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Dear editor,
Single-level concatenation using a nonbinary code
as outer code and a binary code as inner code
is widely used in communication and digital data
storage systems to achieve high reliability with reduced decoding complexity [1]. Moreover, concatenation can be multilevel, where multiple outer
codes are concatenated with multiple inner codes;
it is referred as generalized concatenated codes
(GCCs). Compared with the single-level concatenated codes, GCCs offer more flexibility for constructing good codes and designing error-control
systems with different code rates for various communication environments [2].
For a linear code, generator and parity-check
matrices are important to understand the structures and properties of the code, and both play
key roles in the corresponding encoding and decoding procedures [3, 4]. The generator matrix of
a GCC has been well studied [5]. In contrast, the
parity-check matrix of a GCC has not been investigated to date. Fortunately, the space generated
by the parity-check matrix of a GCC can be considered as the zero space or solution space of the
generator matrix [1].
Unfortunately, it is difficult to obtain a paritycheck matrix directly when the dimensionality of
the generator matrix is huge. Although the paritycheck matrix can be obtained by computing linear

equations yielded from the generator matrix, the
structure of the parity-check matrix of a GCC remains unknown.
We introduce a parity-check matrix formalism
for a GCC using a matrix representation of elements in the Galois field (GF). As the main result, we provide the general structure of the paritycheck matrix for a GCC, which applies to traditional concatenated codes as well. This formalism
completes the matrix formalism of a GCC and provides a new perspective that enables effective design and analysis of GCCs.
Matrix representation of elements in Galois
field. Given a Galois field e.g., GF(q m ) with its
vector representation, we can define a nonzero element in GF(q m ), e.g., αi , as follows:




[α ] = 


i

αivec
αi+1
vec
..
.
αi+m−1
vec





,



(1)

where 0 6 i 6 q m−2 , α is a primitive element of
GF(q m ), αivec represents the vector form of αi , and
the addition of the powers of α is a mod-q m−1 addition. Each entry in the brackets of (1) can be
represented as an m-tuple vector; thus, the matrix
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representation of αi is the following square matrix:
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where αivec = (αi,1 , αi,2 , . . . , αi,m ). The 0 element
in GF(q m ) is represented by the zero matrix; thus,
each of the q m elements in GF(q m ) is represented
by one and only one of these matrices, and each
of these matrices represents one and only one element in GF(q m ). It is easy to determine that the
matrix representation of αi in (2) is equivalent to
the typical one obtained in [6]; however, Eq. (1) is
obviously much more concise than (2).
Parity-check matrix formalism of GCC. Herein,
we discuss the parity-check matrix formalism for
a GCC with a mother inner code B0 and its
m-level partitions, each with parameters [n, ki ]q ,
i = 1, 2, . . . , m, such that B0 ⊃ B1 ⊃ B2 · · · ⊃
BL = {0}. The generator matrix of Bi is denoted
as G(Bi ), and the parity-check matrix is denoted
as H(Bi ).
We also have m outer codes Ai each with parameters [N, Ki ]Qi , where Qi = q ki−1 −ki . The paritycheck matrix of Ai is denoted as H(Ai ), where
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Certainly, the resultant GCC C has parameters
[N × n, K1 × K2 · · · × Ki ]q , and each sub-block of
length n is derived from the so-called mother code
B0 . Thus, this set is expressed as C̄I , where

HB0 0k×n · · · 0k×n


 0k×n HB0 · · · 0k×n 

C̄I =  .
..
.. 
.
 ..
.
. 
0k×n 0k×n · · · HB0
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the i-th outer code with each entry in its matrix
form and the generator matrix of the i-th coset
code Bi relative to B0 . If H(C) is taken as the
parity-check matrix of the resultant concatenated
code C, then
H(C) = C̄I ∪

The details of the structure of a GCC is shown
in Appendix A. Here we give the parity-check matrix formalism in the following.
Proposition 1 (Parity-check matrix formalism
for GCC). The parity-check matrix of a GCC of
order L comprises L+1 submatrices, where the 0th
submatrix is the Kronecker product of the identity
matrix and parity-check matrix of the mother inner code B0 , the i-th (1 6 i 6 L) submatrix is the
Kronecker product of the parity-check matrix of

C̄Ai ,

(5)

i=1

where
C̄Ai = [H(Ai )] ⊗ G(Bi )
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 (i) 
 ^

f
= αh,k · G(Bi ), Bi = B
0 /Bi ]/B0 ,

and Bi = [Bi−1 /Bi ] is simply the i-th inner code
concatenated with the outer code Ai in the i-th
e to denote
level concatenation. Herein, we use X
the dual code of X.
Given that B0 is a trivial code with the entire space of size q n being its codeword space,
^
we obtain: Bi = [B
0 /Bi ]. Therefore, G(Bi ) =
^
G([B0 /Bi ]) = H([B0 /Bi ]) = H([B0 /[Bi−1 /Bi ]]).
Furthermore, [B0 /[Bi−1 /Bi ]] can be considered as
the coset code of inner code [Bi−1 /Bi ] relative to
B0 . Considering H(B0 ) = (0), we obtain
H(C) =

