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Dear editor,
Quantum-behaved particle swarm optimization
(QPSO) is an evolutionary algorithm with quan-
tum behavior. It can be used to solve optimization
problems by establishing a potential well at the
local attraction point to influence the location of
particles [1, 2]. The algorithm offers many advan-
tages, such as the requirement of a few parameters,
simple operation, and strong convergence ability.
It has been applied successfully in many engineer-
ing fields. However, for complex multi-modal op-
timization problems, similar to other algorithms,
the QPSO algorithm suffers from premature and
poor precision [3]. To enhance population diver-
sity, balance exploration and exploitation abili-
ties, and improve precision of the QPSO algo-
rithm, a hybrid quantum particle swarm optimiza-
tion (HQPSO) algorithm is proposed in this study.
A new global, local, and enhanced search strategy,
lévy flight [4] and hopping operation technology,
and new convergence speed control method are in-
corporated into HQPSO. The numerical test re-
sults demonstrate that the proposed HQPSO al-
gorithm offers better performance than the other
comparison algorithms. This algorithm is applied
to the optimization of cluster ground state struc-
ture in chemistry (a typical NP problem). The
ground state structures of Au(n) (n = 12, . . . , 30)
clusters could be determined successfully.

Methodology. In QPSO, it is easy to become
trapped into local minimum points owing to poor

population diversity. Meanwhile, there are no ef-
fective measures to enhance the precision of QPSO
in local search [5]. We propose the following im-
provements to enhance the population diversity,
increase convergence speed, and improve conver-
gence precision of the proposed HQPSO algorithm.

(1) A new local attraction point for HQPSO is
designed as

pij(t) = cos(2πr1Cj(t))− sin(2πr2Pbij(t)), (1)

where pij(t) is the local attraction point of the
j-th dimension of the i-th particle; i = 1, 2, . . . ,M ,
M is the population size; j = 1, 2, . . . , D, D is the
dimension of the search space; r1 and r2 are uni-
formly distributed random numbers between 0.0
and 1.0; Pbij(t) is the personal best solution of
the j-th dimension of the i-th particle in iteration
t, and Cj(t) is the j-th dimension of the average
value of Pbij(t).

(2) New global and local search equations are
designed. This ensures that HQPSO can execute
independent global and local search. If the loca-
tion of the i-th particle is updated using the global
search strategy, the new location of the j-th di-
mension of the particle in iteration t + 1 can be
calculated using the following global search equa-
tion:

Xij(t+ 1)

= Xij(t) + 2γi|pij(t)− Pbij(t)| ln

(

1

vi(t)

)

, (2)
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where Xij(t) is the location of the j-th dimension
of the i-th particle in iteration t; γi and vi are uni-
formly distributed random numbers between 0.0
and 1.0. If the location of the i-th particle is up-
dated using the local search strategy, the new par-
ticle location in iteration t + 1 can be calculated
using the following local search equation:

Xi(t+ 1) = Pbi(t),

l = fix(ω ×D + 1),

k = fix(µ×M + 1), k 6= i,

Xil(t+ 1) = Pbil(t) + (Xil(t)−Xkl(t))lévy, (3)

where fix(·) is a function of rounding towards zero;
ω and µ are uniformly distributed random num-
ber between 0.0 and 1.0; lévy is a random vector
that obeys Lévy distribution (method for generat-
ing lévy vector is shown in Appendix A).

(3) Hopping operation is introduced into
HQPSO. This helps HQPSO to be able to jump
out of local minima. If the fitness value of Pbi(t)
is not updated in recent L iterations (L is a posi-
tive integer, and it is also an initial parameter set
by the algorithm), the i-th particle is considered
trapped into a local minimum. Then Pbi(t) is up-
dated using Eq. (4). Meanwhile, the fitness value
Fbi(t) of Pbi(t) is updated as well.

Pbi(t+ 1) = Pbi(t) + 0.1(Xmax −Xmin)θ, (4)

where θ is a D-dimensional uniformly distributed
random vector between −1.0 and 1.0; Xmax and
Xmin are the upper and lower limits of the search
range, respectively.

(4) An enhanced search equation for searching
the neighborhood of the current best solution is
designed as follows:

Xi(t+ 1) = G(t),

s = fix(α×D + 1),

Xis(t+1) = Gs(t)+ ((M − i)/M)5λ(0.5− η), (5)

where λ is the step length factor; α and η are uni-
formly distributed random numbers between 0.0
and 1.0; Gs(t) is the s-th dimension of the globe
best solution in iteration t. If the location of the
i-th particle is updated using the enhanced search
strategy, the new location of the particle in itera-
tion t+ 1 can be calculated using Eq. (5).

