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Abstract In this paper, one of the stability definitions of Markov jump Boolean networks (MJBNs), called
mean square stability (MSS), is investigated. Some necessary and sufficient conditions are presented to
guarantee the MSS of such MJBNs. Moreover, one of the necessary and sufficient conditions for MSS is
obtained in terms of linear programming, which implies that MSS is equivalent to global stability with
probability 1 for MJBNs. Furthermore, the construction of Lyapunov function is given and also another
theorem based on the Lyapunov function is derived to ensure the MSS of MJBNs. Finally, a numerical

example is provided to illustrate the profits of our results.
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1 Introduction

Boolean network (BN), introduced first in 1969 [1], is a typical formalism to model and describe biological
regulatory networks dynamics. The three elements that comprise BNs are nodes, connected lines, and
update rules. The dynamics of BNs can be used to express the genetic variables in a much simpler
and effective manner. Here, 1 represents expression and 0 represents no expression. For every node in
the network, its state variable follows the logical relationship between the nodes that were connected
in the network, and the nonlinear update relationship is also given in terms of a Boolean function. A
new mathematical method called semi-tensor product (STP) of matrices was proposed in [2] to give an
algebraic structure for BNs. It was an effective and novel tool to analyze and synthesize this model,
and many studies have investigated its dynamic properties. A multitude of modern control theories
have been applied to BNs [3,4] and PBNs (probabilistic Boolean networks), such as controllability [5, 6],
reachability [7], observability [8,9], stabilization [10], and other applications, including shifting register
[11]. Besides, many modern control designs have been applied to achieve the dynamic goals, such as
state feedback control [12,13], sampled-date state feedback control [14], pinning control [15], and event-
triggered control [16].

Subject to external disturbance at each discrete time, some genes in the gene regulatory networks would
update their state variables by different update rules from the possible update rule set. Consider the
example of bacteriophage. Lysis and lysogeny are two different behaviors of this example, where which
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one is active is uncertain. Moreover, asynchronous BNs describe a phenomenon in that among a group
of BNs, and only one BN is active at each time [17]. These are both switching phenomena in BNs. When
the switched signal randomly switches among a set, it generates a new model called PBN, by following
a probability distribution. PBN was first proposed by Shmulevich [18,19] to describe the stochasticity
and uncertainties in gene regulation networks. Many studies show that PBNs can model rule-based
properties better than determined BNs for gene regulatory networks. Therefore, with the development of
STP method, it is back in the spotlight. Nowadays, some interesting studies on PBNs have performed,
such as stability analysis [20], controllability [21], stabilization, and set stabilization [22,23]. Besides, some
studies investigate a BN with external disturbances, which follows a conditional probability distribution
according to the state value [24-26]. Totally speaking, Markov jump Boolean networks (MJBNs) is a
kind of switched BNs following a jump rule. Recently, many studies focus on Markov chains; thus, it is
being applied to many fields, especially to model gene networks [27,28]. For example, Ref. [20] shows
that in complex multicellular organisms systems, the update rules are different at each step even for the
same gene. Moreover, in a normal gene regulatory network, the update directions among states have
been observed to be random.

We observe that Ref. [20] shows the definition of global stability for BNs in stochastic sense. Mean
square stability (MSS) is a key concept for Markov jump linear systems [29]. Therefore, it is pointed that
for a normal Markov jump linear system, MSS implies stability with probability 1, not vice versa. In a
BN with stochastic switched signals, global stability is equivalent to stability with probability 1. To the
best of our knowledge, there are few studies considering MSS for BNs considered in this paper, not to
mention the relationship between the stability with probability 1 and MSS. STP of matrices is the main
method in this paper, based on which MSS of MJBNs is mainly investigated. The contributions of this
paper are listed as follows:

e Some necessary and sufficient conditions are obtained for MSS of MJBNSs.

e Lyapunov function is an important tool in stability analysis for BNs [30]. A kind of linear Lyapunov

function has been applied to obtain a necessary and sufficient condition in terms of linear programming
for MSS.

e Based on a one-to-one mapping from MSS to global stability with probability 1 [20], MSS for MJBNs
has been proved to be equivalent to global stability with probability 1.

The organization of the paper is listed as follows. Section 2 prestents some necessary preliminaries of
some notations and some propositions of STP. Section 3 presents the major results of this paper, including
the definitions of stability, propositions, lemmas and theorems. Section 4 gives a numerical example to
illustrate the effectiveness of our results. Finally, Section 5 is a brief conclusion.

