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Abstract In this paper, we consider the observer-based adaptive consensus tracking problem for a class of
nonlinear time-delay multi-agent systems in the presence of input saturation. Under the assumption that the
communication topology is directed and connected, a distributed adaptive consensus controller is developed
based on the dynamic surface control technique. By constructing the nonlinear observer, the unmeasurable
agents dynamics can be estimated. Input saturation problem is solved by a smooth function combined with
an auxiliary variable. With the help of prescribed performance functions, the synchronization errors converge
to the prescribed sets, which are characterized as a neighborhood of zero. According to Lyapunov stability
theory, it is shown that with the proposed distributed consensus tracking approach, the consensus errors are
cooperatively semi-globally uniformly ultimately bounded. Finally, a simulation example is provided to show

the effectiveness of the proposed algorithm.
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1 Introduction

Over the past few years, the consensus problem of multi-agent systems (MASs) has emerged as a promising
research field owing to its extensive applications in unmanned autonomous vehicles, multi-spacecraft and
sensor networks [1-4]. The basic ideal of consensus problem, which is originally derived from the cluster
behaviour of animals, is to design a consensus protocol driving all the agents to reach an agreement [5-7].
The consensus problem of MASs can be categorized into two classes, namely, leader-following consensus
and leaderless consensus (also known as regulation problem). For leader-following consensus problem,
as stated in [8-10], a leader agent was viewed as an object followed by follower agents, and finally all
the agents accomplished the leader-following consensus behaviour. For leaderless consensus problem,
distributed controllers are proposed to steer each agent converging to an unprescribed value based on
relative neighboring agents’ information [2]. With the advantages of high robustness and great efficiency,
many adaptive cooperative control protocols have been presented for consensus problems combined with
interesting topics, such as convex optimization and event-triggered mechanism [11-15].

It is well known that system states are usually unavailable and only the system outputs are available for
measurement in practical dynamical systems. Aiming at solving this problem, considerable efforts have
been conducted in studying state estimation and stabilization problems [16-19]. Hence, some observers
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were established, such as linear observer [20,21] and nonlinear observer [22,23]. Among them, the con-
sensus tracking problem was considered for nonlinear MASs in Brunovsky form [23], where the unknown
states were estimated by a nonlinear observer. However, these results were obtained based on ideal qual-
ifications, and some of the intrinsic problems in MASs were neglected. Actually, networked MASs may
suffer from more complicated inherent problems in reality, like time-delay and input saturation [5,24,25].
By using the Lyapunov-Krasovskii functional to analyse the state delay problem, the leader-following
consensus problem was addressed for switching systems and deterministic systems in [26,27]. Noting
that the aforementioned control algorithms are only applicable to MASs with measurable states, how to
address the consensus problem for MASs with both unmeasured states and time-delay is a meaningful
and challenging task.

On the other hand, the distributed consensus problem is associated with the behaviour of a set of agents,
and then it is natural to think about how to achieve prescribed performance attributes for nonlinear
MASSs [28,29]. As an effective method to quantitatively describe the transient and steady-state responses
of the controlled systems, the prescribed performance control has been gradually adopted in practical
systems in recent years [30-32]. Among them, a state-feedback controller was developed to achieve
preset performance attributes for the flexible joint robots [31]. In [32], an adaptive control approach was
proposed to guarantee transient and steady-state performance of inverted pendulum system. However,
these schemes are only suitable for single agent systems. In order to achieve more effective and accurate
consensus tracking or formation tasks for MASs, it is nontrivial to extend the prescribed performance
control from single agent systems to MASs.

Motivated by the above analysis, this paper investigates the observer-based adaptive consensus tracking
problem for a class of nonlinear time-delay MASs with prescribed performance. It should be noted that
the consensus problem for MASs becomes more complicated when both the unmeasurable states and
time-delay are considered. Compared with the existing studies, the main contributions of this paper can
be stated as follows: (1) Different from the schemes proposed in [33,34], where adaptive control strategies
were given based on the assumption that all the states were measurable, this paper proposes a distributed
consensus approach for more general nonlinear MASs with unmeasurable states. Meanwhile, state time-
delay is also taken into consideration, where Lyapounov-Krasovskii functional combined with hyperbolic
tangent functions are used to overcome the design difficulties caused by unknown time-delay functions.
(2) Unlike the results in [27,35], the system stability is guaranteed without prescribed performance
constraint. In this paper, the proposed adaptive distributed controller not only ensures that each follower
synchronises with the command leader, but also guarantees that the synchronization errors are confined
in preset bounds. (3) Furthermore, a smooth function combined with an auxiliary variable is introduced
to address the input saturation problem. The problem of “explosion of complexity” is avoided by using
the dynamic surface control (DSC) technique which greatly alleviates the computational burden.

The remaining part of the paper is organized as follows. In Section 2, some preliminaries and problem
formulation, which will be used in the paper, are presented. In Section 3, the adaptive consensus tracking
control scheme is developed by employing the DSC technique. Section 4 focuses on stability analysis.
Simulation studies are given in Section 5, in which the effectiveness of the proposed approach is validated.
Finally, the conclusion of this paper is drawn in Section 6.

