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Dear editor,
We consider a containment control problem for
a linear discrete-time (DT) multi-agent system
via reinforcement learning. Containment control
(CC) of multi-agent networks has received extensive attention in the control community in recent
years [1–4]. CC is motivated by natural phenomena and has potential and vital applications in
practical engineering. For example, one application of CC is to ensure that no member of a group
of robots or autonomous vehicles enters a dangerous area. In that case, part of the group is introduced as a leader to enable the vehicles or robots to
enter the safety zone. Most previous work on CC
has considered continuous-time (CT) multi-agent
systems, in which the aim is to drive the states
or outputs of all the followers to the convex hull
spanned by the states or outputs of the leaders.
Recently some results were reported regarding heterogeneous followers with non-identical dynamics
in [5]. Till now, it is still very challenging to design CC algorithms for multi-agent systems when
the agent dynamics are completely unknown. To
this end, we need to consider a data-driven design for containment control. Therefore, the aim
of the present study is to design a distributed algorithm that not only solves CC problems but also
minimizes a local energy cost by using only input
and output data and provide a solution for containment control problems of multi-agent systems
under the framework of reinforcement learning.

Data-driven containment control. Consider a
discrete-time multi-agent system with N followers and M leaders. The dynamics of the followers
are given as follows:
xi (k+1) = Axi (k)+Bi ui (k), i ∈ F = {1, . . . , N }, (1)
where xi (k) ∈ Rn denotes the state, ui (k) ∈ Rpi is
the control input, A ∈ Rn×n and Bi ∈ Rn×pi are
constant system matrices. The dynamics of the
leaders are given as follows:
wm (k + 1) = Awm (k), m ∈ H = {1, . . . , M }, (2)
where wm (k) ∈ Rn is the state of the m-th leader.
For the considered multi-agent system (1) and
(2), our objective is to design a distributed control
input ui (k) for each follower by only using information from its neighbours to minimize a performance index function Ji (xi (k), ui (k)), and simultaneously, guarantee that the states of all the followers will converge to the convex hull spanned by
the states of the leaders, that is, ∀i ∈ F ,

lim dist xi (k), Co(w1 (k), . . . , wM (k)) = 0.
k→∞

We use a directed graph G = (V, E) to
model the interaction network associated with
the multi-agent system (1) and (2), where V =
{1, . . . , N, N + 1, . . . , N + M } is the set of nodes,
and E ⊆ V × V is the set of arcs. Simultaneously, we use G f = (V(G f ), E(G f )) to represent
the network topology of N followers, and thus
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V(G f ) = F ⊆ V. A weighted adjacency matrix
A = [aij ] ∈ RN ×N of the subgraph G f has nonnegative elements, which is positive; i.e., aij > 0,
if and only if (vj , vi ) ∈ E(G f ); aij = 0, otherwise.
The set N (i) = {vj ∈ V | (vj , vi ) ∈ E} denotes the
set of neighbors of agent i. A diagonal matrix D
f
is an in-degree
P matrix of G , whose diagonal elements di = j∈N (i) aij for i = 1, 2, . . . , N . The
Laplacian matrix L of the digraph G f is defined
by L = D − A ∈ RN ×N . Further, a diagonal
m
N ×N
matrix Bm = diag{bm
denotes
1 , . . . , bN } ∈ R
the leader adjacency matrix associated with the
m-th leader for m = 1, . . . , M , where bim > 0 if
(vm , vi ) ∈ E; i.e., the m-th leader is a neighbor of
agent i; and bim = 0, otherwise.
For the i-th follower, a disagreement vector is
defined as follows:
εi (k) =

N
X

aij (xi (k)−xj (k))+

M
X

bm
i (xi (k)−wm (k)).

−1 T
· Rii
Bi ∇Ji∗ (εi (k + 1)).

T
T T
(εT
1 , ε2 , . . . , εN )

Algorithm 1 VI algorithm for the DT-HJB equation
Initialization: For ∀i, let l = 0. Start with any initial control law u0i (k) and performance index function Ji0 (k).
Choose an arbitrarily computation precision ǫ.
1: repeat
2:
The iterative performance index function Jil (k) is updated according to the Bellman equation as follows:
Jil+1 (k) = ci (εi (k), uli (k)) + αJil (k + 1);

nN

Let ε(k) =
∈ R
be the
overall disagreement vector. Then we have the following compact form:
M
X

m=1

(5)

The optimal containment control solution (5)
relies on solving the DT-HJB equation (4), but
the exact solution of the equation is generally impossible to be obtained. We now present a value
iteration (VI) algorithm (Algorithm 1) to compute
the solution of the coupled DT-HJB equation (4).
The optimal performance index function Ji∗ (εi (k))
and the optimal control law u∗i (k) are respectively
approximated by the iterative performance index
function Jil (k) and the iterative control law uli (k)
with the iteration index l.

m=1

j=1

ε(k) =
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(6)

The iterative control law uli (k) is updated according
to the following scheme:
ul+1
(k) = arg min {ci (εi (k), ui (k))+αJil+1 (k+1)}; (7)
i
ui (k)

4: until on convergence of |Jil+1 (k) − Jil (k)| 6 ǫ; end.


