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Dear editor,

For real-world control systems, there are often sys-
tem uncertainties caused by modeling errors, dis-
turbances caused by external unknown environ-
ments, and saturation caused by physical limita-
tions of the actuator. The above-mentioned prob-
lems can not only degrade the performance of the
controlled object, but also result in system insta-
bility. However, the issues of system uncertainties,
input saturation, and external disturbances have
seldom been considered in combination in the ex-
isting research on the control of continuous-time
and discrete-time systems [1-5]. In recent years,
the utilization of digital computers and samplers
in actual control plants has made the controller de-
sign based on discrete-time system representation
more reasonable than that based on continuous-
time representation. Thus, this study presents the
design method of a discrete-time adaptive neu-
ral (DTAN) tracking control scheme for uncer-
tain discrete-time multi-input and multi-output
(MIMO) nonlinear systems with external distur-
bances and input saturation based on a discrete-
time sliding mode disturbance observer (SMDO).
Then, the following discrete-time MIMO nonlinear
system is given by

xi(k+1) = Fi(zi(k)) + Gi(z:(k))xit1 (k)

+AF;(zi(k)) + di(k),

an(k +1) = Fu(@a(k)) + Gn(@n(k))sat(u(k))
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FAF (@0 (K)) + da(k),
y(k) = 1 (k), 1)

where z;(k) € R™ (i = 1,2,...,n—1) are the state
vectors with z;(k) = [z (k),...,2F (k)T € R™,
y(k) € R™ is the output vector, d;(k) € R™ are
the unknown disturbances, F;(z;(k)) € R™ are
the known nonlinear functions, AF;(z;(k)) € R™
are the unknown nonlinear functions, G;(Z;(k)) €
R™>™ are the known reversible control matri-
ces, u(k) € R™ is the desired control input,
and sat(u(k)) is the vector-valued input satu-
ration function [6]. For convenience, F;(Z;(k)),
AF;(z;(k)), and G;(z;(k)) are replaced by F;(k),
AF;(k), and G;(k), respectively.

In this study, an SMDO-based DTAN track-
ing control scheme is presented for the uncer-
tain discrete-time MIMO nonlinear system (1) in
the presence of disturbances and input saturation.
The aim of this study is to show that the system
output y(k) can track a given desired signal y,(k)
to a bounded compact set under the designed con-
trol scheme. To facilitate the design of the SMDO,
the following assumption is introduced.

Assumption 1. The bounded disturbances
di(k) (i =1,2,...,n) are slowly time-varying and
HAdL(kJ)H < Topi, where Adt(k?) = di(k’—l—l)—di(k’),
To is the sampling period, and pu; are positive con-
stants.

To compensate for the adverse effects caused
by input saturation, the auxiliary system is de-
signed as x;(k+1) = —Cix; (k) +Gi(k)xi+1(k) and
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Xk +1) = —Coxa(k) + Go(K)Av(k) [6], where
xi(k) € R™ are the states of the auxiliary sys-
tem, C; = C' > 0 are designed constant matri-
ces, and Av(k) = sat(u(k)) — u(k). Then, the de-
sign of an SMDO-based adaptive neural controller
will be developed for the tracking control of the
discrete-time system (1) using backstepping tech-
nology. The detailed design process is given as
follows.

Step 1: Define error variables as n(k) =
z1(k) — ya(k) — xa(k) and ma(k) = wa(k) —
a1(k) — x2(k), where aq(k) is the virtual con-
trol law and will be designed. According
to (1), the neural network (NN) [5] is em-
ployed to approximate 71 AFj(k) with 7 >
0, and it yields m(k + 1) = F(k) +
O1(k) + Gi(k)(n2(k) + ar(k)) + Gi(k)xz(k) +
d(k) — ya(k + 1) + T1(k) — xa(k + 1), where
Tl(k) - [-,—Llsll(k)a"'aT_llslm(k)]Ta @l(k) -
[T (R)eii(z1)s - = Cm(B)eim (0], G (k)
is the optimal weight of the NN and e1,,, (k) is the
minimal approximation error, ¢1,,(z1) is the ba-
sis function, and z; = x1(k). For convenience, we
define @1, (21) = @1m (k). To offset the adverse ef-
fects of the external disturbance d (k), an SMDO
is designed as