2 Preliminaries and problem formulation
2.1 Preliminaries

2.1.1 Algebraic graph theory

In the networked MASs, the directed weight graph G = (V, ¢, A) is usually used to describe the information
communication topology among the agents. In the graph G, V = {n1,ns,...,num}, € = {(ni,n;) € VxV},
and A = [a;;] denote the node set, the edge set, and the adjacency matrix, respectively. More precisely,
node n; represents the ith agent and belongs to a set @ = {1,2,..., M} with M as the number of agents.
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When agent j is able to acquire the information from agent i, (n;,n;) € ¢ is an edge of the topological
graph G. Thus, a neighbor set is denoted as M; := {j|(n;,n;) € e}. A = [a;;] € RM*M is an adjacency
matrix in the graph with nonnegative elements such that a;; > 0, if j € M;, otherwise a;; = 0. In this
paper, we assume that a;; = 0 and the graph is fixed [36]. Let B = diag{bi, b, ...,by}, where b; is the
weight value between the leader and follower ¢ and diag{-} represents a diagonal matrix. If the follower
is able to receive the information from the leader, b; > 0, otherwise, b; = 0. Define £ = D — A, where £
denotes a Laplacian matrix and D = diag{d;,ds, ..., d, } represents a degree matrix with d; = ZjeQ Q.
It should be pointed out that at least one follower can receive the communication information from the
leader. In this paper, when j € M;, we take a;; = 1.

2.1.2  Radial basis function neural networks

As generally known, radial basis function neural networks (RBF NNs) have excellent approximation
property, which are able to approximate any sufficiently smooth functions with any desired accuracy e
with suitably large NNs in a compact set [37]. Given a continuous nonlinear function, which is defined
over a compact set 2 C R! such that F(z) : Rl — R", according to the approximation property of
RBF NNs, one has F(,2) = §Tp(2), where § € R™*" is called adjustable weight matrix, and ¢(z) =
[01(2), $2(2), ..., ¢u(2)]T with I > 1 as the basis function vector defined in R!. ¢, () is chosen as Gaussian
function such that ¢;(z) = exp [—%], where 9; = [9;1,9)2,...,9;1]" and s; denote the center
and width of Gaussian basis function, rejspectively.

For a given smooth nonlinear function f;(z), which is defined over a compact set 25 C R”, there exists
an ideal weight matrix 67 such that f;(z) = Q;Tcpj(z) + €j(2), where z € Qs is the input vector, and

07 = arg minéjeR{supZeQS Ifi(z) — é;-rgoj (2)|} is the ideal weight vector.

2.2 Problem formulation

Considering the nonlinear MASs which consist of one leader and M followers, the dynamics of follower ¢
are described as

ik = Tikt1 + [in(@Tig) + dig(xi(t — Tig)),
Eim; = wi(Vi(t) + fimi (Fiom,) + dim, (T3 (8= Tiym, ), (1)
Yi = Ti, k:l,Z,...,mi—l, iZl,Q,...,M,

where T; , = [@i1,. .. ,xi7k]T denotes the system state variable, and y; is the system output. M denotes
the number of followers. f;x(-) and d; (), satisfying f; x(0) = 0, d; x(0) = 0, represent the unknown
smooth nonlinear function and the time-delay function in the ith subsystem, respectively. v;(t) is the
control input to be designed. u;(v;(t)) denotes the saturation nonlinearity of the system input which can
be computed as

UMy 5 Ui(t) = UM ;5
ui(vi(t)) = sat(vi(t)) =  vilt), ung, <vilt) < un,,, (2)

UMy Ui(t) S UMy, s

where uyy,, and wuyy,, are defined as the lower and upper bounds of the input saturation w;(v;(t)), respec-
tively [38]. Obviously, when v;(t) = upz, and v;(t) = upr,,, there are two sharp corners. The following
smooth function is applied to surmount the obstacle:

N
2 Zupy, Vi
R(vi(t)) = ung, x erf (%Uz) = upm; X 71/0 M ey,

-sign(v;) with sign(-) being the standard sign function, and erf(-)

unMy,; FUMy; + (Ul\lzi —UuMy; )
2 2

where uyr, =
stands for the Gaussian error function. Then Eq. (2) can be rewritten as

sat(vi(t)) = R(vi(t)) + Li(vi), (3)
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where ¢;(v;) is a bounded function and satisfies |¢;(v;)| < T'; with T'; being a positive constant.
Based on the communication topology and system (1), we define the synchronization error as

i1 = Z aij(yi — ;) + bi(yi — w), (4)
JEM;
where y; and y; denote the output of the neighbor and the leader, respectively.
The consensus tracking error for agent ¢ is defined as r; = y; — y;. The consensus tracking error vector

is constructed as ¥ = (y — 1y @ 1), where 7 = [ri,...,ra]Y, ¥ = [y1,.. . yn) ™, 1ar = [1,...,1]T €
RM and ® represents Kronecker product. Therefore, for all follower agents, the overall neighborhood
synchronisation error vector is constructed as S = (£ + B)7, where S = [s1.1,...,sm1]T.

Definition 1 ([39]). For the MASs (1) under a fixed communication graph, if there exist constants
¢1 and ¢z, the bounds ¢; and ¢y for the initial time tg, and a time 7' > 0 such that ||y;(to) — yi(to)]| <
G = [la®) — @)l < <2 and [Jya(to) — v (o)l < er = Ilya(H) =y (]| < ¢ for all £ > to + T, then
the distributed consensus tracking errors are said to be cooperatively semi-globally uniformly ultimately
bounded (CSUUB).

