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Dear editor,
Generally, researchers often use the Kuramoto
model to deal with the synchronization problem
of coupled nonlinear oscillators. The conditions
of oscillator synchronization were given in [1], and
the idea of applying the Kuramoto model to power
systems was generated after the construction of
smart grids was proposed in the United States.
Subsequently, the Kuramoto model was used as
the dynamic equation of each node in power grids.
Dorfler et al. [2] presented a sufficient condition
with a very concise form for grid synchronization.
Therefore, the synchronization theory can be used
to analyze the stability of power grids. As in-
creasing number of distributed renewable energy
sources are connected to the power grid, the power
grid suffers from greater number of disturbances.
Therefore, researchers are trying to find ways to
force the frequency of the system to be stable near
the rated frequency by controlling some quantities.
The research in this area is mainly divided into
two categories. One is based on the Kuramoto
model, which involves designing a reasonable con-
troller to make the system track the desired fre-
quency [3]. The other is the inverter control strat-
egy, which is based on the virtual synchronous gen-
erator (VSG) [4]. In [4], the authors proposed a
parallel VSG distributed control strategy based on

the consensus theory in order to realize system fre-
quency recovery and power allocation.

Motivated by [4], we design a distributed power
controller to control the power output of control-
lable nodes based on the first-order Kuramoto
model. With this controller, the power output of
each generator can be controlled such that it is
neither too big nor too small. Meanwhile, the fre-
quency of the entire network can be restored to 50
Hz. To the best of our knowledge, no one has de-
signed a power controller based on the Kuramoto
model to achieve the two goals mentioned above.
The controllers in [3] are designed based on the
Kuramoto model, only force the frequency of the
system to be at the desired frequency by control-
ling the frequency and phase difference.

Problem formulation. We ignore the variations
in voltage, and consider only the active power and
the two main types of nodes in the network (power
generation nodes and load nodes). First, the syn-
chronous generators can be described by the swing
equation [1]

Miθ̈i +Diθ̇i

= Pi0 +K

N
∑

j=1

aij sin(θj − θi), i ∈ VG, (1)

where θi is the rotor angle of the generator, θ̇i is
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the frequency, Pi0 is the injection power of node
i, Di is a damping coefficient, Mi and K are the
inertia coefficient and coupling strength, respec-
tively, and VG is the set of generation nodes. Here,
aij = |Ei||Ej ||Yij |, which can be obtained by refer-
ring [1]. When the inertia coefficient Mi is small
enough [1], Eq. (1) can be rewritten as

Diθ̇i = Pi0 +K

N
∑

j=1

aij sin(θj − θi), i ∈ VG. (2)

According to [2], the dynamics of the load nodes
can be expressed as

Diθ̇i = Pi0 +K

N
∑

j=1

aij sin(θj − θi), i ∈ VL, (3)

where VL is the set of load nodes, and Pi0 is neg-
ative.

Because of the power fluctuation of the load
nodes and some generation nodes (such as wind
and solar power), the power of these nodes can-
not be controlled, and hence the entire grid cannot
reach the rated frequency (i.e., 50 Hz). Therefore,
on the basis of the synchronization and consensus
theory [5, 6], the power controller is designed to
control the power of the controllable nodes so that
the power output of each generator is fair and the
frequency of the entire network can be restored to
50 Hz. In order to achieve fully distributed power
control, 50 Hz is considered as the reference fre-
quency, and a node only need to pass its power to
its neighbors. Based on this idea, we consider the
dynamics with the same damping coefficients D

of the nodes [1], therefore the dynamic equations
with distributed control at the controllable nodes
(thermal power nodes) are as follows:

Dθ̇i = Pi0 +K

N
∑

j=1

aij sin(θj − θi) + ui, (4)

u̇i=−Gbi(θ̇i−100π)+H

n
∑

j=1

bij

(

Pj

P ∗
j

−
Pi

P ∗
i

)

, (5)

where ui is the designed controller, i = 1, 2, . . . , n
is the controllable node, bi = 1 if the node i knows
that the system frequency is 50 Hz (i.e., 100π),
otherwise bi = 0, bij is the element of the coupling
matrix that describes the topology of a communi-
cation network, G > 0 and H > 0 are the control
gains, and P ∗

i and Pi are the rated power and injec-
tion power of the i-th node, respectively. Similar
to (2) and (3), the dynamics of the other uncon-
trollable nodes can be uniformly represented as

Dθ̇i = Pi0 +K

N
∑

j=1

aij sin(θj − θi),

i = n+ 1, . . . , N. (6)

Therefore, the dynamics of all nodes with the
distributed controller ui can be expressed as

Dθ̇i=Pi+K

N
∑

j=1

aij sin(θj − θi), i=1, . . . , N, (7)

where

Pi =

{

Pi0 + ui, i = 1, . . . , n,

Pi0, i = n+ 1, . . . , N.