2 Preliminaries
2.1 Notations

Let the delta set Ag = {6']i = 1,2,...,s}, where &% is the i-th column of identity matrix Iy with
degree s. An m x n logical matrix M is a matrix whose columns are elements of A,,. Let Col;(M)
be the i-th column of matrix M. The set of all m x n logical matrices is denoted by L,,x,. Assume
A = [6i,8i2 ... §in] € Lyxn; then, we simplify it by A = 6,,[i1,12,...,4,]. Define a field F = {1,0};
then a Boolean matrix B is an m x n matrix with all entries in F. The set of such Boolean matrices is
denoted by B, xn. Identify each element in F by vectors as 1 (True) ~ 63 and 0 (False) ~ 03, respectively;
then F ~ As. Set R represents the set of real number and R™ denotes the n-dimensional real vector
space. Ry, xp is a set that contains all m x n-dimensional real matrices. For a stochastic variable x, E{x}
represents the expectation of . A matrix M > 0 means that all entries of M, (M),;; > 0 hold. If there is

another matrix B such that A > B, it implies A — B > 0. For an n dimensional nonnegative real vector

p= (o mn) s VE = (VE e VE)T
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2.2 STP of matrices

Definition 1 ([2]). For two given matrices P € R, x,, and @ € R, 4, the semi-tensor product of them
is defined as

PxQ= (P ® Ia/n)(Q & Ia/r)a

where o = lem(n, ), lem(, ) is the least common multiple operator, and ® is the tensor (or Kronecker)
product.

Lemma 1 ([2]). Any logical function f(x1,x2,...,2,) with logical arguments x1, xo, ..., z, € Ag can
be expressed in a multi-linear form as

fx1, o xn) = Mpzy X To X -0 X Ty,

where the unique structure matrix of f My € Layxan.

3 Main results

3.1 Mean square stability

In this subsection, we consider a Markov jump Boolean network (MJBN) with n nodes z1, z2, ..., 2, and
N update rules. x;(t) € Ag is the state value of node x; at time ¢t. Let z(t) = x?_,x;(¢), and let the
algebraic form of the BN be

x(t + 1) = Lg(t)w(t), (1)
where z(t) € Agn. 0(t) represents the discrete time homogeneous Markov chain, which takes its values in
a finite set N = {1,..., N} with an initial distribution p = [p; ---px]T. Thus, the transition probability
matrix P = (pi;)nxn 1S

ps = P{0(0) = s}, (2)

pij = P{O(t + 1) = jl0(t) = i}, (3)

where Zivzl ps = 1 and Z;VZI pij = 1.
Definition 2. MJBN (1) is said to be globally stable at z, € Agn with probability 1, if for any initial
state value and switched signal distribution lim;_,  E{z(¢)|z(0),0(0)} = ..
Definition 3. MJBN (1) is said to be MSS at X, € Ag2x, if for any initial state value and switched
signal distribution lim;_,~ E{z(t) x z(t)|2(0),0(0)} = X..

Without loss of generality, we assume z. to be 53 and X, = 53; . Now, we consider a new system
induced by (1). Let X (¢) = 2(t + 1) x (t + 1), and then we have

X(t+1) = Loy @ Loy X (1), (4)

where X (t) € S = {655, V¥ ™k =1,2,...,2"} and L; @ L; € Lyzn 920 for all i € N.
Let Z;(t) = X (t)1g(t)=;, where

1 L 15 H(t):j7
"OZ T 0, 0 e N\ {5}

Then E{X(t)} = 321, Z;(t). For j € N, we have

Zi(t+1) = E{X({t+ 1)1guq1)=;}
N
=Y B{X(t + Dpgern—jlow=i}

i=1
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N
= Zpij[/i ® L;Z;(t).
i=1
Let Z;(t) = (W;()" m;(t))T, where W;(t) € R2" -1 and mj(t) € R for all j € N. Then we have the
following result.

Proposition 1. MJBN (1) is MSS at X, = (53; if and only if for any initial state value and any initial
distribution of (t), the following equation holds:

t—o0

Proof.  (Sufficiency) Assume for any initial state value and any initial distribution of §(¢), Eq. (5) holds.
It implies lim;_, oo Z;VZI 7j(t) = 1. Because lim;_, o E{X (¢)} = lim;_, Zjvzl Z;(t), it can be concluded
that lim; .0 E{X(£)} = 6%...

(Necessity) If system (1) is MSS at X, = 5%;, we have limy_,. E{X(t)} = 63;, which implies
limy o0 Zjvzl W;(t) = 020 _1. Because W;(t) > 0, Eq. (5) holds.

