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Dear editor,
We consider a containment control problem for
a linear discrete-time (DT) multi-agent system
via reinforcement learning. Containment control
(CC) of multi-agent networks has received exten-
sive attention in the control community in recent
years [1–4]. CC is motivated by natural phenom-
ena and has potential and vital applications in
practical engineering. For example, one applica-
tion of CC is to ensure that no member of a group
of robots or autonomous vehicles enters a danger-
ous area. In that case, part of the group is intro-
duced as a leader to enable the vehicles or robots to
enter the safety zone. Most previous work on CC
has considered continuous-time (CT) multi-agent
systems, in which the aim is to drive the states
or outputs of all the followers to the convex hull
spanned by the states or outputs of the leaders.
Recently some results were reported regarding het-
erogeneous followers with non-identical dynamics
in [5]. Till now, it is still very challenging to de-
sign CC algorithms for multi-agent systems when
the agent dynamics are completely unknown. To
this end, we need to consider a data-driven de-
sign for containment control. Therefore, the aim
of the present study is to design a distributed al-
gorithm that not only solves CC problems but also
minimizes a local energy cost by using only input
and output data and provide a solution for con-
tainment control problems of multi-agent systems
under the framework of reinforcement learning.

Data-driven containment control. Consider a
discrete-time multi-agent system with N follow-
ers and M leaders. The dynamics of the followers
are given as follows:

xi(k+1)=Axi(k)+Biui(k), i∈F={1, . . . , N}, (1)

where xi(k) ∈ R
n denotes the state, ui(k) ∈ R

pi is
the control input, A ∈ R

n×n and Bi ∈ R
n×pi are

constant system matrices. The dynamics of the
leaders are given as follows:

wm(k +1) = Awm(k), m ∈ H = {1, . . . ,M}, (2)

where wm(k) ∈ R
n is the state of the m-th leader.

For the considered multi-agent system (1) and
(2), our objective is to design a distributed control
input ui(k) for each follower by only using infor-
mation from its neighbours to minimize a perfor-
mance index function Ji(xi(k), ui(k)), and simul-
taneously, guarantee that the states of all the fol-
lowers will converge to the convex hull spanned by
the states of the leaders, that is, ∀i ∈ F ,

lim
k→∞

dist
(

xi(k), Co(w1(k), . . . , wM (k))
)

= 0.

We use a directed graph G = (V , E) to
model the interaction network associated with
the multi-agent system (1) and (2), where V =
{1, . . . , N,N + 1, . . . , N +M} is the set of nodes,
and E ⊆ V × V is the set of arcs. Simultane-
ously, we use Gf = (V(Gf ), E(Gf )) to represent
the network topology of N followers, and thus
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V(Gf ) = F ⊆ V . A weighted adjacency matrix
A = [aij ] ∈ R

N×N of the subgraph Gf has non-
negative elements, which is positive; i.e., aij > 0,
if and only if (vj , vi) ∈ E(Gf ); aij = 0, otherwise.
The set N (i) = {vj ∈ V | (vj , vi) ∈ E} denotes the
set of neighbors of agent i. A diagonal matrix D

is an in-degree matrix of Gf , whose diagonal ele-
ments di =

∑

j∈N (i) aij for i = 1, 2, . . . , N . The

Laplacian matrix L of the digraph Gf is defined
by L = D − A ∈ R

N×N . Further, a diagonal
matrix Bm = diag{bm1 , . . . , bmN} ∈ R

N×N denotes
the leader adjacency matrix associated with the
m-th leader for m = 1, . . . ,M , where bim > 0 if
(vm, vi) ∈ E ; i.e., the m-th leader is a neighbor of
agent i; and bim = 0, otherwise.

For the i-th follower, a disagreement vector is
defined as follows:

εi(k)=

N
∑

j=1

aij(xi(k)−xj(k))+

M
∑

m=1

bmi (xi(k)−wm(k)).

Let ε(k) = (εT1 , ε
T
2 , . . . , ε

T
N)T ∈ R

nN be the
overall disagreement vector. Then we have the fol-
lowing compact form:

ε(k) =

M
∑

m=1

(

(Hm)⊗ In)(x(k) − w̄m(k)
)

,

where w̄m(k) = 1N⊗wm(k), and Hm = 1
M
L+Bm.

For each agent i, we define a discounted perfor-
mance index function as follows:

Ji(εi(k), ui(k))

=

∞
∑

n=k

αn−kci(εi(n), ui(n), uN (i)(n)), (3)

where ci(εi(k), ui(k)) = εTi (k)Qiiεi(k) + uT
i (k)Rii

·ui(k)+
∑

j∈N (i) u
T
j (k)Sijuj(k) is the utility func-

tion, N (i) = {j ∈ V | (j, i) ∈ E} denotes the set
of neighbors of agent i, and uN (i)(k) are the con-
trol inputs of the neighbors of agent i, α ∈ (0, 1] is
discount factor, Qii > 0, Rii > 0 and Sij > 0 are
symmetric positive definite matrices with suitable
dimensions. According to the Bellman’s optimal-
ity principle, the optimal index function J∗

i sat-
isfies the coupled discrete-time Hamilton-Jacobi-
Bellman (DT-HJB) equation

