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Abstract Microgrids are increasingly participating directly in the electricity market as sellers in order to

fulfill the power demand in specific regions. In this study, we consider a demand response management

model for multi-microgrids and multi-users, with overlapping sales areas. We construct a Stackelberg game

model of microgrids and users, and then analyze the equilibrium strategies systematically. As such, we prove

that there is a unique Stackelberg equilibrium solution for the game. In equilibrium, the electricity price

strategies of the microgrids and the demand strategies of the users achieve a balance. Furthermore, we

propose a numerical algorithm, supported by a simulation, to compute the equilibrium solution and give the

proof of convergence.
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1 Introduction

A microgrid is an independent power system comprising distributed generation units, loads, energy

storages, and control devices. In order to fulfill the power demand in specific regions, especially in

suburbs, where traditional power systems lead to high power-supply costs, microgrid systems participate

directly in the electricity market as sellers. The increasing number of microgrids requires that we study

how to formulate optimal price strategies to attract users and develop a scientific method of choosing the

microgrids from which users can purchase electricity [1].

Demand response means that users can temporarily change their consumption behavior in a power

market based on dynamic changes in price signals or incentive policies. Demand response management,

a key feature of microgrid systems, reduces the purchase costs for users and the power supply costs

for microgrids by balancing the power supply and demand [2]. Game theory has recently become a

powerful tool for studying the optimal strategies of multiple decision-makers in the demand response

management of microgrids and electricity users [3]. Related studies are divided into two main categories:

power planning for electricity users and price strategy management for utility companies. In the former

category, Yu and Hong [4] studied the internal load management by users using real-time electricity
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prices. They constructed a virtual power-trading process between users’ devices to achieve optimal load

control. Ma et al. [5] proposed a model for energy sharing and the demand response of users in a

photovoltaic area. Soliman and Leon-Garcia [6] investigated the demand response of a utility company

and users equipped with energy storage devices. They constructed a noncooperative game model for

users’ allocation mechanism based on a proportional sharing mechanism for the energy-generation costs.

Mohsenian-Rad et al. [7] introduced an autonomous and distributed demand-side energy management

system that reduces the total energy costs and daily electricity charges of each user. Park et al. [8]

designed a contribution-based energy-trading mechanism in a competitive market. The economic benefits

of such a trading mechanism are studied by analyzing the decision-making procedures of consumers and

a distributor. By constructing a noncooperative energy competition game between consumers, each

consumer can maximize his utility. Regarding the price strategy management of utility companies, Wei

et al. [9] recommended a retailer decision model for the demand response of electricity users with uncertain

power prices. Mei and Wei [10] summarized four typical game problems in the smart grid environment,

proposing a Nash-Stackelberg-Nash game model. Yu and Hong [11] described a Stackelberg game based

on a novel demand response model comprising one utility company and multiple users, under supply and

demand equilibrium. Lee et al. [12] proposed a fully distributed mechanism for energy trading among

microgrids. Using rigorous analyses based on game theory, these studies imply that the energy distribution

based on a well-defined utility function converges to a unique equilibrium solution that maximizes the

payoffs of microgrids.

Most of these studies are based on a Stackelberg game model with a single leader and multiple follow-

ers, which includes the case of a single utility company with multiple users. By contrast, Refs. [13, 14]

considered the demand response management of multiple utility companies with multiple users, where the

utility companies share the same sales area. However, in real power markets, multiple utility companies

would compete for different sales areas. Thus, we study the demand response management of multiple

microgrids with different and overlapping sales areas. We construct a Stackelberg game model of micro-

grids and users, with a noncooperative static game between microgrids with partially overlapping sales

areas, and a noncooperative Stackelberg game between microgrids and users. We prove the existence and

uniqueness of the Stackelberg game equilibrium strategy using backward induction and the standardized

judgment of the associated optimal price functions of the microgrids. Furthermore, we propose a nu-

merical algorithm to compute the equilibrium solution and prove the convergence. Our contributions to

the literature are as follows. First, most studies on demand response management assume that multiple

microgrids share the same power sales area. However, many kinds of power markets have multiple mi-

crogrids that compete for sales areas. Thus, we consider the demand response management problem of

multiple microgrids competing for multiple user groups, with overlapping sales areas. Note that there are

intrinsic difficulties caused by such sales areas. For example, when multiple microgrids have overlapping

sales areas, the users in the areas have varying preferences for multiple microgrids. Existing models

cannot calculate different satisfaction functions for users. Furthermore, the demand strategy of a user in

this case is affected by the electricity price strategies of all microgrids. In addition, the optimal demand

strategy of the user must be calculated using the electricity price strategies of all microgrids, which is

much more complicated. Specifically, we consider the preference function in the users’ model, and the

generation-cost function with the demand strategy of users in the microgrids model. We construct a

Stackelberg game model between multiple microgrids and multiple user groups, and solve the problem

of overlapping sales areas using backward induction. Second, we prove the existence and uniqueness of

the Stackelberg equilibrium strategy, propose a numerical algorithm to obtain the equilibrium solution,

and use a simulation to demonstrate that the algorithm converges to the equilibrium strategy of the

noncooperative game between microgrids. Thus, we obtain the optimal solution for both the microgrids

and the users.