(5) A convergence control parameter ψ is de-
fined. ψ is an iteration dependent parameter and
it is calculated as follows:

ψ = −0.5 tanh(0.02× (t− 0.8T )) + 0.5, (6)

where t and T are the number of current iteration
and maximum iteration, respectively. ψ is used
to control the convergence speed, and avoid pre-
mature convergence of HQPSO. The curve of ψ
with increasing number of iterations is shown in
Appendix B. The proposed HQPSO algorithm is
introduced in Algorithm 1.

Algorithm 1 HQPSO

Require: The population size M , maximum iteration
number T , search range [Xmin, Xmax], step length fac-
tors λ and parameter L;

Ensure: Obtain the best solution G and best fitness value
Fg of the problem;

1: t = 1; initialize the population, calculate the fitness
value of each particle, and record the personal best so-
lution Pbi and its fitness Fbi, the globe best solution
G and its fitness Fg;

2: while t < T do

3: for i to M do

4: if rand < ψ (ψ is calculated using Eq. (6)) then

5: if rand < 0.5 then

6: Execute global search strategy using Eq. (2);
7: else

8: Execute local search strategy using Eq. (3);
9: end if

10: else

11: Execute enhanced search strategy using
Eq. (5);

12: end if

13: Calculate the fitness of each new particle; update
Pbi and Fbi, G and Fg by using greedy selection
method;

14: if fitness of Pbi has not updated in recent L iter-
ations then

15: Execute hopping operation using Eq. (4);
16: end if

17: end for

18: t = t + 1;
19: end while

From Algorithm 1, we can see that HQPSO
has the same probability of global search and lo-
cal search around Pbi. It has stronger ability to
balance the global and local search than that of
QPSO. In the later stage of the search process, the
probability of enhanced search around the best so-
lution G will increase rapidly, which is helpful for
enhancing the precision and speed of convergence.
The proposed HQPSO is evaluated using 18 bench-
mark functions. It compared with several QPSO-
based algorithms (i.e., QPSO, DIR-QPSO [2],
HCQPSO [5], and ESH-CQPSO [6]) and a few
other recently improved evolutionary algorithms
(i.e., SLPSOA, LGWO, EBA, and NoCuSa). The
comparison results and statistical analysis are pre-
sented in Appendix C. The comparative experi-
mental results demonstrate that HQPSO performs
better than the other algorithms in solving major
nonlinear functions.

Application. A cluster is a micro-structure com-
posed of 2 − 104 atoms or molecules held to-
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Figure 1 (Color online) GSTs of Au(n) (n = 12, . . . , 30) clusters achieved by HQPSO.

gether under physical or chemical forces. Clusters
have attracted considerable attention from scien-
tific communities owing to their practical and the-
oretical applications. In cluster science, search-
ing the ground state structure (GSS) of a cluster
is an important and fundamental topic. Math-
ematically, the GSS is related to the lowest en-
ergy structure on the atomic or molecular poten-
tial energy surface (PES). Searching for the GSS
of a cluster is a typical global optimization prob-
lem. The variables to be optimized are coordinates
X ≡ (v1, . . . , vN ) ≡ (x1, y1, z1, . . . , xN , yN , zN ) of
the cluster. The objective function is the poten-
tial energy function E(X). The PES of a clus-
ter containing N atoms or molecules has 3N de-
grees of freedom, and the number of local min-
ima points increases exponentially with N . GSS
search is usually a rather difficult task [7]. In
this study, HQPSO is applied to the optimization
of an Au cluster formed by the Gupta potential
energy function (parameters settings of HQPSO,
Gupta function and its parameters for the Au clus-
ter are shown in Appendix D). For each cluster,
HQPSO was run 10 times independently, and the
best solution was recorded as the GSS coordinates.
The GSS of Au(n) (n = 12, . . . , 30) clusters are
obtained successfully by HQPSO and are shown
graphically in Figure 1. The energies achieved by
HQPSO and the current lowest energies recorded
in the literature [8] are presented in Appendix E.
It can be seen from the comparison results that the
energies achieved by HQPSO are more precise.

Conclusion. We introduce a hybrid operation
strategy into QPSO, which is called HQPSO, to
balance the exploration and exploitation abilities
of QPSO and improve search precision. Plots
of the distribution figures (Appendix C) show
that HQPSO has better population diversity than
QPSO. This improves the chances of the algorithm
to jump out of local minima and obtain better so-
lutions. By adjusting the control parameter ψ, the
intensity with which the neighborhood of the cur-
rent best solution is searched is increased rapidly

in the later stages of HQPSO search, thus improv-
ing the convergence precision. The lowest energies
of Au(n) (n = 12, . . . , 30) clusters achieved using
HQPSO proved that the algorithm can be applied
to complex optimization problems. In the future,
we will focus on applying the proposed HQPSO
algorithm to other real-world optimization prob-
lems.
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