J∗
i (εi(k))

= min
ui(k)

{ci(εi(k), ui(k)) + αJ∗
i (εi(k + 1))}. (4)

Then one can have the following optimal control
law:

u∗
i (k) = −

α

2

(

di +

N+M
∑

m=N+1

bmi

)

· R−1
ii BT

i ∇J∗
i (εi(k + 1)). (5)

The optimal containment control solution (5)
relies on solving the DT-HJB equation (4), but
the exact solution of the equation is generally im-
possible to be obtained. We now present a value
iteration (VI) algorithm (Algorithm 1) to compute
the solution of the coupled DT-HJB equation (4).
The optimal performance index function J∗

i (εi(k))
and the optimal control law u∗

i (k) are respectively
approximated by the iterative performance index
function J l

i (k) and the iterative control law ul
i(k)

with the iteration index l.

Algorithm 1 VI algorithm for the DT-HJB equation

Initialization: For ∀i, let l = 0. Start with any initial con-
trol law u0

i
(k) and performance index function J0

i
(k).

Choose an arbitrarily computation precision ǫ.
1: repeat

2: The iterative performance index function J l

i
(k) is up-

dated according to the Bellman equation as follows:

J
l+1
i

(k) = ci(εi(k), u
l

i(k)) + αJ l

i(k + 1); (6)

3: The iterative control law ul

i
(k) is updated according

to the following scheme:

u
l+1
i

(k) = arg min
ui(k)

{ci(εi(k), ui(k))+αJ
l+1
i

(k+1)}; (7)

4: until on convergence of |J l+1
i

(k)− J l

i
(k)| 6 ǫ; end.

Theorems 1 and 2 give the convergence results of
the proposed VI algorithm and the stability analy-
sis of the closed-loop multi-agent system under the
optimal containment control laws (5). The proofs
of Theorems 1 and 2 are given in Appendix A.

Theorem 1. Assume there exist admissible con-
trol laws ul

i(k) for ∀i. When each leader has a di-
rected path to all the followers, then one has J l

i(k)
and ul

i(k) will respectively converge to the optimal
solution J∗

i (ε(k)) and u∗
i (k), as l → ∞.

Theorem 2. When each leader has a directed
path to all the followers, then all the states of the
followers converge to the convex hull spanned by
the sates of the leaders under the optimal control
laws (5), as k → ∞.

Actor-critic online learning. Because the itera-
tive performance index function J l

i(k) and the iter-
ative control law ul

i(k) depend on the information
of the state matrices Bi, in order to use only the
measured state information, we use an actor-critic
neural network to approximate J l

i(k) and ul
i(k) in

real implementation. First, a critic network (CN)
is used to approximate the iterative performance
index function J l

i (k) and can be expressed by

Ĵi(k) = X̄T
i (k)ŴciXi(k), (8)

where Ŵci ∈ R
n×nq is the critic weight, q is the

number of agent i and its neighbors, X̄i is the vec-
tor εi, Xi is a stack vector of εi and its neighbors’
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states. The output of the CN is given by

TJi
(k) = εTi (k)Qiiεi(k) + ûlT

i (k)Riiû
l
i(k)

+
∑

j∈N (i)

ûlT
j (k)Sij û

l
j(k)+Ĵ l

i(k+1). (9)

The approximation error is defined by eci(k) =
TJi

(k) − Ĵi(k). The objective function to be min-
imized in the CN training is given by Eci(k) =
1
2e

T
ci(k)eci(k). We use the gradient descent method

to update the CN weights. Second, an actor net-
work (AN) is used to approximate the iterative
control law ul

i(k) and can be expressed by

ûi(k) = ŴT
aiXi(k), (10)

where Ŵai ∈ R
nq×pi is the actor weight. The

approximation error defined for the AN is given
by eai(k) = ûi(k) − ui(k), where ui(k) is
the target control law of the AN according
to (5), which is given by ui(k) = −α

2 (di +
∑N+M

m=N+1 b
m
i )R−1

ii BT
i

∂Ĵi(εi(k+1))
∂εi(k+1) . The objective

error function to be minimized in the AN training
is given by Eai(k) = 1

2e
T
ai(k)eai(k). The imple-

ment process is shown in Appendix B.
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Figure 1 (Color online) (a) The leader-follower network;
(b) 2-D phase plane plot.

Numerical experiments. Consider a multi-agent
system with the interaction network, as shown in

Figure 1(a). The nodes 1, 2, 3, 4 represent the
followers and the nodes 5, 6, 7 are leaders. Fig-
ure 1(b) shows all the followers move into the in-
terior of the convex hull formed by the leaders.
Three snapshots are respectively given by mark-
ing the leaders’ trajectories at k = 200, 220, 240,
which show that the CC problem is solved. More
details can be found in Appendix C.

Conclusion. We have presented a data-driven
CC for a class of DT multi-agent system via re-
inforcement learning. A VI algorithm has been
proposed to compute the optimal solution of the
coupled DT-HJB equation. Then an actor-critic
network has been used to compute the iterative
solutions in an online learning manner using only
the input and output data. Simulation results have
validated the proposed VI-based containment con-
trol.
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