We recall a result from [29] that if the Markov chain {6(¢),t = 0,1, ...} is an ergodic Markov chain,
then it implies that for any initial distribution of {p;,i € N}, there exists a limit probability distribution

{mi;m > 0,7 € N} such that

n N
E PijTi = Tj, E m =1
i=1 i=1

Then, we have the following proposition.

Proposition 2. MJBN (1) is MSS at X, = 532” if and only if for any initial state value and any initial
distribution of #(k), the following equation holds:

lim ’/Tj(t):ﬂj, V]GN (6)

t—o0
Let Z(t) = (Z1(t)Y --- Zn(t)T)T and define a matrix B = (P’ ® I,2» )diag[L; ® L;]. Then, we obtain
Z(t+1)=BZ(t). (7)

The following theorem then is obvious.

Theorem 1. MJBN (1) is MSS at X, = 55; if and only if for any initial state value and any initial
distribution of 6(0), the following equation holds:

Hm Z(t) = (071 075 0---7y5) 7. 8)

t—o00

Remark 1. The above theorem shows that, the fixed point of (7) is related to the limit probability
distribution for the ergodic Markov process [29]. Thus, it is easy to verify the MSS of the considered
system via checking the fixed point if the limit probability distribution is known.

Lemma 2. If MJBN (1) is MSS at X, = 5%2:, then 62, is a fixed point of all subsystems, that is
Li6%, = 62, (9)
22n

Proof. BN (1) is MSS at X. = 03.,, then the limit of Z(¢) exists. Hence, take limit of both sides in
(7), and then we have

N
2n on
’/'Tj(S%zn = Zp” (Lz X Li)’]riggzn
1=1

22n

N
= Z miDi;j (Li @ L;)d052n
i=1
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2271.

= m;(Li @ L;)d5n
= mj(Li03n) x (Lid3n),
which implies L;03, = 63..
Theorem 2. System (1) is MSS at X, = (53; if and only if there exist nonnegative vectors \; € R?",i €
N such that the following conditions hold:

(A x A)ToZ =0, (10a)
(N x A)To% D2 S 0, (10b)
N
T 2271.
> pii(A x \) " (Li ® Li)65en =0, (10c)
j=1
N n
3 0y x A (L@ L) — (A x A)T | 68 <0, (10d)
j=1

fori=1,...,Nandt=1,2,...,2" — 1.
Proof.  (Sufficiency) We first claim that all subsystems have a common fixed point 5§W under conditions
(10a)—(10d). Assume that there exists ig € N, such that L;,03, = 65., where ¢ # 2". From (10b), we
know that for all j € N,

(N % M) T (Liy030) % (Liy03) > 0.

On the other hand, Z;VZI Dioj = 1,Pio; = 0 and there exists at least one 37, such that Pig7 > 0. Thus

2271,

N
0= Pioj (A x \))"(Lig ® Lig) 6320
=1
]N
= Zpioj(A]' X )‘j)T(Lioagn) X (Lio(sg")
J=1

Pioj(Ag ¢ Ag)Tole V2

=1

j=1

<
Il

> 1,505 M) "o VT > 0,

which contradicts (10c). Therefore 63, is a common fixed point of all subsystems in (1). Then we have

T
o; 1

L®L _ lLﬁl 022n_1‘|

which implies that W;(t + 1) = Zivzl pij L Wi(t). Let
W(e)' = (Wi(t)" Wa(t)" - Wy,
and
Q = P' @ Ip2n_ diag{L}, --- LY }.

Then we have
W(t+1) = QW(t). (11)

Let \; = [5\? 0]T, where positive vector i € R2"~1: then

)\i X )\z = [(5\1 X S\Z)T (5\1 X O)T (0 X )\Z)T O]T

Define

Xi=[a x AT (A x 0)T (0 X)T7.



Wang L Q, et al. Sci China Inf Sci  January 2020 Vol. 63 112205:6

According to (10d), it can be obtained that for all i € N, and t = 1,2,...,2" — 1,
pr (WFLiy 0) = (W 0) | 85, <0,

Let A= (AT .. X%) > 0; then for positive system (11), we have

M(@Q-1)<0

22n

which implies W (k) convergences to Oz2n_1. As a result, system (4) is MSS at 055, .
(Necessity) Because square stability implies stochastic stability of (1) and if system (1) is stochastic
stable, 03, is a fixed point of L;,i € N. Then, we assume

i

Zi Ogn_l
I

Zl(t) = E{x(t)lg(t):i} £ (wi(t)T ,ui(t))T,wi(t) S R2"~!, Then

N
Zi(t+1) =Y E{a(t+ Dlgwn=ilow=i}
’LEI

=1
N
g sz Zz

and

i(t+1) Zp”L w (¢

Let w(t) = (w1 ()T we ()™ -+ wy ()™)Y, and M = PT ® Iyn_idiag{L; - - - Ly }; then
w(t + 1) = Muw(t).