di (k) = 61(91 (k) — s1(k)), (2)
where 1(k + 1) = —Msign(si (k) + £di(k),
si(k) = o1(k) — m(k), and oi(k) satisfies
oi(k + 1) = Fi(k) + 01(k) + Gi(k)x2(k) +

di(k) — ya(k + 1) + Cixi(k) — Aisign(si(k)),
O1(k) is the estimation of ©1(k) with (k) =
LCE (B pra ()., 2E8, (B (BT, dak) s
the estimation of di(k), Ay > 0, and 4; > 0 are
designed constants.

Then, the virtual controller a;(k) is designed
as a1 (k) = =Gy (k) (Fi(k) + ©1(k) + Cixa (k) —
Gyt (k) (prm (k) +di (k) —ya(k+1)), where py > 0
is a designed constant. Furthermore, the adap-
tive law of (Al;(k) is chosen as (Al;(k +1) =
K15<P1j(k?)7713(k?) - (le - 1)C1j(k)7 where k5 > 0
and wy; > 0 are designed constants, 7,;(k) is the
jth element of n;(k), and j =1,2,...,m.

Step i (2 < ¢ < n—1): The design technology
in the ith step is similar to that in the 1st step.

Step n: Considering the system (1), the
auxiliary system, and n,(k) = x,(k) —
an—1(k) — xn(k), the NN is used to approxi-
mate 7,AF,(k) with 7, > 0. Then we have
m(k + 1) = Fu(k) + O,(k) + Gn(k)u(k) +
Con(k)xn(k) + dn(k) — an—1(k+1)+ T, (k), where
T.(k) = [%nsnl(k),...,%nenm(k)]T, O,(k) =
[5Gl (B)en1(R), s -G (B)@nm ()T, G ()
is the optimal weight of the NN, &,,,(k) is the
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minimal approximation error, @, (k) = ©nm(zn)
is the basis function, and z, = Z,(k). In addi-
tion, a discrete form of tracking differentiator [7]
is employed to obtain «;,_1(k + 1). The corre-
sponding expression is given as an—1(k+1) =
Bui(k) + quBna(k) — Bn(k), where B,1(k) and

Ba(k) are the variables of the differentiator, ¢, is
a diagonal positive definite matrix, B, (k) is the es-
timation error vector with ||B,, (k)| < By, and B,
is a positive constant. Moreover, to restrain the
negative effects of the external disturbance d,, (k),
an SMDO is constructed as

Jn(k') = 5n(19n(k') - Sn(k))v (3)

where 0, (k + 1) = —Ausign(s,(k)) + %czn(k:),
dp, > 0 is a designed constant, s,(k) =
on(k) — nn(k), and o,(k) satisfies o,(k +

+

1) = Fu(k) + On(k) + Gn(k)u(k) + dn(k

)
QHXn(k) - )\nSign(Sn(k)) - annQ(k) - Bnl)(k)a

O, (k) is the estimation of ©,(k) with O, (k
[%ggl(k)@nl (k)a ctt %(fgm(k)@nm(k)]rr7 Czn(k) is
the estimation of d,,(k), and A, > 0 is a designed
constant.

Then, the controller wu(k) is designed
as u(k) = —G,‘ll(k:)(F,z(k) + O,(k) +
G, Y (k)Bni(k), where p, > 0 is a designed con-
stant. Furthermore, the adaptive law of énj (k) is

deSigned as an (k + 1) = Kpj¥Pnj (k)nnj(k) - (wnj -
1)§n5(k), where £,; > 0 and w,,; > 0 are designed
constants, 7,,;(k) is the jth element of 7, (k), and
ji=12,...,m.