Control objective: Considering the MASs (1) in the presence of input saturation and state time-
delay, the proposed distributed adaptive consensus control protocol can guarantee that all followers
synchronously track the commander leader with the consensus tracking errors being CSUUB and ensure
that all the signals in the closed-loop system remain bounded.

Remark 1. If the distributed consensus tracking error r;, i = 1,2,..., M is CSUUB, then the practical
concept of “close enough” synchronization is ensured [40].

For completeness and compactness of presentation in control design procedure, the following assump-
tions and lemmas are given.

Assumption 1 ([33,39]). The leader’s output y; of MASs and its derivatives ¢, §; are bounded and
satisfy Qp, := {y?(t) + 97 (t) + 4i2(t) < Bo}, where By is a constant.

Assumption 2 ([41]). For VX, Xo € R™, there exist some known constants ji;, (i =1,..., M,k =
1,...,m;) which satisfy the following inequality:

|fie(X1) = fin(X2)| < fii k|| X1 — Xaf],

where || - || denotes a vector norm named Euclidean norm.

Assumption 3 ([42]). For a nonlinear function d; ,(x;,1(+)), there exist a bounded function H; j(r;,1(+)),
a bounded function d; x(yi(+)), and a positive scalar o; j such that

dF g (i1 (1) <rin(VHig(rin () + oik + di e (i),

where r;1(-) = z;1(-) — wi(+) is the tracking error and y;(-) is the tracking signal.
Remark 2. In this paper, the leader-following consensus problem is considered. Therefore, the tracking
error is further considered as synchronization error s;1 = G;(£L + B)(§ — 1m ® ;) with

Gi=1I1,...,0,...,0] € RI*M
D
3
L + B being a matrix determined by communication topology graph, 4 = [y1, ...,y "
and y; being the output of the leader.

with Yi = T,

Remark 3. Assumption 3 provides the restriction on delay functions. It is nontrivial to extend the
assumption to address the time-delay problem for MASs, where the consensus tracking error r; is further
considered as synchronization error s; 1. The main difference between the assumption used in this paper
and [42] lies in the definition of error. For the single agent systems, the tracking error depends on reference
signal directly. For the distributed consensus tracking problem, the neighbor agents’ output signals will
affect the consensus tracking error, and thus the graph theory is introduced to describe the relationship
among them. Note that a fixed graph is adopted in this paper. The effect of communication topology
matrix £ + B on consensus tracking error vector 7 is linear.
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Lemma 1 ([40]). Suppose that the directed communication graph G contains a spanning tree. It can
be proved that all the eigenvalues of the matrix £ 4 B possess positive real parts. Then, the consensus
tracking error is bounded by

I < Bl

a(L+ B)

where ¢(+) is the minimum singular value of a matrix.

Lemma 2 ([43]). For any variable & 1 and constant ;1 > 0, limg, , 0 a1 tanhQ(El ~) = 0 is satisfied.
Define a set Q. such that Q. = {&1]|&.1] < 0.88148;1}. Then, for & ¢ Qz, the inequality 1 —
2tanh2(%) < 0 is satisfied.

3 State observer design and RBF NN controller

In this section, the main results of this paper are proposed by a recursive backstepping-based DSC design
procedure.

3.1 Prescribed performance

In [44], Benchlioulis and Rovithakis proposed the concept of prescribed performance, which is achieved
by adopting the error transformation with a prescribed performance function. Thereby, it ensures that
the synchronization error s; 1, 7 = 1,2,..., M evolves strictly within predefined decaying constraints:

—ri1mi(t) < sin < Ki2ni(t),

where k; 1 and k; 2 are positive constants. The prescribed performance function n;(¢) satisfies the property
limy s 00 75 () = 14,00 With 75 oo > 0. A strictly decreasing smooth function ;(t) is chosen as the prescribed
performance function:

0i(t) = (0 = Mioe)e " + Nioor  VE 20, (5)

where f1; > 0, 7i,0 > Moo > 0 with 7,0 = 7;(0) such that —r;17,(0) < s;1(0) < k;2m;(0). More
specifically, ji; denotes the lower bound of convergence speed of s; ;. The constant 7; ., represents the
maximum allowable synchronization error at steady-state. By employing an error transformation, the
following formulation holds:

5i71 = nl(t)el(w’t,l(t))7 Vt > 07 (6)
P 261/)1',1(0_,_i 1671/)1',1(1/) . .
where ©;(¢;1(t)) = == T o Then, the inverse function of ©;(1);1(t)) can be expressed as
Si,1
_ Si1 1 n:(t) + R4
wi, t 911< ’ ) 11’1751. 7
1( ) nz(t) 2 Ki2 n%(t1) ( )

In order to design an observer-based distributed consensus control protocol for MASs, the following state
transformation is taken:

Ein(t) = i (t) — S L (8)

2 Kip2

Then we introduce DSC approach combined with the backstepping control design procedure to solve the
problem of “explosion of complexity” and adopt the coordinate transforms as follows:
Sik = Tik —Oéf-ik’ Zik = af-ik -k, k=2,...,m;—1,
, 9)

