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Dear editor,
Machine learning enables agents or computers to
learn from data and improves the performance of
specific tasks without requiring explicit programming. As the amount of available data continues to
grow, existing machine learning algorithms cannot
satisfy the efficiency requirements of various practical applications, and several methods have been
proposed to solve this problem, e.g., distributed
computing. However, distributed computing, even
in the best case, cannot achieve exponential acceleration. Additionally, there are typically extra
communication costs. Quantum computers are not
yet available for practical applications; however,
efficient quantum algorithms have been proposed
to address machine learning problems.
In this study, we provide further evidence that
quantum computing has the potential to increase
the speed of machine learning algorithms in the future. The basic unit of quantum information, i.e.,
qubits, could be in superposition states; quantum
computers are expected to be very advantageous
for processing high-dimensional data. Thus, the
performance of certain machine learning models
and algorithms could be significantly improved using quantum computers in terms of time and space
complexity.
We devise new quantum algorithms that exponentially speeds up the training and prediction procedures of twin support vector machines
(TSVM). To train TSVMs using quantum meth-

ods, we demonstrate how to prepare the desired
input states according to classical data, and these
states are used in the quantum algorithm for the
system of linear equations. In the prediction process, we employ a quantum circuit to estimate the
distances from a new sample to the hyperplanes
and then make a decision. The proposed quantum algorithms can learn two non-parallel hyperplanes and classify a new sample by comparing
the distances from the sample to the two hyperplanes in O(log mn) time, where m is the sample
size and n is the dimension of each data point. In
contrast, the corresponding classical algorithm requires polynomial time for both the training and
prediction procedures.
TSVM model. In the binary classification problems, there are m training examples sampled from
some fixed but unknown distribution, including
m1 positive examples and m2 negative examples,
where each training example is a real vector.
Herein, we use a matrix A ∈ Rm1 ×n to represent
examples of the positive class, and each matrix
row represents a positive example. Similarly, a
matrix B ∈ Rm2 ×n represents examples of the negative class. When a new example, x, arrives from
the same distribution, we can classify it using information extracted from the training examples.
TSVMs are widely used for binary classification
models that attempt to find two non-parallel hyperplanes:
w1 · x + b1 = 0, w2 · x + b2 = 0,
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where w1 , w2 ∈ Rn and b1 , b2 ∈ R, such that the
positive samples are as close as possible to the first
hyperplane and distant from the second. Negative samples are as close as possible to the second
hyperplane and distant from the first [1]. Formally, TSVMs solve two quadratic programming
problems with an objective function corresponding to one class and constraints corresponding to
the other class. Compared with traditional SVMs,
TSVMs are faster and have better generalizability. Additionally, to simplify quadratic programming problems, inequality constraints are replaced
by equality constraints in least square TSVMs [2]:
1
1
2
2
||Aw1 + b1 e1 || + c1 ||ξ2 || ,
2
2
s.t. − (Bw1 + b1 e2 ) + ξ2 = e2 ,
1
1
2
2
min
||Bw2 + b2 e2 || + c2 ||ξ1 || ,
w2 ,b2
2
2
s.t. (Aw2 + b2 e1 ) + ξ1 = e1 ,
min

w1 ,b1

(2)
(3)
(4)
(5)

where c1 , c2 are penalty parameters, e1 , e2 are
all-one column vectors, and ξ1 , ξ2 are nonnegative slack variables. Here, let L = minw1 ,b1
2
2
1
1
2 ||Aw1 + b1 e1 || + 2 c1 ||ξ2 || . By substituting the
equality constraint (3) into the objective function
2
(2), we obtain L = minw1 ,b1 12 ||Aw1 + b1 e1 || +
2
1
2 c1 ||Bw1 + b1 e2 + e2 || . In addition, by setting
the partial derivatives of the function to zero, we
obtain the following:
AT (Aw1 + b1 e1 ) + c1 B T (Bw1 + b1 e2 + e2 ) = 0,
e1 T (Aw1 + b1 e1 ) + c1 e2 T (Bw1 + b1 e2 + e2 ) = 0,
which can be rewritten as follows:
!
w1
1
= −( E T E + F T F )−1 F T e2 ,
c1
b1

(6)

where E = [A e1 ], F = [B e2 ]. Here, similarly, we
obtain the following:
!
w2
1
(7)
= (E T E + F T F )−1 E T e1 .
c
b2
2
Matrix multiplication requires at least Ω(n2 )
time to calculate F T F and E T E, find the inverse
of c11 E T E + F T F and E T E + c12 F T F , and calculate F T e2 and E T e1 . Thus, the total running
time required to solve the two hyperplanes in Eqs.
(2)–(5) is Ω(n2 ). To classify a new instance, we
must calculate the distance from the new instance
x to the two hyperplanes |w1 x + b1 |/||w1 || and
|w2 x + b2 |/||w2 ||, and then compare them. Note
that this step requires Ω(n) time.

August 2020 Vol. 63 189501:2

Quantum Algorithms for TSVMs. Herein, we
present the proposed quantum algorithms to increase the speed of the training and prediction
procedures of TSVMs (Appendix A provides some
background knowledge of quantum computation).
i
Without loss of generality, we assume ||( w
bi )|| = 1
for i = 1, 2, where || · || denotes the 2-norm of vectors. We introduce the following notations:
|F T e2 i =
|w1 , b1 i =

F T e2
T
||F T e2 || , |E e1 i

=

!
w1
, |w2 , b2 i =
b1

E T e1
||E T e1 || ,

w2
b2

!

.

