
SCIENCE CHINA
Information Sciences

March 2020, Vol. 63 139201:1–139201:3

https://doi.org/10.1007/s11432-018-9655-4

c© Science China Press and Springer-Verlag GmbH Germany, part of Springer Nature 2019 info.scichina.com link.springer.com

. LETTER .

The existence of Zeno behavior and its application to

finite-time event-triggered control

Hao YU & Fei HAO*

The Seventh Research Division, School of Automation Science and Electrical Engineering,
Beihang University, Beijing 100191, China

Received 1 June 2018/Revised 8 October 2018/Accepted 31 October 2018/Published online 23 December 2019

Citation Yu H, Hao F. The existence of Zeno behavior and its application to finite-time event-triggered control.

Sci China Inf Sci, 2020, 63(3): 139201, https://doi.org/10.1007/s11432-018-9655-4

Dear editor,
Event-triggered control is a control strategy that
is not necessarily periodic and takes resource con-
straints into consideration, such as limited com-
munication bandwidth and restricted energy re-
sources [1]. In event-triggered control, the execu-
tion of control tasks is decided by an event, in-
stead of a fixed period of time (known as time-
triggered control). The event is generated by a
triggering condition involving the state or output
variables. Thus, event-triggered control relates the
execution of control actions to the operation of sys-
tems; moreover, it has the potential to significantly
reduce the use of communication resources with-
out excessive loss of control performance [2].

For event-triggered control, it is not only suit-
able to simply study stability and control perfor-
mance, but also important to examine sampling
behavior. The authors in [1,3] proposed some use-
ful tools to provide a positive lower bound of inter-
event times. Ref. [3] reported on the sampling
performance of several popular types of event-
triggered control systems, both in the absence and
presence of external disturbances. The examina-
tion of sampling behavior is very important be-
cause the event-triggered control system can be
formulated as a hybrid system model [4]. In fact,
when a positive lower bound of inter-event times
cannot be ensured, Zeno behavior [5], a particular
phenomenon of hybrid dynamical systems, might
occur. Zeno behavior leads to occurrence of an infi-
nite number of discrete transitions (events) within

a finite time interval. Hence, Zeno behavior is ex-
tremely undesirable in event-triggered control.

Thus, the conditions, both necessary and suffi-
cient, for Zeno behavior in event-triggered control
systems are very important in the study of control
systems. Generally, the necessary conditions for
the existence of Zeno behavior can be used to elim-
inate it in event-triggered control systems, while
sufficient conditions could assist the designer to
avoid creating an event-triggered control system
having Zeno behavior. Therefore, we investigated
the conditions related to Zeno behavior in event-
triggered control systems, and the main contribu-
tions can be described as follows.

First, some necessary and sufficient conditions
for Zeno behavior are provided by limiting the
triggering condition to a specific form, which can
cover several types of triggering conditions in ex-
isting studies. This triggering condition is trig-
gered when the difference, between the current and
the previously sampled output signals, violates the
threshold function that involves the output signals.
Thus, the corresponding Zeno equilibrium [5] is
created when outputs make the threshold function
equal to zero. This property is quite crucial to
validate the sufficiency of our results.

Second, the innate contradiction between finite-
time stability and the considered event-triggered
control is demonstrated. For unstable plant, it has
been proven that the finite-time stability cannot be
achieved by the triggering condition if the thresh-
old function is independent of time. Our results
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infer that an enormous obstacle to exclude Zeno
behavior in the finite-time event-triggered control
systems may exist. Hence, it is quite difficult to
achieve finite-time stability using event-triggered
control. This may explain why few studies regard-
ing this kind of event-triggered control strategy are
available [6].

Problem formulation. Consider the following
time-invariant nonlinear plant:

ẋ = f(x, u, d), y = g(x);

f(0, 0, 0) = 0, g(0) = 0.
(1)

x ∈ R
n is the state vector and u ∈ R

m is a con-
trol input. y ∈ R

q is the measurable output and
d ∈ R

p denotes the bounded external disturbance
with the bound d0 > 0. f : Rn×R

m×R
p → R

n is
Lipschitz continuous on compacts. g : Rn → R

q is
differentiable and ∂g

∂x
is semi-globally bounded1).

Without losing generality, the initial instant is as-
sumed to be zero.

The controller is implemented in an event-
triggered manner, i.e.,

u = κ(y(tk)), t ∈ [tk, tk+1), (2)

where κ : Rq → R
m is a semi-globally bounded

function with κ(0) = 0. In particular, κ is not
required to be Lipschitz continuous on compacts.
The monotone increasing sequence {tk}

∞
k=0 repre-

sents the triggering times with t0 = 0, which is
decided by the following triggering condition:

tk+1 = inf{t > tk| ‖ey(t)‖ > g0(y(t))}, (3)

where the measurement error is defined as ey(t) :=
y(tk)− y(t), t ∈ [tk, tk+1), and the threshold func-
tion g0 : Rq → R>0 is nonnegative and continuous.
Certainly, the triggering condition (3) is indepen-
dent of time in the sense that for any triggering in-
stant ta 6= tb with x(ta) = x(tb), the corresponding
sets, characterized by a state that would not meet
the triggering condition, are the same. Hence, trig-
gering condition (3) is said to be time-invariant.
Moreover, the following definition is introduced.

Definition 1. The function g0(g(x)) in (3) is
considered to be sufficiently small with respect
to the origin (for simplicity, sufficiently small),
if there exists δ > 0 for any ε > 0 such that
g0(g(x)) < ε holds for any x ∈ R

n satisfying
0 < ‖x‖ < δ.