Si,m; = Tiymy — Oy, — Bi; Ziymy = O, — Qiomy s

where §; is an auxiliary signal, such that 8; = —f; + (R(v;i(t)) — vi). &k and &; ,,, are the estimations
of x; ;, and x; p,, which will be defined later. «;; and a; ), are the input signal and the output signal of
a first-order filter.
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3.2 State observer design

The state-space form of the system (1) is rewritten as

mi
Tiym, = AiTim, + Y Bk [k @in) + bitti + di g, (i1 (8 = 7i.m,)),

k=1 (10)
Yi = CiTim,
where Tj m, = [Ti1, ., Tim,|L € R™,
0
A’L' = Imi—l )
00 0
I, —1 denotes an identity matrix,
Bik=1[0,...,1,...,0]} 1, b =1[0,0,...,1]} 1,
——
k

i (0,1 (= Tim,)) = [dig (@1 (E = Ti1))s s digm, (3,1 (8= Tim,))] 5 and Ci = (1,0, 01y,
In this paper, RBF NNs are used to approximate the unknown nonlinear functions f; (%, ). Defining
%m as the estimation of T; i, then fi7k(§i7k) can be approximated as

fik(@ik) = 05 v 0ik(Tik) + € 1 (Tik), (11)

where 61‘,1@1(%1',1@) is a bounded approximation error with €; > |e;" k(izkﬂ as the upper bound, and 67 is
the optimal parameter vector of 6; .

For the observer, the nonlinear function is expressed as f;k(izk) = é;fkcpzk(izk) Thus, an NN state
observer is designed for system (1) as

my
Tim, = AiTim, + Kiyi + Z Bi k0; 10ik (Ti k) + biwi,

ot (12)
gz = Ciiz,mla
where Kz = [k’i71, ey ki,mi]T7 Az == Ai - K’i with
ki,l
Ki = Omifl
ki,mi 0O -+ 0

being a Hurwitz matrix. Then, there exists a matrix P; > 0, for the given positive definite matrix @),
which satisfies

PA; + AT P, = —2Q;.

Defining €; yn, = Ti,m,; — fi,mi as the estimation error of the state observer, then based on (10) and
(12), one has

Cime =Aiim, +€mi + Cin, + O Bk pi k(ik) + dim, (i1 (= Tim,)), (13)
k=1

where & m, = [€5,1,- -+ €mi] s Comy = [Gits - - Giom )T Gk = Fie (i) — ik (Ti), and 0; 5 = 07, b p.
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The following Lyapounov-Krasovskii candidate functional is utilized to validate the property of the
state observer:

VO = ‘/vO + VwOa (14)
where
M M
Voo = Z Viwo = Z §5Emipi5i,m7,7
Vigo = Zv,wo Z e T P”Fz/t ) Haa(ona ()5,
and 7; = max{7; 1} with r being a constant. | - || p represents the Frobenius norm of a matrix.

According to (14), the derivatives of V; ,o and V; .0 are written as

m;

. _T _ _T = _T 5T - _T _

Viwo < — ei,miQie’i,mq, + ei,miPiCi,mi + ei,miPi E Bieri,k(p’i,k(x’i,k) + ez‘,mipiei,mq,
k=1

+ 8, Pidiom, (231 (t = Tim, ), (15)

) 1 T 1
Viwo < —1V; woJr; <2b P s () Hig(si (2) — 2—b|Pi|%Sz',1(tTi,k)Hi,k(Si,l(tTi,k))) :
(16)

Under Young’s inequality, Assumption 2 and ga}:k (izk)cpzk(fzk) < [;, where I; is the node number of
NNs, we have

1 o~
m P ZBz K03k pik (Tik) < —||P 1125 mlI* + 5 > 05kbik,
k=1 k=1
(17)
_T = - - 2 1 2= 2, L 2NN 2 o 2
Cim, Pi(Cim, + Em,) < €, [I” + S Pl Fl[Ear ™ + §||R||qui,k”€i,mi ,
where €n = [€1,mys - - - eM,m%]T, m = m;l; and [i; ;, are the design parameters.
According to Assumption 3, it can be obtained that
_ < b
€ ims Pidim, (€31 (8= Tim, ) <zle, mill? 4 Z 1PN (e (e (= k)
+ i (t —Ti,k)Hi,k(Si,l(t — Tik)) + Oik), (18)
where b is a design parameter.
Therefore, substituting (17) and (18) into the time derivative of (14), one has
M m; 1o o
Vo < — Guinl|e0]|? — Zrm wo + 2; (% " Pl Fsia (8 Hi k(501 () + 59;{,€9i,k) +ho,  (19)

where 8 = [0, s 2y T Gmin = min{e(Qy) — (1 + & + LElE (5o 72 m))), ho = M, gio

+3I Pl |1? and gio > 032 (351 Pi G di (wi(t = 7ik)) + oix) is a constant.

