi + kρk2 + ζ 2 kpii k2 τb2

T
2 T
+ eT
i Qii ei + ui Rii ui + ζ vi Pii vi
X
X
+
uT
ζ 2 vjT Pij vj = 0, (10)
j Rij uj +
j∈Ni

j∈Ni
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where the boundary condition is Vi = 0, and
∇Vi = ∂Vi /∂ei is the partial derivative of the performance index Vi with respect to ei .
The optimal control policies u∗i and vi∗ satisfy
the first-order necessary condition and are described as
!
n+m
X
1
−1 T
∗
k
di +
gi Rii
Bi ∇Vi∗ , (11)
ui = −
2
k=n+1

vi∗

1
=− 2
2ζ

di +

n+m
X

k=n+1

gik

!

Pii−1 DiT

· (I − Bi Bi† )∇Vi∗ ,

(12)

(13)

T
where zci = ωci1
[ei , ui , u−i ], ωci1 and ωci2 are the
weight matrices, and Φ(x) is an activation funcx
−x
tion, that is, Φ(x) = tanh(x) = eex −e
+e−x .
Define the error function of this network as
eci = Ĥi − Hi∗ . Because Hi∗ = 0, we have eci =
(∇Vˆi )T ėi + ri (ei , ui , u−i , vi , v−i ).
Then, our goal is to minimize the loss function Eci = 12 e2ci . Here, we adopt a gradient-based
weight update rule. Thus,

ω̇ci = −βc

∂Eci
∂Eci ∂eci ∂ V̂i
= −βc
,
∂ωci
∂eci ∂ V̂i ∂ωci

which can be calculated by
T
oi = ωai2
Φ(zai ),

(14)

where βc is a positive learning rate. Note that the
weight update rule is applied to both ωci1 and ωci2 .
The actor-network of agent i uses its tracking
error ei as its input, and the output is oi = [ui , vi ],

(15)

T
where zai = Φ(ωai1
ei ).
Define the error function of the actor-network
as eai = Vˆi − Uc , where Uc is the designed cost-togo objective. Generally, Uc is set to 0 to represent
“success”. Let the loss function be Eai = 21 e2ai .
Then, the weight update rule is adopted to minimize Eai :

ω̇ai = −βa

where Vi∗ denotes the optimal performance indices.
The following theorem gives the equivalence relation of the original system with disturbances and
the converted system under the proposed method.
The proof of the theorem is given in Appendix A.
Theorem 1. Consider system (7) with performance index (9) for agent i. The optimal control
policies u∗i in (11) are also the solutions of the
original containment control problem, if the following conditions are satisfied,
that is, eT
i Qii ei >
√
∗T
∗
vi Pii vi , and 0 < ζ < 2/2.
Data-driven based neural network framework.
The above optimal containment control policy design is implemented via a data-driven based criticactor network, which is established as follows. The
critic-network of agent i uses tracking error ei , control input ui , and its neighbors’ control input u−i
as the input for this network. The output is an
approximation of performance indices Vˆi , that is,
T
Vˆi (ei ) = ωci2
Φ(zci (ei )),
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∂Eai
∂Eai ∂eai ∂oi
= −βa
,
∂ωai
∂eai ∂oi ∂ωai

(16)

where βa is a positive learning rate.
The proposed results are illustrated via numerical simulation in Appendix B.
Conclusion. This study has addressed the containment control problem for MASs with unknown
disturbances using a data-driven method. It has
shown that the original containment control problem of MASs with unknown disturbances can
be converted to the optimal containment control
problem without disturbances.
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