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Dear editor,
In the zinc hydrometallurgy process, iron removal
using goethite is an important step [1]. The
goethite process involves several reactors that are
arranged from high to low. A zinc sulfate solu-
tion, which is rich in ferrous ions, overflows from
the first reactor and flows into the next one. Oxy-
gen and zinc oxide are added to each reactor, re-
spectively, to remove ferrous ions into goethite.
The ferrous ion concentration at the goethite pro-
cess outlet should be controlled within the desired
range. This process aims to remove ferrous and
iron ions from the zinc sulfate solution to ensure a
high-quality zinc ingot product.

The goethite process comprises three coupled
reactions of oxidation, hydrolysis, and neutraliza-
tion. The ferrous ions are oxidized to ferric ions by
oxygen, and the ferric ions are hydrolyzed to form
the goethite precipitate in a zinc sulfate solution.
To maintain the pH during this process, zinc oxide
is added to neutralize the hydrogen ions. The reac-
tion conditions must be strictly controlled. If fer-
rous ions are oxidized and precipitated too quickly
or too slowly, both the iron removal rate and the
goethite precipitate quality will be poor. There-
fore, establishing a model for the goethite process
is important. A mechanism model based on the
mass balance and reaction kinetics in a continuous
stirred-tank reactor has been established for the
goethite process [2]. However, this model does not

consider the dynamics of dissolved oxygen, which
influences the accuracy of the model. The mass
transfer process of dissolved oxygen is complex,
which makes its dynamics difficult to characterize.
In addition to mechanism modeling, data-based
modeling can also be used for the goethite pro-
cess. Data-based modeling does not require knowl-
edge of the mechanism of the goethite process and
is applicable to a broad class of industrial pro-
cesses that are difficult to model. However, it re-
lies heavily on the quantity and quality of samples,
which are difficult to determine in the goethite pro-
cess. Herein, to achieve the expected model per-
formance, a hybrid model that combines a mecha-
nism model with a data-based model is proposed.
Additionally, the model parameters are identified
using the state transition algorithm (STA) [3].

Furthermore, to save computation time and en-
sure the prediction accuracy, a selectively on-line
updating strategy is used to determine whether the
parameters should be updated when a new sample
is available. Herein, the hybrid model with a selec-
tively updating strategy is verified by simulation
using actual industrial data.

Hybrid model. We consider a goethite process,
as shown in Figure S1(a). The goethite process in-
volves five reactors. The main reactants of the pro-
cess include Fe2+,Fe3+,H+, and dissolved oxygen.
On the basis of the mass conservation and reac-
tion kinetics, the mechanism model of the process
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is established as follows:
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where F is the flow rate, V is the reactor vol-
ume, k1, k2, and k3 are the reaction rate constants,
and α, β, and γ are the reaction orders. Param-
eters cFe2+,in, cFe3+,in, and cH+,in are the reactor

inlet concentrations of Fe2+, Fe3+, and H+, respec-
tively. Parameters cFe2+ , cFe3+ , and cH+ represent
the outlet concentrations of Fe2+, Fe3+, and H+,
respectively. ParametermZnO represents the mass
of zinc oxide, and cO2

is the dissolved oxygen con-
centration. Parameter cO2

is an important vari-
able that affects the oxidation rate of the ferrous
ions. We selected the dissolved oxygen concen-
tration as a new state variable. According to the
gas-liquid mass transfer principle, we established
the fourth state equation
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where uO2
is the oxygen flow rate, ρO2

is the oxy-
gen density, MO2

is the molar mass of oxygen, and
Kla is the mass transfer coefficient of oxygen. The
coefficient Kla is the output of an unmodeled dy-
namic to be modeled by the data-based method.

Herein, a hybrid model is established for the
goethite process. This hybrid model comprises
a mechanism model, data-based model for Kla,
parameter identification module, and model up-
dating strategy, as shown in Figure S1(b). The
mechanism model is characterized by (1) and
(2). The data-based model of Kla is established
by a method that combines the double locally
weighted kernel principal component analysis (DL-
WKPCA) [4] with the least-squares support vec-
tor regression (LSSVR) [5]. We name this method
DLWKPCA-LSSVR. The STA [3] is used to opti-
mize the hybrid model parameters, and the meth-
ods of just-in-time learning (JITL) [6] and approx-
imately linear dependence (ALD) [7] are used to
update the parameters in the data-based model.