Remark 4. According to Assumption 3, dulk() is a bounded function. Therefore, it is reasonable to
give the upper bound of the bounded function JZ & (Yi(t—7ix)) as gio. The approach of handling bounded
function adopted in this paper is motivated by [42].
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3.3 Controller design

The main results of this paper are derived from the following steps, in which the distributed adaptive
NN tracking controller is obtained.
Step 1. According to the error transformation (7) and (8), the time derivative of §; 1 (t) is

&in(t) = w; (3i,1 - M)a (20)

L L (t)). It can be observed that w; is composed of s; 1 and 7;, and

Kiini(6)+si1  Si1—Ki2m:
satisfies 0 < w; < Wi = 7éﬁi’lﬁf'j2?)2~
i,00 R, i,

Meanwhile, based on (4), we have

where w; = (

51 = (bi + d_i)(l'i,Q + fi1(@ia(t) +dii(zin(t—11))) — bit

= > aii(£i1(@a) + w2+ dja(aia(t —750))), (21)
JEM,;

where x; 9 = Zi2 + €2, Ti2 = 852 + 22 + Q2.
Consider the Lyapunov-Krasovskii candidate functionals as

Vit =Vii + Viwl + Vjwi, (22)
where
1 1 ~n ~ Qi e~ 1
Vii==-¢2 4+~ 9T ¢, E' ©_gT g, — 52
01 = 580 + 2001 i1Vi JrjEM. 20 1051+ Zki%’

t

]‘ i T8
‘/i,'wl _ Eefr(tfﬂ,l)/ e 5i71(S)Hi,1(Si,1(S))dS,
t

—Ti,1

1 N
Viwr = ) Tefr(H”’l)/ e"s;1(s)Hj(s51(s))ds,

jem, 20 t=Tin

with ¢ > 0, b > 0, 051 > 0, mj1 > 0 and k; > 0 as the constants to be designed. 7; = v; —4; and
v = Biym with y;n being the bound of ;.
Then, according to (20)—(22), the time derivative of V; 1 can be calculated as

Vi,l < Gawi ((bi + di)(ei,Q + Si2 + Zi2 + Q0 + égl%J(ém) + G+ di,1(£i,1(t —Ti1)) + 921901‘,1(@,1)

ten)— > aii(E0 +ejo+ 071050 (T0) + 071050 (F51) + dia (@it — 750)) + €1+ ()

JEM;
T Silﬁi(t)) 1 -2 Qij =1 A 1.
—bigy — ——— ) ——0;10i1 — 010510 — = Yi%i- (23)
' ni(t) 0in " ]sz\;l i OV kRt
Subsequently, one has
. e’ Ti 1 1
‘/z’,wl g - 7"sz',1111 + TSiJ(t)HiJ(SiJ(t)) - ESLl(t - Ti,l)Hi,l(Si,l(t — Ti,l))~ (24)

With the help of Young’s inequality, one gets

inwi((bi + di)din (win (t—7i1))) — &Gawi Y aijda (@ (t—751))
JEM;

bM;
(sii(t =) Hia(sia(t —mi1)) +dia(y(t —1i1)) +0i1) + Tz(fi,lwz‘)Q

1 o
to7 > (st =) Hia(sia(t —51) + din (it — m51)) + 051). (25)
JEM;

ol =

é L
< 151'2,1%2(51' +d)* +
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Based on the communication graph, assuming that Y = £ + B, then the following inequality holds:

E10:Y (Gt + a2+ €41) < —IIE* P [l@xlF + —IIYII% max{fi} ; }[[e.1]|?
_ 1
+5IIY||%||€*,2||2+gl\Yl\%llemMHQ, (26)
where C*,l = [Cl,l; e ;CM,l]T7 §*71 = [6171, e 751\471]T7 Wy = [wl, e ,wM]T, (:}* = diag{w*}, 5*71
le11,- - ema]™, o =ler2, .. eme]t, i = [61,1_1\/1; e seram]ts and €1 = [er1, .. eara]”
The first virtual controller ¢; » and adaptive laws ém, éjyl, ‘yz are constructed as follows:
1 6 ¢ - -9 bM; . AT -~
QG2 = *m (/HJ + 5 + Z(bz + dz) + 9 ) fz 1W; — Z aij(l’jg + ej,lsaj,l(mj,l))
JjeEM;
54,17 (t) Siawi AT ~
- : + ’ 3 - 9 i,1(T4,1), 27
ni(t) &, 1wi +Wi% L1i (i) @)
0i1 = 0i1(&awi(bi + di)pin(Tin) — vinbin), (28)
051 = i1 (—&iawiwsn(Ti1) — 1), (29)
= et 2 (30)
e | 2T s
Yi 7 |€i7lwz| + @, iYi | s
where 9;1 >0, v;1 >0, puj1 >0, @w; >0, 0; > 0 are constants to be designed.
Using Young’s inequality, we get
Y a o 1_ . 1
0516i1 + 7, 4 < 9T191 L+ GE‘E T §%-T%- (31)

T 1

Similar to [45], define R;; = ZL=1 eT"siyl(t)Hiﬁl(siﬁl(t)) + ZjEM 2b sj 1(0)Hj1(s51(t)) + Z
1(t)H; k(s;,1(t)). Considering the approximation property of RBF NNs and Young’s mequal—

ity, one has

2 &in R .
§z‘,1wz£ = tanh” (ﬂZ ) Rin < &awi(0Fh0in(Ei1) + €51 (8i1) + i)
7,1We 7,1
3, li 1, 1.,
<5 5 z Wi+ = 9* it 56 + §<i,l17

where €; ;1 and (; ;1 are the approximation error and estimation error of E tanh2( 5’ L )Rl 1, respectively.

