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Dear editor,
With the development in digital computers, var-
ious and huge data of controlled plants are ob-
tained and stored, which has led to a rapid growth
in the application of numerical methods in con-
troller design. In recent years, the quasi-Newton
method [1, 2], as one of the powerful numerical
methods which has superlinear convergence speed
in optimization theory, has received considerable
attention for solving the control problems.

The basic idea of the quasi-Newton control
method is to approximate the inverse of the Hes-
sian matrix in a controller design without using the
twice differentiability information of the controlled
system. For example, based on the Broyden’s
rank-one and rank-two update, quasi-Newton it-
erative learning control (ILC) schemes are pro-
posed for nonlinear [3] and linear systems [4], re-
spectively. Furthermore, several real plants are
subjected to input constraints due to the physical
limitations of the actuators or the safety require-
ment. Consequently, quasi-Newton control design
for nonlinear systems with input constraints has
become an interesting research topic. Recently,
a quasi-Newton ILC algorithm has been proposed
for nonlinear systems with input constraints in [5].
It is worth noting that most obtained results on
the quasi-Newton based control design are based
on the ILC method, where the repeatability of
the considered systems is assumed; whereas other
results [2, 6] usually require the prior knowledge

of the considered system. However, for the non-
repetitive unknown nonlinear systems with input
constraints, the quasi-Newton method based con-
trol design has not been considered along the time
axis.

Hence, this study considers a quasi-Newton
based control design for a class of unknown
multiple-input and multiple-output (MIMO) non-
linear discrete-time system with actuator satura-
tion. By dynamic linearization [7], the unknown
nonlinear system is first transformed into an equiv-
alent data model, which is an important step in
the stability analysis by the contraction mapping
principle. Then based on the Davidon-Fletcher-
Powell (DFP), which is one of the conventional
quasi-Newton methods, a data-based controller is
designed using the saturated measurement control
inputs and the system outputs data. The contri-
butions of this study include: the application of
the quasi-Newton method-based control design to
a class of unknown nonlinear system with actua-
tor saturation; only the saturated control inputs
and system outputs data are used in the proposed
control algorithm; and the convergence of the pro-
posed algorithm is proved.

Problem statement. The following MIMO non-
linear discrete-time system is considered

y(k + 1) = f(y(k),u(k)), (1)

where f(·) ∈ R
n is an unknown nonlinear function,

u(k) ∈ R
n, and y(k) ∈ R

n are the control inputs
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and system outputs, respectively, n is a known in-
teger, and k is the time instant.

The control objective is to develop a controller
u(k) using only the saturated control inputs and
system outputs data to asymptotically drive the
system output y(k + 1) to the desired signal
yd(k + 1) ∈ R

n under actuator saturation:

ui(k)=sat(ūi(k))=

{

sign(ūi(k))u0, |ūi(k)|>u0,

ūi(k), |ūi(k)|6u0,
(2)

where sat(·) denotes the saturation function, ū(k)
= [ū1(k), . . . , ūn(k)]

T ∈ R
n is the controller out-

put to be designed, ui(k) and ūi(k) are the i-th
components of u(k) and ū(k), respectively, i = 1,
. . . , n, and u0 is a known bound of ui(k).

Lemma 1 ([8]). Considering the saturation func-
tion in (2), △ū(k) and △u(k) satisfies the relation

△u(k) = lll(k)△ū(k), (3)

where lll(k) = diag{l1(k), . . . , ln(k)} and 0 6 li(k)
6 1, i = 1, . . . , n, △u(k) = u(k)−u(k−1), and
△ū(k) = ū(k)− ū(k − 1).

Proof. See Appendix A.

Assumption 1. For the saturated case, the de-
sired signal yd(k) is known and reachable, i.e.,
there exists a ud(k) = [ud1(k), . . . , udn(k)] ∈ R

n,
where the i-th component udi(k) of ud(k) satisfies
|udi(k)| 6 u0, such that yd(k+1)=f(yd(k),ud(k)).

Following the idea of dynamic linearization data
modeling [7–9], we imposed the following two as-
sumptions on the system (1).

Assumption 2. The system (1) is twice differ-
entiable with respect to u(k).

Assumption 3. The system (1) is generalized
Lipschitz, namely, ‖△y(k+1)‖ 6 b‖△u(k)‖, for
each fixed k and ‖u(k)‖ 6= 0, where △y(k+1) =
y(k+1)−y(k), and b is a positive constant.

Lemma 2 ( [7]). For the system (1) satisfying
Assumptions 2 and 3, there exists a time-varying
matrix φ(k), called pseudo Jacobian matrix, such
that the system (1) can be transformed into the
following equivalent data model:

△y(k + 1) = φ(k)△u(k), (4)

where φ(k) = [φij(k)] ∈ R
n×n is an unknown pa-

rameter matrix, and ‖φ(k)‖ 6 b.

Proof. See the proof of Lemma 2 in [7].
All of the possible complicated behavior charac-

teristics of the unknown system (1), such as non-
linearities and time-varying parameters are com-
pressed into the parameter matrix φ(k) [7–9].

Control law design. In comparison with the
widely used gradient descent methods [7, 9] in

the tracking problem, quasi-Newton method based
control design has been shown to exhibit local
quadratic convergence [1,5]. Inspired by the quasi-
Newton method, we construct the structure of the
controller output as follows:

ū(k + 1) = ū(k) + η(k)H−1(k)G(k), (5)

where ū(k) = [ū1(k), . . . , ūn(k)], η(k) is the step
size, G(k) = [g1(k), . . . , gn(k)] and H−1(k) are re-
spectively the gradient and inverse of the Hessian
matrix H(k)=[h1(k), . . . ,hn(k)], more specifically,

gi(k)=

[

∂fi(·)

∂u1(k)
, . . . ,

∂fi(·)

∂un(k)

]T

,

hi(k)

=
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.