Methodology. We first describe our construction
of a model for the unmodeled dynamics. Accord-
ing to the mass transfer theory of oxygen in an

electrolyte solution, the coefficient Kla is mainly
affected by the goethite precipitate, the concen-
tration of metal ions, and the solution flow rate.
The relation between Kla and related variables can
then be expressed as

Kla = f(cFe2+ , cFe3+ , cCu2+ , cZn2+ ,

F, nFeOOH,mZnO), (3)

where f is the function to be determined, and
cCu2+ and cZn2+ are the Cu2+ and Zn2+ concentra-
tions, respectively. nFeOOH represents the mass of
the goethite precipitate. The DLWKPCA-LSSVR
method is used to establish the model of Kla as

Kla =

N
∑

i=1

θiK
(

GPw,K
i , g

)

+ bN , (4)

where N is the number of local modeling samples,
K is a kernel function, and GPw,K

i and g are the
projection of the local modeling samples and the
query sample, respectively, which are extracted by
DLWKPCA. Parameters θi and bN can be trained
by LSSVR. The hybrid model of the goethite pro-
cess combining (1), (2), and (4) is thus obtained.
Other parameters that need to be identified in-
clude k1, k2, k3, α, β, and γ in the mechanism
model and distance parameter σ for DLWKPCA,
kernel width parameters δ1 and δ2, and the penalty
factor c in LSSVR. The vector of the parameter is
defined as ξ = [k1, k2, k3, α, β, γ, σ, δ1, δ2, c]. The
hybrid model output is defined as ŷ = cFe2+ . Obvi-
ously, the issue of parameter identification can be
considered as an optimization problem minJ(ξ) =

(
∑Ntrain

i=1 (yi − ŷi)
2)/Ntrain, where yi is the actual

sample value of the Fe2+ concentration and Ntrain

is the number of training samples.
After the parameter identification, the hybrid

model requires selection of the number of model-
ing samples and construction of a local regression
model when a query sample is available. To ac-
commodate the tradeoff between modeling accu-
racy and efficiency, we propose an update method
based on the ALD [7]. The model updating strat-
egy uses the ALD condition to determine when to
update the model for a new sample. The specific
update conditions are
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where ζq is the ALD index, xq represents a new
sample, {xi}

N
i=1 is the set of local modeling sam-

ples, ai is a coefficient, and ‖
∑N

i=1 aixi − xq‖
2 is

obtained by optimization.
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Simulations and results. We here consider the
first reactor as an example. To evaluate the
prediction performance of the proposed model-
ing method, the root-mean-squared error (RMSE),
mean absolute error (MAE), and mean relative er-
ror (MRE) are used as performance indices. The
number of local modeling samples N and princi-
pal components d are first determined by cross-
validation. Resultantly, N and d are selected as
10 and 3, respectively. Then, the hybrid model
parameters are optimized by the STA algorithm.

In the simulations, 50 samples were tested.
For performance comparison, a single mecha-
nism model (Kla was acquired by STA) and a
mechanism-LWKPCR model (Kla was predicted
by LWKPCR [8]) were used to predict the output.
From the simulation results, the RMSE, MAE, and
MRE of the proposed hybrid model were 0.2315,
0.1745, and 0.0219, respectively. In comparison
with the single mechanism model, these indices
were 0.4747, 0.3829, and 0.0458, respectively, for
the single mechanism model. The results of the
mechanism-LWKPCR model were 0.3816, 0.3259,
and 0.0406, respectively. These results demon-
strate the effectiveness of the proposed hybrid
modeling method.

In addition, the effect of the ALD threshold on
modeling accuracy and real-time performance was
also studied. Simulations were conducted for dif-
ferent values of the ALD threshold in the range
from 0.1 to 0.2. The results show that larger
ALD thresholds tended to result in a larger pre-
dicted RMSE and that the running time decreased
with decreasing ALD threshold. To achieve a bet-
ter tradeoff between the predictive performance
and the modeling efficiency, an appropriate ALD
threshold was selected using trial-and-error in the
simulations. In fact, when the ALD threshold
was increased from 0.17 to 0.185, the predicted
RMSE did not change significantly but the calcu-
lation time was substantially reduced. When the
ALD threshold increased from 0.185 to 0.2, the
predicted performance decreased, whereas the run-
ning time was not substantially reduced. There-
fore, the appropriate value for the ALD threshold
was determined as 0.185, which can effectively re-
duce the modeling time and ensure adequate pre-
dictive accuracy.

Conclusion. This study proposes a hybrid mod-
eling method with a mechanism modeling and a
DLWKPCA-LSSVR modeling method based on
ALD-JITL for the goethite process. In this mod-
eling method, a mechanism model of the goethite
process is established by mass conservation and

reaction kinetics. Because the mass transfer co-
efficient of the oxygen in the mechanism model
is affected by various factors, accurately obtain-
ing this parameter through mechanism analysis is
difficult. The coefficient was modeled by the pro-
posed DLWKPCA-LSSVR on the basis of the pro-
cess data. By combining the mechanism model
and the DLWKPCA-LSSVR model, we obtained a
hybrid model of the goethite process. In addition,
an update strategy for hybrid modeling was devel-
oped using an ALD index. The prediction time
was effectively reduced and the prediction accu-
racy was maintained by setting a reasonable ALD
threshold. The effectiveness of this hybrid model-
ing method was verified against industrial data.
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