L
[

C̄Ai ,

(6)

i=1

where
C̄Ai = [H(Ai )] ⊗ H([B0 /Bi ])
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L
[
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Herein, C̄Ai = [αh,k ] · H([B0 /Bi ]).
Proof. To demonstrate that H(C) in (5) is the
parity-check matrix of the resultant GCC, we must
verify whether the following two conditions are satisfied.
(1) G(C) · (H(C))T = 0;
(2) RG(C) + RH(C) = N × n,
where RG(C) and RH(C) are the rank of G(C) and
H(C), respectively.
Before proving anything, we must demonstrate
that the Kronecker products in (5) and (6) make
sense. As Bi = [Bi−1 /Bi ], the size of Bi is
q (ki−1 −ki ) and that of [B0 /Bi ] is q (k0 −(ki−1 −ki )) .
^
f0 ⊂ [B
Certainly, [B0 /Bi ] ⊂ B0 ; thus, B
0 /Bi ].
^
f
Therefore, Bi = [[B0 /Bi ]/B0 ] is a coset code of size
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q (ki−1 −ki ) relative to B0 . The i-th outer code Ai is
based on Qi and Qi = q (ki−1 −ki ) ; thus, each entry
in [H(Ai )] is a matrix of GF(q)(ki−1 −ki )×(ki−1 −ki ) .
Because G(Bi ) is a matrix of GF(q)(ki−1 −ki )×n , the
Kronecker products in (6) and (7) seem sensible.
Herein, we demonstrate that the first condition
holds. The generator matrix of a GCC with level
L is given as follows:
G(C) =

L
[

[G(Ai )] ⊗ G(Bi ).

(7)

i=1

Here, [G(Ai )] again implies that each entry in
G(Ai ) is in its matrix form. In particular, we obtain the following:


[G(A1 )] ⊗ G([B0 /B1 ])


 [G(A2 )] ⊗ G([B1 /B2 ]) 
.
G(C) = 
(8)
..
..
..




.
.
.
[G(AL )] ⊗ G([BL−1 /BL ])
First, it is easy to observe that any row of C¯I is
orthogonal to all rows in G(C) because each subblock of the rows of the former comes from the
rows of the parity-check matrix of B0 , and each
sub-block of the rows of the latter comes from the
sub-codes of B0 .
As shown in (6), each sub-block bi of b is from
^
f
Bi . Here, Bi = [[B
0 /Bi ]/B0 ]; thus, it is easy to
confirm that bi is orthogonal to any sub-block of
rows yielded by [G(Aj )] ⊗ G([Bj−1 /Bj ]) in (8)
given i 6= j. Consequently, b is orthogonal to
any rows from [G(Aj )] ⊗ G([Bj−1 /Bj ]) for j 6= i.
Notably, G(Ai ) · (H(Ai ))T = 0; thus, it is easy
to know that b is orthogonal to any row from
[G(Ai )] ⊗ G([Bi−1 /Bi ]). We can deliberately say
that any row in H(C) is orthogonal to all rows
of G(C), i.e., G(C) · (H(C))T = 0; thus, the first
condition is satisfied.
Finally, we demonstrate that the second condition holds. According to (8), G(C) is based on
GF(q) and its rank is given as follows:
RG(C) = K1 × (k0 − k1 ) + · · · + KL × (kL−1 − kL ).
According to (5), the rank of H(C) is as follows:
RH(C) = (n−K0 )×N +· · ·+(N −KL )×(kL−1 −kL ).
Thus it is easy to see that
RG(C) + RH(C) = N × n.
Examples for the parity-check formalism of a
GCC are given in Appendix B.
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Conclusion. For both theoretical and potentially practical reasons, we have introduced a
parity-check matrix formalism for a GCC that is
achieved by revisiting the matrix representation of
the elements in a Galois Field in a concise manner. We have demonstrated that the parity-check
matrix (H(C)) of a GCC of order L comprises L
submatrices given that the mother inner code of a
GCC is trivial; otherwise, it comprises L + 1 submatrices when the mother inner code is nontrivial.
The extra submatrix comes from the Kronecker
product of the identity matrix and the parity-check
matrix of the mother inner code. Recently, a belief
propagation algorithm (BPA) was introduced to
decode concatenated quantum codes [7, 8], which
also demonstrates promising potential for decoding GCCs. As the parity-check matrix of a code is
important for the BPA, we plan to explore decoding GCCs using the BPA in future.
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