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Dear editor,
Along with the recent adoption of multi-agent net-
works [1–9], consensus-based distributed optimiza-
tion has been extensively investigated. In [1], a
distributed algorithm that combines the consen-
sus and subgradient algorithms was developed for
obtaining the solution of the unconstrained con-
vex distributed optimization problems. In [2], a
distributed discrete-time projected subgradient al-
gorithm was proposed to solve the constrained
optimization problems in which each agent has
to remain in its own convex set. In [3], a dis-
tributed continuous-time subgradient algorithm
was presented to compute the distributed opti-
mizations that exhibited convex inequality con-
straints. Furthermore, in [4], by considering the
linear equation constraints, convex inequality con-
straints, and convex set constraints, a distributed
algorithm was developed based on the consensus
algorithm and the saddle point algorithm. The re-
searchers in [1–4] assume that the directed graph
is balanced. Various special optimization prob-
lems such as computing the intersection of convex
sets [2] and solving linear equations [7, 8], have
been treated using distributed computations. The
convex feasibility problem (CFP) is more general
than the computation of the intersection of con-
vex sets. Further, while dealing with a CFP, one
should ensure that the solution is obtained in the
intersection of the relevant convex sets, and the
linear equations or convex inequalities should also

be solved.

This study develops a distributed approach to
solve CFPs. Based on the subgradient and pro-
jection algorithms, both continuous- and discrete-
time distributed algorithms are proposed for
multi-agent systems. The coexistence of subgra-
dient and projection operations introduces non-
linearity into these algorithms, which introduces
difficulties while analyzing the convergence of the
proposed algorithm. Unlike the distributed al-
gorithms that are used for solving linear equa-
tions [7, 8] in which the initial state of each agent
is required to satisfy the equation, CFPs can be
solved using our algorithms with arbitrary initial
states. While implementing the proposed algo-
rithms, all the states of the agents will reach a
common asymptotic point if the directed graph is
strongly connected this point is located in the so-
lution set of the CFP. We will prove this statement
without a requirement that the directed graph
should be balanced. Additionally, the convergence
of the proposed algorithm does not rely on a di-
minishing step size.

A function f(·) : Rm → R is convex if f(γx +
(1−γ)y) 6 γf(x)+(1−γ)f(y) for any x 6= y ∈ R

m

and 0 < γ < 1. For convex function f(x), if

〈 ∇f(x), y − x 〉 6 f(y) − f(x) for any y ∈ R
m,

then ∇f(x) is a subgradient of function f at point
x ∈ R

m. Additionally, subgradients must exist for
any convex function. Furthermore, if the convex
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function is differentiable, its gradient is considered
to be a unique subgradient. The set Ω ⊂ R

m

is convex if γx + (1 − γ)y ∈ Ω for any scalar
0 < γ < 1 and x, y ∈ Ω. For a closed convex

set Ω, let ‖x‖Ω
∆
= infy∈Ω ‖x− y‖ denote the stan-

dard Euclidean distance of vector x ∈ R
m from

Ω. Further, there is a unique element PΩ(x) ∈ Ω
such that ‖x− PΩ(x)‖ = ‖x‖Ω, where PΩ(·) can
be referred to as the projection onto the set Ω.
Furthermore, ‖x− PΩ(x)‖

2 is differentiable with

respect to x and ∇‖x‖
2
Ω = 2(x− PΩ(x)).

Consider a multi-agent system comprising n

agents labeled with the set V = {1, . . . , n}. Fur-
ther, we consider agents with continuous-time dy-
namics, which can be given as

ẋi(t) = ui(t), i ∈ V (1)

and discrete-time dynamics, which can be given as

xi(t+ 1) = xi(t) + ui(t), i ∈ V , (2)

where xi(t) ∈ R
m and ui(t) ∈ R

m denote the state
and input of agent i, respectively. Further, we in-
tend to design ui(t) for (1) and (2) using only the
local information for solving the following CFP:

{

gi(x) 6 0,

x ∈ X :
∆
=∩n

i=1Xi,
i = 1, . . . , n, (3)

where x ∈ R
m, gi(·) : Rm → R is a convex func-

tion. This function is continuous on (−∞,∞).
Each Xi is a closed convex set. Agent i can access
only the information associated with the subgradi-
ent∇g+i (·) and the projection PXi

(·). The solution
set of the CFP (3) is denoted by X∗. Further, the
following assumption can be adopted throughout
the study.

Assumption 1. X∗ is non-empty.

Note that x = PXi
(x) if and only if x ∈ Xi.