Remark 1. Here, we use aij and bij to represent
the elements of the corresponding coupling matri-
ces of the physical topology and the communica-
tion topology of the network of nodes, respectively.

Remark 2. Through unit conversion, the known
value 50 Hz of the network is converted into angu-
lar frequency 100π. Accordingly, 100π is used as
the reference value in the design of the controller.

As mentioned previously in Remark 2, the
steady state frequency of the system is 100π, so

let θ̃i = θi − θ̄, ˙̄θ = 100π. Then,
˙̃
θi = θ̇i − 100π.

Equivalently, the dynamics (7) can be converted
into






















D
˙̃
θi=Pi+K

N
∑

j=1

aij sin(θ̃j−θ̃i)−100πD,

Pi=

{

Pi0 + ui, i = 1, . . . , n,

Pi0, i = n+ 1, . . . , N,

(8)

u̇i = −Gbi
˙̃
θi +H

n
∑

j=1

bij

(

Pj

P ∗
j

−
Pi

P ∗
i

)

. (9)

Combining with the controller (9), the deriva-
tive of (8) is

D
¨̃
θi = K

N
∑

j=1

aij cos(θ̃j − θ̃i)(
˙̃
θj −

˙̃
θi)−Gbi

˙̃
θi

+H

n
∑

j=1

bij(λj − λi), (10)

where λi =
Pi

P∗

i

denotes the power output ratio.

Here, two assumptions are made, which play an
important role in this study.

Assumption 1. The physical topology and com-
munication topology of the network of nodes are
all connected graphs.

Assumption 2. We assume that the rated power
values of all the controlled generation nodes are
equal, that is P ∗

1 = P ∗
2 = · · · = P ∗

n = P ∗.
Fair power output and frequency restoration in

power grid. In this study, reasonable active power
sharing and frequency restoration to the desired
value (i.e., 100π) are considered. The definition is
as follows.
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Definition 1. The system (7) is said to achieve
fair power output and frequency restoration if

lim
t→∞

|λj − λi| = 0, i = 1, . . . , n, (11)

and

lim
t→∞

|
˙̃
θi|= lim

t→∞
|θ̇i − 100π|=0, i = 1, . . . , N (12)

hold at the same time.

Theorem 1. Based on Assumption 1, consider
the system (7) with a distributed controller ui.
Fair power output and frequency restoration can
be achieved, if G > 0 and the following inequality
holds:

|θi − θj | <
π

2
. (13)

The proof of Theorem 1 is given in Appendix A.
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Figure 1 (Color online) (a) and (b) Frequency trajecto-
ries of each node; (c) and (d) power output ratio.

Numerical simulation. We study a five-node
system, which includes three thermal power nodes,
one wind power generation node, and one load
node. Its physical and communication topologies
and some simulation parameters are given in Ap-
pendix B. From Figures 1(a) and (b), it can be
seen that the frequency and the time needed to
reach the steady state of each node in the two
controllers are roughly the same. It is clear from
Figure 1(c) that the power output ratios of the
proposed controller are the same when the system

is stable. However, from Figure 1(d), it can be
seen that the power output ratios of all the nodes
are different. From t = 4 s, the power of node
3 is gradually reduced to 0, that is, generator 3
stops working while generator 1 runs under full
load operation and generator 2 is almost close to
the maximum power.

Conclusion. This study proposes a distributed
power controller to control the power of the con-
trollable nodes so that the power output of each
controllable node is fair and the frequency of the
entire power grid is restored to 50 Hz. The sta-
bility of the system (7) with distributed control
ui is proved using the Lyapunov method. The
simulation results of different controllers confirm
the performance of the proposed controller. In fu-
ture, we will extend the results to the second-order
Kuramoto model and take into consideration both
battery energy storage systems and renewable en-
ergy resources [7] in order to achieve an optimal
design [8].
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