Remark 5. With the help of Lyapunov-Krasovskii candidate functionals Vwo, V“Ul, and Vj 1, the
nonlinear time-delay function s; (¢t —7; 1) H; 1 (i 1 (t — 75.5)) can be compensated. However, the remaining
delay-free function si,l(t)Hi71(si71(t)), which is introduced by Lyapunov-Krasovskii functional, makes the
controller design difficult. These terms cannot appear in the controller directly because of the singularity
problem at & 1 = 0. Therefore, the property of tanh in Lemma 2 is introduced to tackle this obstacle.

According to V; = sz\i1 Vi1, we have the following inequality:

M

1 - _ O -7~ L1 3T 4

Vi< §||Y||fv(max{ﬂi1} +D)llE)? + > ( — pinél Wi — 5 =% Vi — 219?,191',1 + @i%i — Vi1 +
i=1

+ £i71wi(5i + d@')(Si,Q + Zi,g) + (1 — 2tanh2 (gl ! )) Ri,l) - Z (M; GjTléj, — 7“Vj7w1) , (32)

7,1 JEM;

where 81 = [e. 1, €. o)™, b1 = S|V | Bllew inel|® + 00, (2520;705 ) + S5 vi+ 500000 + 32 + 3¢ +
ZjeM MJ21 9;"{9; 1+91 with g being a constant such that g; > Z?L(Ui,l +d171(yl(t Tlvl)))JijeMi(Ujvl

+dja (it — 75,0)))-
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To avoid the repeatedly differentiating of certain nonlinear terms in traditional backstepping design, a
new variable a{ 5 is introduced. a£ 5 is the filtered signal of a low-pass filter with «; 2 as the filter input

signal, such that

Ti,2d£2 + azf,Q = 04,2, 0‘{,2(0) = a;2(0),

where 7; o is filter time constant. Then, one obtains Z; o = —jzz + E;2(-), where E; o(-) will be defined

later.
Step k (k=2,...,m; — 1).
Tig = Ti g1 + ézk@i,k(%i,k) +kik(zi1 — Tipn)- (33)

Based on (9), we have s, = &, — aik, Zik = azf’k — ik, k=2,...,m; — 1, where azf’k is the output

of a low-pass filter with filter time constant 7; , such that
Ti,kdik + azf’k = ik, aik(O) = a; ,(0). (34)

Noting that &; k11 = Sik+1 + Qi k1 + Zik+1, it yields

Sik =Sik+1 + Q1 + Zikt1 + é}:k@i,k(%i,k) +kig(@ig — Tin) — dzf,k, (35)
- f aip—af, —Zik
where &; , = =
Consider the Lyapunov candidate function as follows:
M Moy 1
Vk = Z%’k = Z (552]@ + %—kegkeuk) 5 (36)
i=1 i=1 b

where g; j, is a design parameter.
According to Lyapunov stability theory, the kth virtual controller «; ;41 and the corresponding adap-

tive law 0; j, are constructed as

Zik

Qi 1 = —PikSik — észk —kig(zin — 3i1) — ész%k(%zk) - ; (37)
Tik
Oik = 0ik(—pik(Tin)sik — virbir), (38)

where g;r > 0, v;; > 0 are parameters to be designed. Then, substituting (37) and (38) into the time
derivative of Vj, we obtain

M
. 1—y k)~ ~ Vi,k % %
Vi <) ( = PikSiy + Sik(Sike1  Zikr1) + %9%9@'& + =50k i,k)' (39)
i=1
Step m;. Similar to Step k, we have
Simy =wi(Vi (1)) + Kim, (i1 — %i1) + 07,0, G, (Fiom,) — 6, — B (40)

Consider the Lyapunov candidate function as

M M 1, 1 o -
Vini =3 Vi = 3 (38 4 g m
1=1

i—1 2Qi,mi

and then, one has

. A N _ .
Vim, < Siam, (Wi0i(8)) + Kim, (i1 — #1.1) + 0, Qiom, (Tiom, ) — &L, — Bi) + ésf,mi

1 =~ N 1=~ ~ X
H;I,‘ml (lemz(p%mz (fiamm)siamm + §H;I,‘m1011m7 + 917mz) . (42)

Qi,mi
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According to (3), noting that |¢;(v;)| < T';, and using Young’s inequality, one obtains
1 2
Si,m;Li(Vi) < 585, + Fz (43)
2 2
The input signal of the saturated controller is designed as

N « 2
X T 2 im;
Vi = — Piym; Siymy; — Zi,mq,si,mi - k’i,mq, (Ii,l - xi,l) - ei,mi(p’i,mq, (wi,mq,) - 7_,—7 — B (44)
1,M;

where U, = 1; + %, Pi,m, and k; ,,, are design parameters. Construct the adaptive law as

Oi,m; = 0i,m, (7801-7"7‘7: (%iymi)siymi - Vi,miei,mi)' (45)
Thus, substituting (43)—(45) into (42), the derivative of V;,,, is computed as

M
V < . 2 (]‘ Vi mz)eT 9 Vi U 9*T 9* 1]_—‘2 4
mi X Z pl7misi,mi + 2 7,1 7 LG + 2 T,Mmg 71, Mmy + 2 7 . ( 6)

=1

4 Stability analysis

In this section, we will give the stability analysis of the corresponding nonlinear MASs which applies the
proposed consensus algorithm. The main result is stated as follows.