Because M is positive and w(k) convergences to O2n_1, thus there exist positive vectors, \; € R2"~1 such
that

AT(M — Inan_1)) <0,

which implies Z s pjiniLj — X < 0. Let A\; = (A\F 0)T, and as a result of this, for t =1,...,2" — 1, we

have
N J— p—
<Zpﬂ>\1Lj — >‘j> 55'” < 0. (12)
i=1
Letting \; = (\/)\_ZT 0)T, then we claim that fori =1,..., N,
N ~ ~ ~ —~ n
(Zpﬁui x M) (L; @ Ly) — Aj x Aj> ) (13)

Without loss of generality, we prove it by case j = 1 and L1864, = 63.. According to (12), we have

N —_ f—
> pridids. — Aidh. <0,

i=1
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and

N
(ZPU(L X Xi)T(L1 ® L) — YR XI) 5;;1)2n+t
i=1

pu(Xi X Xz)T(Lléén) X (Llééw) — (Xléén) X (/)-\\I(Sén)

I
WE

1

-
Il

pli(X'L X Xi)T(Séz;l)Qnﬂ — (Xléén) X (5\:6;)

I
M=

1

.
Il

puxzﬁgn — X155n < 0.

Il
.MZ

s
Il
—

Hence, Eq. (13) holds, which is equal to (10d).

(N X A)T6% = (M62)2 = 0 implies Eq. (10a) holds. As A; > 0, (A; x X;) 765 VT = (X;64.)2 > 0.
Eq. (10c) also holds because 62, is a fixed point of L;. Thus, A; satisfies (10a)-(10d).
Remark 2. When N = {1}, system (1) considered becomes a BN without switching and thus the results
degenerate the case of MSS of deterministic BNs. Because the MSS can be regarded as the synchronization
of two same systems with the initial state value, according to the necessity part of the proof to Theorem
2, we claim that in an MJBN, MSS is equivalent to global stability with probability 1. Observe that MSS
is equivalent to the existence of \; in Theorem 2 and global stability with probability 1 is also equivalent
to the existence of A, in [20]. Also, there is a one-to-one mapping of Lyapunov parameters from A; and
AL, Thus we have the following result.

Theorem 3. For MJBN (1) considered in this paper, global stability with probability 1 implies MSS.
3.2 Lyapunov function

Definition 4. For an MJBN (1), a stochastic function V' defined on & x N — R is called a Lyapunow
function for MSS, if

(a) V(X,0) >0,vX € S\ {X.},V0 € N and V(X,,0) =0,V0 € N, and

(b) Along with the Markov process and the expectation of the trajectories to (4), A(X(¢),0(t)) =
E{V(X(t+ 1),0(t + 1))|X(¢),00t)} — V(X(t),0(t) < 0,VX(t) # X, VX(t) € N, and A(X,,0(¢t)) =
0,v0(t) € N.

Observe that if the considered system (4) has a Lyapunov function as defined in Definition 4, then
system (1) is MSS. Based on this idea, our next aim is to find a way of constructing a Lyapunov function
for system (4). Consider the following function assuming 6(¢) = ¢ and

V(X(t),1) = (\ x M) T X (1), (14)

where \; € R?" is a positive vector.

We claim that if A;,7 € N satisfies conditions (10a)-(10d), then we would prove V(X (t),0(t)) is a
Lyapunov function. According to (10a)-(10b), we claim that condition (a) of Definition 4 is satisfied.
Without loss of generality, we assume that 6(¢) = ¢; then based on the Markov jump transition matrix,
we know that E(6(t + 1) = j) = p;;. Hence, along with the trajectories of switched BN (1), one has

AV(X(0)1) = B{(hagr1) % Moger) TX (4 DIX(0,6(8) = i} — (A x A)TX (D)
N
= | 0 x AT (L @ L) — (\i x M)T | X(@).

j=1
Condition (b) of Definition 4 is satisfied by (10a), (10b) and (10d). Therefore, Eq. (14) can be regarded
as one of the Lyaponov functions for the MSS of system (1). Moreover, because Theorem 2 presents a
necessary and sufficient condition, the MSS of (1) is equivalent to the existence of the Lyapunov function
for (4) in the form of (14). Consequently, we have the following theorem.
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Theorem 4. System (1) is MSS at X, = 5%;” if and only if it has a Lyapunov function defined in
Definition 4.