If x = PXi
(x) for all i = 1, . . . , n, then x ∈

∩n
i=1Xi. Because the algorithms in this study re-

fer to the projection operator PXi
(·), here we only

consider the convex sets Xi onto which the projec-
tion PXi

(x) can be easily calculated or for which
a detailed expression can be given at any point
x. For example, if set X represents the solu-
tion set of the linear equation aTx − b = 0, i.e.,
X = {x|aTx− b = 0}, where a, x ∈ R

m, b ∈ R, one

can easily obtain that PX(x) = (I − aaT

‖a‖2 )x+
ba

‖a‖2

is a projection of x onto set X . Consequently, the
algorithms presented in this study can also be ap-
plied to solve the CFP using linear equations.

To solve the CFP (3), the following control in-
put for the multi-agent system (1) can be pro-

posed:



















ui(t) =
∑

j∈Ni

aij(xj(t)− xi(t)) + φi(t),

φi(t) = −τ
(

[xi(t)− PXi
(xi(t))]

+∇g+i (xi(t))
)

,

i ∈ V ,

(4)
where τ is the positive coefficient. Note that φi de-
pends only on the state of agent i so that Eq. (4)
is distributed. ∇g+i (x) = 0 if gi(x) 6 0; otherwise,
∇g+i (x) = ∇gi(x).

Theorem 1. If the directed graph G(A) is
strongly connected, the multi-agent system (1)
with (4) reaches consensus asymptotically, and the
consensus state is located in set X∗.

For a discrete-time multi-agent system (2), the
following input is proposed for solving the CFP
(3):











































































ui(t) = h
∑

j∈Ni

aij(xj(t)− xi(t)) + φi(t),

yi(t) = xi(t) + h
∑

j∈Ni

aij(xj(t)− xi(t)),

ξi(t) =
1

2
‖yi(t)−PXi

(yi(t))‖
2+g+i (yi(t)),

ϕi(t)=‖yi(t)−PXi
(yi(t))‖

2+‖∇g+i (t)‖
2,

φi(t)=















−
ǫξi(t)

2ϕi(t)
(yi(t)− PXi

(yi(t))

+∇g+i (t)), if ϕi(t) 6= 0,
0, otherwise,

i ∈ V ,

(5)
where 0 < ǫ < 2 and ∇g+i (x) = 0 if gi(x) 6 0;
otherwise, ∇g+i (x) = ∇gi(x). ∇g+i (t) denotes the
subgradient of function g+i (y) at y = yi(t) and h

is the control gain that has to be designed. Note
that each agent can only access information about
its own inequality and set as well as its own state
and the relations between itself and its immediate
neighbors. Therefore, Eq. (5) is distributed.

Theorem 2. If the directed graph G(A) is
strongly connected and 0< h< 1

max16i6n(
∑

n
j=1

aij)
,

the multi-agent system (2) with (5) reaches con-
sensus asymptotically, and the consensus state is
in set X∗.

Simulations. Consider a multi-agent system
comprising five agents by intending to coopera-
tively search a feasibility (solution) z∗ = [z∗1 , z

∗
2 ]

T

of the CPF that includes two closed convex sets,
X1 = {(z1, z2)|2 6 z1 6 4, 0 6 z2 6 2} and X2 =
{(z1, z2)|2.5 6 z1 6 4.5, 1 6 z2 6 3}, and three lin-
ear inequalities, c(z) = 2z1 − 3z2 − 2 6 0, d(z) =
2z1+3z2−11 6 0, and q(z) = 8z1−3z2−28 6 0. In
Figure 1(a), the yellow region represents the fea-
sible region. Set Xi is only known to agent i for
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Figure 1 (Color online) (a) Feasible region of the CFP; (b) the communication graph; (c) the trajectory of the multi-agent
system in the continuous-time case; (d) the trajectory of the multi-agent system in the discrete-time case. “*” represents
the initial states of the agents while “◦” represents their final states.

i = 1, 2; further, agents 3–5 can only have access
to c(z), d(z), and q(z), respectively. We present
the simulation results for continuous- and discrete-
time distributed algorithms. The communication
graph is directed in each case.

(1) Continuous-time case. The communication
graph is depicted in Figure 1(b) and is observed
to be strongly connected. The weight of each edge
connecting different agents is 1. The coefficient
is set to τ = 20, and let the initial state of each
agent be x1(0) = [0, 5]T, x2(0) = [3,−2]T, x3(0) =
[2, 3]T, x4(0) = [5, 1]T, x5(0) = [2,−3]T. The tra-
jectory of the multi-agent system (1) using (4) is
depicted in Figure 1(c). The agents reach consen-
sus at z∗ = [2.58, 1.23]T, which is a solution to the
CFP. This observation is consistent with that of
Theorem 1.

(2) Discrete-time case. The communication
graph that is used in the first case is again used in
this case. We set ǫ = 0.85 and h = 0.85. Under
the same initial conditions as those in the previ-
ous case, the trajectory of the multi-agent system
(2) with (5) is depicted in Figure 1(d). The agents
reach consensus at z∗ = [2.59, 1.49]T, which is a so-
lution to the CFP. This observation is consistent
with that of Theorem 2.
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