Since the nonlinear function f(·) is unknown,
H−1(k) and G(k) cannot be obtained accurately.
Based on the DFP method, we introduce the fol-
lowing approximation laws: Ĥ(k−1) = [ĥ1(k−

1), . . . , ĥn(k−1)] to H−1(k−1), Ĝ(k−1) to G(k−1).
Based on the definition of hi(k) and gi(k), the

following equation holds:

△gi(k − 1) = hi(k − 1)△u(k − 1), (6)

where △gi(k − 1) = gi(k − 1)− gi(k − 2). Denote

the approximation of h−1
i (k− 1) as ĥi(k− 1), and

that of gi(k − 1) as ĝi(k − 1). Then, by (6), we
have that

△u(k − 1) = ĥi(k − 1)△ĝi(k − 1). (7)

A correction term E(k− 1) is introduced to recur-

sive the updating ĥi(k−1) = ĥi(k−2)+E(k−1);
thus, we have that

△u(k−1)=(ĥi(k−2)+E(k−1))△ĝi(k−1). (8)

Since the positive-definite property of the Hessian
matrix is a sufficient condition to achieve a local
minimum, an essential requirement for E(k− 1) is
the positive definiteness, and one method to select
E(k − 1) is as follows:

E(k − 1)

= αµ(k−1)µT(k−1)+βν(k−1)νT(k−1), (9)

where α, β ∈ R are undetermined parameters, and
µ(k− 1),ν(k− 1) ∈ R

n are undetermined vectors.
Substituting (9) into (8), one obtains
(

αµ(k−1)µT(k−1)+βν(k−1)νT(k−1)
)

△ĝi(k−1)
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= △u(k−1)− ĥi(k−2)△ĝi(k−1). (10)

The solution of (10) is not unique with respect to
α, β, µ(k − 1), and ν(k − 1). A solution is given
as follows.

Using the fact that µ(k − 1)µT(k − 1)△ĝi(k −
1) = (µT(k − 1)△ĝi(k − 1))µ(k − 1), one obtains

(

αµT(k − 1)△ĝi(k − 1)
)

µ(k − 1)

+
(

βνT(k − 1)△ĝi(k − 1)
)

ν(k − 1)

= △u(k − 1)− ĥi(k − 2)△ĝi(k − 1). (11)

Setting µ(k − 1) = χĥi(k − 2)△gi(k − 1), ν(k) =
γ△u(k − 1), χ, γ ∈ R, then

αχ2
[

ĥi(k − 2)△ĝi(k − 1)
]T

△ĝi(k − 1)
[

ĥi(k − 2)

· △ĝi(k−1)
]

+βγ2△uT(k−1)△ĝi(k−1)△u(k−1)

= △u(k − 1)− ĥi(k − 2)△ĝi(k − 1). (12)

Choosing αχ2 := −1

(ĥi(k−2)△ĝi(k−1))T△ĝi(k−1)
, βγ2

:= 1
△uT(k−1)△ĝi(k−1) in (12) yields

E(k − 1)

= −
(ĥi(k−2)△ĝi(k−1))(ĥi(k−2)△ĝi(k−1))T

(ĥi(k−2)△ĝi(k−1))T△ĝi(k−1)

+
△u(k − 1)△uT(k − 1)

△uT(k − 1)△ĝi(k − 1)
. (13)

ĥi(k − 1)

= ĥi(k − 2) +
△u(k − 1)△uT(k − 1)

△uT(k − 1)△ĝi(k − 1)

−
(ĥi(k−2)△ĝi(k−1))(ĥi(k−2)△ĝi(k−1))T

(ĥi(k−2)△ĝi(k−1))T△ĝi(k−1)
.(14)

Lemma 3. If △u(k − 1)△ĝi(k − 1) > 0, then

ĥi(k − 1) in (14) is a symmetric positive definite
matrix.

Proof. See Appendix B.
A roughly approximated value of ĝi(k−1) given

as follows is adopted to update (13) [5]:

ĝi(k − 1) = Wie(k), (15)

where Wi = diag{wi1, . . . , win} is a relaxation ma-
trix, and ‖Wi‖ 6 w. Based on (14) and (15), the
data-based control inputs become

ū(k) = ū(k − 1) + η(k)Ĥ(k − 1)We(k), (16)

where W = [W1, . . . ,Wn]
T.

To apply the quasi-Newton method based con-
trol algorithm (2), (14), (15) and (16), the follow-
ing assumption is needed.

Assumption 4. The sign of φij(k), i, j = 1,
. . . , n is assumed unchanged for all k, i.e., φij(k) >
ǭ > 0 (or φij(k) < ǭ < 0) is satisfied, where ǭ is a
small positive constant.

Theorem 1. The discrete-time nonlinear system
(1) satisfying Assumptions 1–4, is controlled by
(2), (14), (15) and (16) for yd(k) = yd. Then
the tracking error of system (1) converges to zero
asymptotically if η(k) = 1

µ+‖Ĥ(k−1)W‖2
, µ > 1

4b
2,

and W is selected such that sign(Ĥ(k− 1)W )ij =
signφij(k), i, j = 1, . . . , n.

Proof. See Appendix C.

Conclusion. Herein, a quasi-Newton method
based control algorithm is proposed for an un-
known nonlinear system with input constraints.
The designed controller is data-based only with-
out involving any model information. Morever, the
closed-loop stability of the system is also guaran-
teed.
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