The proof of Theorem 2 also presents an approach to finding the Lyapunov function for (4) in the form
of (14). In Section 4, we use an example to show how to find it.
Remark 3. Observe that Markov jump Boolean network is a kind of positive system and linear co-
positive Lyapunov function approach plays an important role in tackling positive systems because it
captures the very nature of positive systems, namely, that their states are always nonnegative [31]. The
Lyapunov function considered in this paper is so called linear co-positive Lyapunov function. Besides,
other type Lyapunov functions can be used, such as V(X (t),i) = z()T\A\Tz(t),2(t) x 2(t) = X ()
for 0(t) = i and AV(X(t),7) = E{z(t + 1)T(Nos1)Agpp1))x(t + 1)|X (@), 0(t) = i} — 2(t) "N\ a(t) =
()" (2500 iy LEXT A Li = AT AD(0).

4 Example

Consider a BN motivated from [32] as follows:
zit+1) = 11O @), 22(0) 23(1). i=1,2,3 (15)

where x1(t), x2(t), z5(t) represent the concentration level of the inhibitor of apoptosis proteins, active
caspase 3, and cative caspase 8, respectively. And 6(t) € N = {1,2} follows P = [1;2 fj;] The
subnetworks are f! = (z1, -1 A x3,72) and f2 = (=21 A 22,71 A T2, 21 A 22). Using STP method, the
corresponding transition matrices are L1 = 0g[33 4457 6 8] and Lo = dg[5 5 8 8 4 4 8 8], respectively.
The states’ update rule of (15) switches between f! and f2 stochastically according to the Markov chain

O(t). Then it can be calculated that

.
M=pPorL| ' _ |.
Lo

Also,
[~10 0 0 000000000 0]
0-10 0 0 0O0O0O0O0O0O0O0O0
£ -10 0 00 0O0O0O0O0O0O
00 +-20 000000+ 20
000 o0-20042 32100000
0000 0-1% 0000000
00000 +-10000000

M-I, =

0000 0O0O0-1000000
0000 0O0O0O0-100000
2200 00000-100 00
00 2 2 000000-14%10
0000 2 00 35 3 00-100
00000020000 0-10
000002000000 0-1

There exists

A1 = (20.6667 21.6667 21.0000 22.0000 28.7500 24.0625 28.1875)",
A2 = (39.1250 38.1250 11.0000 11.0000 27.5000 27.5000 11.0000)T,
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2.5

2.0

0.5

0 50 100 150 200 250 300
t

Figure 1 (Color online) A random sequence of the Markov jump switching signals based on the transition matrix.

70 T T T T T T T

60 1
50 1
40 4
30 1
20 1
10 ] J
O0 5 10 15 20 25 30 35 40
t

Figure 2 (Color online) X (t) := 6%, is the state trajectory under the Markov jump switching signals in Figure 1 with
initial state 6%2.

such that (AT AT)T(M — Io) < 0. Let A; = (A 0)T,i = 1,2, and X; = v/X;; precisely,

A = (4.5461 4.6548 4.5826 4.6904 5.3619 4.9054 5.3092)T,
Xg = (6.2550 6.1745 3.3166 3.3166 5.2440 5.2440 3.3166).

Then V(X (t),1) = (A x \)TX(t),i = 1,2 are the Lyapunov functions that we need. On the other
hand, we show the MSS using a simulation case. Under the stochastic Markov jump with Figure 1, the
trajectory of initial state 537 converges to 85§ in finite steps as shown in Figure 2.

5 Conclusion

To the best of our knowledge, the definition of mean square stability of Markov jump Boolean networks,
was first given in this paper. Then, some necessary and sufficient conditions were presented to guarantee
the MSS based on the propositions of switched signals and the STP method. Furthermore, one of the
most important necessary and sufficient conditions for MSS was obtained in terms of linear programming,
based on which, we claimed that MSS was equivalent to global stability with probability 1 in MJBNs. It
was quite different from normal Markov jump linear systems. Moreover, the construction of Lyapunov
function was given and Lyapunov theorem was derived. Finally, a numerical example to illustrate the
effectiveness of the results was provided.
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