Theorem 1. Consider the nonlinear MASs (1) under Assumptions 1-3 and bounded initial conditions.
Using the distributed consensus adaptive control laws (27), (37) and (44), NN weights updating laws
(28), (29), (38) and (45), assuming that the leader has directed paths to all the followers, one has that
the consensus tracking errors are CSUUB and all the signals in the closed-loop system remain bounded.

Proof.  According to Lyapunov stability theory, we choose the Lyapunov-Krasovskii functional V' for
all followers as

M m;—1
V= Vo+V1+ZVk+ DIDIE (47)
i=1 k=1
In view of (9) and (34), the time derivative of z; 41 is
. _ Zik

Zigy1 = ——2 Zoktl 4 E; k41(4),

Tz k+1

where I 11 = —dy py1,k=1,...,m; — 1, concretely

6 & s DM\ 6 . .o bM;\ .
_ﬁ<<pi,1+§+_(bi+di)2+ 5 )szi,l‘f’(Pi,1+§+1(bi+di)2+ 21>Wi§i,1

) LG - AT . 2 ii ()i (t) — 03 (t
-+ bzyl(t) — Z Qij (I’j’Q -+ HjTylgajyl(:cjyl) —+ 9;{1%,1(%',1)) _ ( ) (2)(t) 4 ( )Sz’,l

JEM; i

=

$5 17 (t : . L
717717225 )) + 0501 (Fin) + 051001 (Tin),
7
. 1, . X ;T = AT - 2 éz’,k
Bi1() = pigsis + 580k + ki (@in = Zi1) + 0ippin (i) + 03500 (Ti) + o k=2,...,m;—1
2

Based on [28,33], define a set A; = {ZZ 1 €, Piim, +M ge =T B3 Yo ft rp €0si(8)

Hik(sii(s))ds+&7, 9119119 A e =50 9],1+kﬂz+2e_’“(t T“)ft oa € si(s) Hia (si(s))ds+
- -1 3T G

deM ze” rlE=ia) f_ 51 € 850(8) Hia (550 (s ))ds + 0L, (Crey (271 + sk + ﬁﬂ?ink)Jrsfmq +

Hgfm 0:.m;)}. According to Assumption 1, for constants By and p, the sets Q, := {y?(t) + ¢7(t) +

0im;
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§2(t) < Bo} and  := {A4; < 2p} are compacts in R? and RU™(2) respectively, where dim({;) is the

dimension of €2;. Thus, the set  x ; is also compact in RAIm(20)+3 Thus, F; ,+1(-) is a continuous

function on €2, x Q;, and there exists a positive constant B; 41 such that |E; g41(-)| < Bigy1-
Substituting (19), (32), (39) and (46) into the derivative of (47), it yields

M M mifl

V- Z (Pi,1wi2 — w;(b; + d;) — 1) 1‘2,1 - Z <( 1+ pi2 — wi(bi + J'L))SZQQ + Z (pik — 1) 87
k=3

=1 i=1

M 2 mi—1 32
1 BzQ 7 7 ) 2 < 1 Bi k+1 1> 2 )
+ | pim: — 5 —wi(bi +d;) |z + - — 5 )%
(P , ) > Z ((Tz ) ( ) |zin ;::2 P % 9 | Zik+1
M
_ Vi, Hitgr g 4 QisTs
Z 0}10:1 + TR0k + Z 07101 + 5 Vi Vi

=2 JEM;
_ZTVzwo-H“Vzwl Z Vw1 +lolle ||2+A+(1—2tanh2 (211))&17 (48)
M, 7,1

_ _ e _ M

where lp = —(qmin — éHYH%(maX{M?J} +1)), [[ell? = min{[[eoll?, [e]*}, A = 5350, TF + ho + a +

ZZ L wivi + ZZ LDy TSRO0, M with £ as a design parameter. Assuming that w;; =

Pi1Why *sz(b +d)* 1 Wi = Pi2 *1*sz(b +di), Wik = ik — 1, Wi, = Pim; — 5, Xi2 =
2

1
Ti,2 2Ii

1 _1_ Bl o
(bi + di), Xigs1 = T T 2 s+, we choose the parameter as 6 = min{ A,MX(P)

2wi,1, 2Wi ks 2Wim, 051 (Vi1 — 1), 00k (Vi —2)s 05m; (Vimi — 2), 2X6,25 2Xik+15 D_jem, %ﬂ]l, kio;},i=
.,M,k:2,...,mifl.

With proper design parameters, 6 and A will become positive constants. However, the last term

(1-2 tanhQ( £t -))R;,1 in (48) may be positive or negative, which depends on the size of §; 1. In order to

analyse the stablhty of the closed-loop system, the following two cases need to be considered.

Case 1. When &1 € Q,, that is |§.1] < 0.8814/5,; 1 with ;1 being a positive constant. Therefore,
in terms of (6)—(8), the boundedness of s; 1 is guaranteed. Then, according to Assumption 3, R;; is a
bounded function with R, as the upper bound. Therefore, we can obtain V(t) < =0V (t) + A*, where
A*=A+R},.

Case 2. When &1 ¢ Q., we have (1 — 2tanh2(§1'
R;1 > 0. Then, V(t) < -0V (t) + A.