Remark 1. The proposed triggering condition
has been used to cover several kinds of triggering
conditions in previous studies. For example, when
g0 is a positive semi-definite function and only

depends on y, Eq. (3) denotes the relative trig-
gering condition in [1], which is sufficiently small.
When g0(y) is equal to a positive constant, Eq. (3)
denotes the absolute triggering condition in [3],
which is not sufficiently small.

The closed-loop even-triggered control system
can then be formulated as

ẋ = f(x, κ(y + ey), d). (4)

A fundamental requirement of the controller
and triggering condition is that the controller can
ensure that state x will not diverge if the triggering
conditions are not violated. This is summarized in
the following assumption.

Assumption 1. The controller (2) and trigger-
ing condition (3) are supposed to be well-designed;
i.e., for any bounded d(t), they can lead the cor-
responding system (4) to admit a C1 function
V : Rn → R such that there exist a positive con-
stant M > 0 and φ1, φ2 ∈ K∞ satisfying

φ1(‖x‖) 6 V (x) 6 φ2(‖x‖),

V (x) > M ⇒ V̇ =
∂V

∂x
· f(x, κ((y + ey)), d) 6 0,

for all (xT, eTy )
T ∈ {(xT, eTy )

T ∈ R
n+q| ‖ey‖ 6

g0(g(x))}.

In event-triggered control systems, there may
exist Zeno behavior [5] defined as follows.

Definition 2. For given x(0) and bound distur-
bance d(t), χ is defined as the corresponding solu-
tion of (4). The solution is Zeno if there exists a
positive constant t∞ < ∞ such that

lim
k→∞

(tk) =
∞∑

k=0

(tk+1 − tk) = t∞,

where t∞ is referred as the Zeno instant. An event-
triggered control system is Zeno if it possesses a
Zeno solution for some initial state and distur-
bance signal. Moreover, for a Zeno solution χ,
it is chattering Zeno if there exists a finite integer
L > 0 such that tk+1 − tk = 0 for all k > L; or
genuinely Zeno if tk+1 − tk > 0 for all k > 0.

This study also focuses on finite-time event-
triggered control [7], where the state is expected
to arrive at the origin in a finite amount of time.
In particular, by referring to [8], we define the fol-
lowing finite-time stability.

Definition 3. The system in (4) is said to be ro-
bustly finite-time stable at the origin, if it satisfies
the following statements:

(1) Robust stability. For any ε > 0, there exists
a constant δ(ε) > 0 such that if ‖[xT(0), dT0 ]

T‖ <

δ(ε), then ‖x(t)‖ < ε, for t ∈ [0,∞).

1) A function α : Rn → R
m is said to be semi-globally bounded if for any compact set S ∈ R

n, there exists a constant
M(S) > 0 such that ‖α(x)‖ < M for every x ∈ S.
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(2) Finite-time convergence. For any initial
state x(0) ∈ R

n, there exists a finite-time T > 0
such that

lim
t→T

x(t) = 0, and x(t) = 0, for all t > T.

Note that the robust stability can be regarded as
an improved version of conventional Lyapunov sta-
bility [9], because they are the same when d0 = 0.

Therefore, the main purpose of this study is to
(i) give conditions on the existence of Zeno be-
havior in (4); and (ii) study the Zeno behavior in
finite-time event-triggered control systems.

Conditions on Zeno behavior. Several studies [5]
have implied that Zeno behavior is closely related
with a class of special state sets, which are called
Zeno equilibria.

Definition 4. A Zeno equilibrium of an event-
triggered control system in (4) is a set

Γ := {x ∈ R
n|g0(g(x)) = 0}.

Thus, the sufficient and necessary condition for
the existence of Zeno behavior can be summarized
as follows.

Theorem 1. Under Assumption 1, a solution χ

of the event-triggered control system (4) is Zeno
if and only if there exists a constant T0 > 0 such
that limt→T0

x(t) = xΓ with xΓ ∈ Γ.

Finite-time event-triggered control. In this sec-
tion, only the unstable open-loop plant (1) is con-
sidered because, for a stable one, the trivial con-
troller u = 0 is enough to stabilize the plant with-
out sampling requirement. Thus, the plant (1) is
not bounded-input bounded-state stable, and we
propose the following assumption.

Assumption 2. For any given function κ and
positive constants δ, d0 > 0, there always exist
x0 ∈ {x ∈ R

n| ‖x‖ 6 δ} and d(t) ∈ {d ∈
R

p| ‖d‖ 6 d0}, t > 0, such that the solution of
ẋ = f(x(t), κ(g(x(0))), d(t)), with the initial state
x(0) = x0, is unbounded.

Then, we will show the relation between robust
stability and sufficiently small g0 ◦ g.

Lemma 1. Under Assumption 2, if the plant (1)
with the controller (2) and the triggering condi-
tion (3) satisfies the robust stability with respect
to the origin, then g0 ◦ g is sufficiently small.

Following Lemma 1, we propose the following
lemma that can be easily proved by Definition 1
and the continuity of g0(g(x)) for x ∈ R

n.

Lemma 2. For the time-invariant triggering con-
dition (3), if g0 ◦ g is sufficiently small, then the

origin belongs to the corresponding Zeno equilib-
rium.

Based on the Lemmas 1 and 2, the follow-
ing results of Zeno behavior in finite-time event-
triggered control systems are provided.

Theorem 2. Under Assumption 2, the event-
triggered control system (4) with triggering condi-
tion (3) cannot be finite-time stable without Zeno
behavior.

Theorem 2 reveals a contradiction between
finite-time stability and the time-invariant trigger-
ing condition (3). It should be noted that the re-
sults above are feasible for any controller (2) aim-
ing at achieving finite time stability by the trig-
gering condition (3). Therefore, it is inferred that
there may exist an immense obstacle in the study
of Zeno-free finite-time event-triggered control.
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