(Hm ) ⊗ In )(x(k) − w̄m (k) ,

1
where w̄m (k) = 1N ⊗wm (k), and Hm = M
L+Bm .
For each agent i, we define a discounted performance index function as follows:

Ji (εi (k), ui (k))
∞
X
=
αn−k ci (εi (n), ui (n), uN (i) (n)),

(3)

n=k

T
where ciP
(εi (k), ui (k)) = εT
i (k)Qii εi (k) + ui (k)Rii
T
·ui (k) + j∈N (i) uj (k)Sij uj (k) is the utility function, N (i) = {j ∈ V | (j, i) ∈ E} denotes the set
of neighbors of agent i, and uN (i) (k) are the control inputs of the neighbors of agent i, α ∈ (0, 1] is
discount factor, Qii > 0, Rii > 0 and Sij > 0 are
symmetric positive definite matrices with suitable
dimensions. According to the Bellman’s optimality principle, the optimal index function Ji∗ satisfies the coupled discrete-time Hamilton-JacobiBellman (DT-HJB) equation

Ji∗ (εi (k))
= min {ci (εi (k), ui (k)) + αJi∗ (εi (k + 1))}. (4)
ui (k)

Then one can have the following optimal control
law:
!
NX
+M
α
∗
m
ui (k) = −
di +
bi
2
m=N +1

Theorems 1 and 2 give the convergence results of
the proposed VI algorithm and the stability analysis of the closed-loop multi-agent system under the
optimal containment control laws (5). The proofs
of Theorems 1 and 2 are given in Appendix A.
Theorem 1. Assume there exist admissible control laws uli (k) for ∀i. When each leader has a directed path to all the followers, then one has Jil (k)
and uli (k) will respectively converge to the optimal
solution Ji∗ (ε(k)) and u∗i (k), as l → ∞.
Theorem 2. When each leader has a directed
path to all the followers, then all the states of the
followers converge to the convex hull spanned by
the sates of the leaders under the optimal control
laws (5), as k → ∞.
Actor-critic online learning. Because the iterative performance index function Jil (k) and the iterative control law uli (k) depend on the information
of the state matrices Bi , in order to use only the
measured state information, we use an actor-critic
neural network to approximate Jil (k) and uli (k) in
real implementation. First, a critic network (CN)
is used to approximate the iterative performance
index function Jil (k) and can be expressed by
Jˆi (k) = X̄iT (k)Ŵci Xi (k),

(8)

where Ŵci ∈ Rn×nq is the critic weight, q is the
number of agent i and its neighbors, X̄i is the vector εi , Xi is a stack vector of εi and its neighbors’
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states. The output of the CN is given by
lT
l
TJi (k) = εT
i (k)Qii εi (k) + ûi (k)Rii ûi (k)
X
l
ˆl
+
ûlT
j (k)Sij ûj (k)+ Ji (k+1).

(9)

j∈N (i)

The approximation error is defined by eci (k) =
TJi (k) − Jˆi (k). The objective function to be minimized in the CN training is given by Eci (k) =
1 T
2 eci (k)eci (k). We use the gradient descent method
to update the CN weights. Second, an actor network (AN) is used to approximate the iterative
control law uli (k) and can be expressed by
T
ûi (k) = Ŵai
Xi (k),

(10)

nq×pi

where Ŵai ∈ R
is the actor weight. The
approximation error defined for the AN is given
by eai (k) = ûi (k) − ui (k), where ui (k) is
the target control law of the AN according
to (5), which is given by ui (k) = − α2 (di +
PN +M
−1 T ∂ Jˆi (εi (k+1))
m
The objective
m=N +1 bi )Rii Bi
∂εi (k+1) .
error function to be minimized in the AN training
is given by Eai (k) = 12 eT
ai (k)eai (k). The implement process is shown in Appendix B.
(a)

5

Leader 6
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Figure 1(a). The nodes 1, 2, 3, 4 represent the
followers and the nodes 5, 6, 7 are leaders. Figure 1(b) shows all the followers move into the interior of the convex hull formed by the leaders.
Three snapshots are respectively given by marking the leaders’ trajectories at k = 200, 220, 240,
which show that the CC problem is solved. More
details can be found in Appendix C.
Conclusion. We have presented a data-driven
CC for a class of DT multi-agent system via reinforcement learning. A VI algorithm has been
proposed to compute the optimal solution of the
coupled DT-HJB equation. Then an actor-critic
network has been used to compute the iterative
solutions in an online learning manner using only
the input and output data. Simulation results have
validated the proposed VI-based containment control.
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Figure 1 (Color online) (a) The leader-follower network;
(b) 2-D phase plane plot.

Numerical experiments. Consider a multi-agent
system with the interaction network, as shown in

1 Hu J P, Yuan H W. Collective coordination of multiagent systems guided by multiple leaders. Chin Phys
B, 2009, 18: 3777–3782
2 Cao Y C, Ren W, Egerstedt M. Distributed containment control with multiple stationary or dynamic leaders in fixed and switching directed networks. Automatica, 2012, 48: 1586–1597
3 Chen F, Ren W, Lin Z L. Multi-leader multi-follower
coordination with cohesion, dispersion, and containment control via proximity graphs. Sci China Inf Sci,
2017, 60: 110204
4 Wen G H, Zhao Y, Duan Z S, et al. Containment of
higher-order multi-leader multi-agent systems: a dynamic output approach. IEEE Trans Autom Control,
2016, 61: 1135–1140
5 He W L, Qian F, Lam J, et al. Quasi-synchronization
of heterogeneous dynamic networks via distributed impulsive control: error estimation, optimization and design. Automatica, 2015, 62: 249–262