Accordingly, we have V(t) < =8V (t) + A, where A A, for &1 ¢ Q., and A = A*, for &1 € Q..
Moreover, V(t) < =0V (t) + A implies that when § > 2 V( ) < 0 on V(t) = p where p is a constant.
Therefore, if V(0) < p, then V(t) < p, for t > 0.

Furthermore, by integrating process, one has Zf‘il {1-2,1

~))Ri,1 < 0 based on Lemma 2 and the fact that

V(1) < 27V (0) + 22, As e 0
can be adjusted by choosing appropriate

B> /A

for t — oo, it implies that Zz 151 1 < (SA, and the term
parameters. According to (7) and (8), it can be obtained that the synchronization error s; ; will converge
to an adjustable small residual set around the origin with prescribed performance, which means that s; ;

is bounded. In view of Lemma 1, ||F|| < %, we have that ||7|| is also bounded. Then, according

to Definition 1 and ||7|| = ||§ — 1a @ yi]| < %, we can conclude that the consensus tracking errors
between the followers and the leader are CSUUB. Based on (28)(30), i1, 6;1 and 4; are bounded. We
can obtain that o; > and a£ 5 are bounded. Subsequently, according to (9), one has #; » is bounded. Thus,
we can recursively draw a conclusion that all the signals are bounded in the closed-loop system. The

proof is completed.

5 Simulation results

The effectiveness of the proposed adaptive consensus control method is demonstrated by the following
example. The communication graph is shown in Figure 1. Without losing generality, the MASs consist



Xiao W B, et al. Sci China Inf Sci  March 2020 Vol. 63 132202:13
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Figure 1 (Color online) Communication topology. Figure 2 (Color online) Consensus performance of leader

and followers.

of five agents. In this graph, 0 denotes the leader agent, 1-4 represent the follower agents. As can
be observed from Figure 1, the communication topology is directed and connected, which means the
proposed algorithm is applicable to the MASs. Each agent’s dynamics are described as follows:

ii,l = —.731‘716_0'59“’1 + 0.1sin Ti1 + T2,

Ty 1(t - Tl)

. . 2 . 7,

T = Ti18inwiy +0.1cosz;osinw; 1 +ui(vi) + T2 (G
+ 27, (t —12)

Yi = Tiq, 1=1,2,3,4.

Based on network topology, the adjacency matrix is described as A = [0,0,0,0;1,0,0,0;1,1,0,0;0,0,
1,0]. In light of Figure 1, one obtains that follower 1 is able to access the position information from
the leader and the leader adjacency matrix is written as B = diag{1,0,0,0}. The output signal of the
leader is given as y;(t) = sin(t), and the input saturation limits of followers are ups; = 5, upr2o = —5. The
follower state delays are 731 = 1, 7; 2 = 1.2, respectively.

The performance functions are chosen as 7; 1(t) = 0.99e~%5t + 0.01, 7; 2(¢) = 0.98e~°5! + 0.02, with
ki1 = 0.8, Ki2 = 1. The initial conditions of each follower are given as x1(0) = [—0.1,0.3], 22(0) =
[-0.2,0.1], 23(0) = [0.1,0.1], 24(0) = [0.3,0.2], 7; = [0.10,0.53,0.5,0.08], 0 = [0,0.1] with rest of the
initial values being 0. The design parameters are chosen as ¢ = 1, by = 1, by = bz = by = 0, dy = 2,
dy=d3=dy =1, M; =02,b=2,v; =241, 0; = 0.12, m; = 0.1, v, = [1.5,2.41], pim, = [3.2,2.5],
0im; = [0.1,0.12], where m; = 1,2. Both RBF NNs églcpi,l(fi,l) and é}:lgajyl(ij,l) contain 9 hidden
nodes with centers evenly distributed through in [—3, 3] x [—3, 3], and the width of basis function vector
is 3. The NN weights 0, 1 and 6, o are updated by (28), (29), (38) and (45) correspondingly. Simulation
results on leader-following tracking trajectories are presented in Figure 2. As can be observed, all the
followers can track the leader. The unmeasurable states x; 1 and x; o estimated by the nonlinear observer
are presented in Figures 3 and 4, respectively. From Figures 3 and 4, it is not difficult to find that the
proposed state observer is effective. On the basis of Figure 5, it can easily be noticed that the decay
rate of synchronized error s; ; remains in the prescribed performance bounds. Moreover, it is proved
that error transformation (8) is an effective method to achieve prescribed performance. In Figure 6, the
system input saturation w;(v;(t)) is compensated by a saturated controller v;.

6 Conclusion

In this paper, we have considered the prescribed performance adaptive consensus tracking problem for
nonlinear MASs in the presence of unmeasurable states, input saturation and time-delay. Combined
with an auxiliary variable to compensate for the input saturation, DSC technique has been employed to
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develop the adaptive consensus tacking controller. The NNs and nonlinear observer have been introduced
to approximate the unknown nonlinearities and estimate the unmeasurable states, respectively. Under
the assumption that delay function is bounded, time-delay has been compensated with an appropriate
Lyapunov-Krasovskii functional. The proposed control scheme is able to guarantee each follower synchro-
nises with the command leader in prescribed performance. The effectiveness of the proposed results has
been illustrated by the simulation example. There remain several issues to be investigated, for example,
how to apply the methods to MASs with interactive multi-model [46] and complex input nonlinearities.
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