For x = (x0 , ..., xn−1 ), we define x̃ = (x0 ,
Pn−1
1
..., xn−1 , 1) and |x̃i = √N
( i=0 xi |ii + 1 |ni),
x̃
Pn−1
where Nx̃ = i=0 x2i + 1. Then, we rewrite Eqs.
(6) and (7) in the quantum setting as follows:
|w1 , b1 i =

|w2 , b2 i =

( c11 E T E + F T F )−1 |F T e2 i

,

(8)

1
T
−1
|E T e1 i
c2 F F )
.
1
T
−1 |E T e i ||
1
c2 F F )

(9)

||( c11 E T E + F T F )−1 |F T e2 i ||

(E T E +
||(E T E +

In the training procedure, we prepare quantum
states |F T e2 i and |E T e1 i, and then solve Eqs. (8)
and (9) by calling the quantum linear system algorithm [3] and saving the solutions in quantum
states |w1 , b1 i and |w2 , b2 i that represent two hyperplanes. In the classification procedures, we represent a new sample x as a quantum state |x, 1i
and obtain the distances between the sample and
hyperplanes by estimating the inner product of
|x, 1i with |w1 , b1 i and |w2 , b2 i, respectively.
The algorithmic procedures are shown in Algorithms 1 and 2, which are explained in detail as
follows.
Algorithm 1 QTSVM training process.
Input: m1 positive samples and m2 negative samples represented by matrices A and B, where A ∈ Rm1 ×n and
B ∈ Rm2 ×n .
Procedure:
1. Prepare input quantum states |F T e2 i and |E T e1 i,
where E = [A e1 ] and F = [B e2 ].
2. Use the quantum algorithm for systems of linear
equations as a subroutine to solve the linear equations shown in Eqs. (8) and (9), and obtain quantum states |w1 , b1 i and |w2 , b2 i that represent two
hyperplanes.
Output: Quantum states |w1 , b1 i and |w2 , b2 i that represent two hyperplanes.
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Algorithm 2 QTSVM predicting process.
Input: Quantum states |w1 , b1 i and |w2 , b2 i that represent two hyperplanes. A new sample x ∈ Rn .
Procedure:
1. Prepare new sample x as a quantum state |x, 1i.
2. Use the SWAP test to find the distances from x to
two hyperplanes respectively and compare them.
3. If x is closer to the first hyperplane, then label it
positive; otherwise negative.
Output: The label of x.

Additionally, Theorem 1 gives the time complexity of the proposed algorithms (Appendix D
provides the proof of Theorem 1).
Theorem 1. The time complexities of Algorithms 1 and 2 are O(log mn) and O(log n), respectively, where m = m1 + m2 .
Therefore, for a new sample, we first use Algorithm 1 to learn the two hyperplanes given by Eq.
(1) and then use Algorithm 2 to classify it. The
total time complexity is O(log mn).
Training process. First, we provide some notations for Algorithm 1. Let K1 = E T E, K2 =
F T F, H1 = c11 K1 +K2 , H2 = K1 + c12 K2 , and K̂1 =
K1
K2
H1
H2
tr(K1 ) , K̂2 = tr(K2 ) , Ĥ1 = tr(H1 ) , Ĥ2 = tr(H2 ) .
Note that Appendix B provides the method to
prepare quantum states |F T e2 i and |E T e1 i based
on quantum oracles [4]. In the quantum setting,
it assumes that oracles for the training data return corresponding quantum states. One way to
efficiently construct these states is via quantum
RAM that uses O(mn) hardware resources but
only O(log mn) operations to access them [5].
To apply the quantum algorithm for systems
of linear equations to solve Eqs. (6) and (7), H1
and H2 must be exponentiated efficiently. In other
words, it is an important subroutine to calculate
ˆ
ˆ
e−iH1 ∆t and e−iH2 ∆t efficiently, where Ĥ1 and Ĥ2
are the normalization of H1 and H2 , respectively,
and ∆t is a small time slice. Unlike the original
method in the quantum algorithm for systems of
linear equations, we employ a density matrix exponentiation method [6] herein that allows us to
perform Hamiltonian simulation effectively even if
the samples do not satisfy the sparsity assumption.
Details are given in Appendix C. We then obtain
the two hyperplanes in the form of quantum states
|w1 , b1 i and |w2 , b2 i by calling the quantum algorithm for the systems of linear equations [3].
Prediction process. In Algorithm 2, given a new
sample x ∈ Rn , we determine its label by comparing the distances from it to the two obtained
hyperplanes. By calling the oracle to the vector
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x̃, we can construct state |x̃i. Using the SWAP
test [7], we then estimate the square of inner prod2
2
1|
uct I = hw1 , b1 |x̃i = |w1 x+b
by using O(ǫ−2 )
Nx̃
copies of |w1 , b1 i and |x̃i such that the error of the
inner product estimation is no greater than ǫ with
high probability.
Additionally, to estimate the value of ||w1 ||2 , we
employ a project measurement operations set {Pi }
to measure |w1 , b1 i, where P0 = I − |ni hn| , P1 =
|ni hn|. Then, the probability of obtaining outcome 0 is ||w1 ||2 . By measuring O(ǫ−2 ) copies of
|w1 , b1 i repeatedly, we can estimate the value of
||w1 ||2 no more than ǫ with high probability. Similarly, we can estimate the value of ||w2 ||2 .
2
2
We can obtain the value of |w1 x + b1 | /||w1 ||
2
2
because the values of |w1 x + b1 | and ||w1 ||
have been estimated.
Note that the value
of |w2 x + b2 |2 /||w2 ||2 can be obtained in a
2
2
similar manner.
If |w1 x + b1 | /||w1 ||
<
2
2
|w2 x + b2 | /||w2 || , then the sample is closer to
the first hyperplane, and it will be labeled as a
positive point; otherwise, it will be labeled negative.
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