The above design scheme of an SMDO-based
DTAN for uncertain discrete-time MIMO nonlin-
ear systems (1) can be summarized in the following
theorem.

Theorem 1. Consider a class of uncertain
discrete-time MIMO nonlinear systems (1) with
external disturbances and input saturation, and
assume that full-state information of the controlled
plant is available. The corresponding output vari-
ables of the SMDOs are defined as (2) and (3).
The updated laws of the NN weight and the de-
sired SMDO-based adaptive neural controller are
designed in the above analysis. On the basis of
the proposed control scheme, all closed-loop sig-
nals are ultimately bounded.

Proof. For the entire system, the following Lya-
punov function is given as V (k) = "' | V, (k) with
Vo) = wommin 10 (k) 2+ 1, ()1 -cormin | 50 (R)[1*+
23‘11 willCi R + W min [ X (K)[|?, where wimin
is the minimum value of w,;, and é; (k) = Cl;(k) —
G5 (k). Then, the first difference of V (k) is calcu-
lated as AV(k) = Y0 Vi(k+1) = >, Vi(k).
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Figure 1 (Color online) Simulation results. (a) Tracking errors; (b) control inputs; (c) estimation errors of the SMDO.

On the basis of the previous analysis, it yields
no o 2
AV(k) < —Hi|m(F)|* — H2[32 d(R)II” +

Sl () P30 S G (B Sy e (R)IP
+>", l|s,(k)||*] + Hs, where Hy and Hy can be
guaranteed to be positive by selecting the appro-
priate parameters, and Hs is a positive constant.

If Hy > 0, Hy, > 0 and H3 > 0 are satis-
fied by choosing appropriate control parameters,
the error 71 (k) is bounded. Furthermore, distur-
bance estimation errors can also be guaranteed to
be bounded. This concludes the proof.

Numerical simulation. Considering the atti-
tude dynamics of the QBall quadrotor unmanned
aerial vehicle [8], all the external disturbances and
system uncertainties are assumed to act on the
fast-loop. In this simulation, the sampling pe-
riod is Tp = 0.002, and the external disturbances
are assumed as dp; = 2Tp sin(mt) + 27} cos(107t),
das = 2Tpsin(mt) 4+ 2Tpsin(10mt), and doz =
2Ty sin(mt) — 215 cos(10mt). The saturation level
of the control input vector is 2. The initial val-
ues of attitude angles are chosen as ¢y = 2 deg,
0o = 0 deg, and )9 = 0 deg. The desired attitudes
are designed as ¢4 = 2sin(t) deg, 65 = 2sin(¢t) deg,
and ¢y = 0 deg. For convenience, the tracking
errors are defined as ey, g, and ey, and the es-
timation errors of the SMDO are defined as d~21,
CZQQ, and 6223. The simulation results are shown in
Figure 1 by choosing appropriate control param-
eters. The satisfactory tracking performance of
the attitude angles is achieved from Figure 1(a).
According to Figure 1(b), the effects of input sat-
uration are restrained under the proposed control
scheme. Moreover, based on Figure 1(c), the de-
signed SMDO is effective, and it can estimate ex-
ternal disturbances. On the basis of the above sim-
ulation results, the proposed SMDO-based control
scheme is feasible for uncertain MIMO nonlinear
systems with external disturbances and input sat-

uration.

Conclusion. An NN-based discrete-time SMDO
has been designed to counteract the negative ef-
fects of external disturbances. Then, a discrete-
time DTAN scheme has been presented for the
tracking control of a class of uncertain discrete-
time MIMO nonlinear systems in the presence of
external disturbances and input saturation based
on the designed SMDO. Under the proposed con-
trol scheme, the bounded convergence of all closed-
loop signals can be guaranteed.
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