Partial results of this study have been presented at the 7th IFAC Workshop on Distributed Estimation

and Control in Networked Systems [15]. The remainder of this paper is organized as follows. The models

of microgrids and users and the formulation of the problems are introduced in Section 2. In Section 3,

we define the equilibrium solution for multiple microgrids and multiple users in the Stackelberg game,
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Figure 1 A distributed system model with overlapping sales areas.

prove the existence and uniqueness of the equilibrium solution, and provide a numerical algorithm for

this problem. The numerical simulation and its results are discussed in Section 4. Section 5 concludes

the paper.

2 System model

We consider a distributed system of multiple microgrids with different and overlapping sales areas, com-

posed of N microgrids and L users (see Figure 1). Then, we construct a Stackelberg game model with

multiple leaders and multiple followers to describe the information exchange between the microgrids and

users [16]. Because the Stackelberg model uses a binary division of leaders and followers, it character-

izes the supply and demand relationship between the microgrids and users more precisely. Moreover,

compared with contract theory [17], matching theory [18], and auction theory [19], Stackelberg game

theory provides a better description of the behavior between the microgrids and users. As a leader, each

microgrid sets an electricity price to maximize its own profit function. As a follower, each user, equipped

with a smart meter device, chooses the demand strategy that maximizes his satisfaction function, sends

the power demand and consumption parameters to the microgrids, and receives feedback from a micro-

grid containing the electricity price information. The equilibrium prices and demand strategies can be

formulated by repeating such a procedure.

2.1 Microgrid model

Following [7], we denote the generation-cost function of microgrid j by

φj(B1,B2, . . . ,BL) = aj





∑

i∈Cj

Bj
i





2

+ bj
∑

i∈Cj

Bj
i + cj , j = 1, 2, . . . , N,

where Bi = {Bj
i , j ∈ Mi} is the demand strategy of user i, Bj

i > 0 is the demand of user i from microgrid

j, Mi is the set of microgrids that cover user i, Cj is the set of users in the sales area of microgrid j, and

aj > 0, bj > 0, and cj > 0 are the generation-cost constants of microgrid j.

Denote the profit function of microgrid j by

Fj(P1, P2, . . . , PN ,B1,B2, . . . ,BL) = Pj

∑

i∈Cj

Bj
i − φj(B1,B2, . . . ,BL), j = 1, 2, . . . , N, (1)

where Pj is the electricity price of microgrid j.
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The objective of microgrid j is to maximize its profit function by determining the electricity price Pj

from the strategy set Γj = {Pj : Pmin 6 Pj 6 Pmax}, based on the demand strategies of its users and

the electricity prices of the other microgrids. Here, Pmax and Pmin are the upper and lower bounds,

respectively, of the electricity price. In summary, the optimization problem of microgrid j is given by

max
Pj∈Γj

Fj(P1, P2, . . . , PN ,B1,B2, . . . ,BL). (2)

2.2 User model

Following [11], we use ψi(P1, P2, . . . , PN ,Bi) to represent the preference function of user i with demand

strategy Bi:

ψi(P1, P2, . . . , PN ,Bi) =
∑

j∈Mi

[

Ωj
i (P1, P2, . . . , PN )Bj

i −
θi
2
Bj

i

2
]

, i = 1, 2, . . . , L, (3)

where θi > 0 is the predetermined constant of user i, Ωj
i (P1, P2, . . . , PN ) = mi − Pj +

∑

l∈Mi\{j}
Pl,

and j ∈ Mi represents the preference of user i for microgrid j ∈ Mi, among which mi is the preference

constant of user i.

The satisfaction function of user i is defined by

fi(P1, P2, . . . , PN ,Bi) = ψi(P1, P2, . . . , PN ,Bi)− λi
∑

j∈Mi

PjB
j
i , i = 1, 2, . . . , L, (4)

where λi ∈ (0, 1] is a constant that measures the dissatisfaction per unit cost for user i.

The objective of user i is to maximize his satisfaction function by determining his demand strategy

from the strategy set Ωi = {Bi : B
j
i > 0, j ∈ Mi;

∑

j∈Mi
Bj

i = Di} based on Mi and the total demand

Di. The optimization problem of user i is given by

max
Bi∈Ωi

fi(P1, P2, . . . , PN ,Bi). (5)

3 Stackelberg game analysis

There exists a noncooperative static game between the microgrids, in which they jointly determine the

strategy {Pj , j = 1, 2, . . . , N} by maximizing their own profit functions. By contrast, there is a Stackelberg

game between the microgrids and the users. Specifically, after each user maximizes his own satisfaction

function, given {Pj , j = 1, 2, . . . , N}, we have the demand strategy Bi.

3.1 Stackelberg equilibrium

Definition 1 ([12]). Given the electricity price strategy {Pj , j = 1, 2, . . . , N}, the optimal response set

Ri(P1, P2, . . . , PN ) of user i is defined as

Ri(P1, P2, . . . , PN ) = {ζi ∈ Ωi : fi(P1, P2, . . . , PN , ζi) > fi(P1, P2, . . . , PN ,Bi), ∀ Bi ∈ Ωi}.

Definition 2 ([20]). Denote P ∗ = [P ∗
1 , P

∗
2 , . . . , P

∗
N ], P ∗

−j = [P ∗
1 , P

∗
2 , . . . , P

∗
j−1, P

∗
j+1, . . . , P

∗
N ], and B =

[B1,B2, . . . ,BL]. For optimization problems (2) and (5), {P ∗
j , j = 1, 2, . . . , N} is an equilibrium strategy

of the electricity price for the microgrids if

min
B1∈R1(P ∗),...,BL∈RL(P ∗)

Fj(P
∗,B)

= max
Pj∈Γj

min
B1∈R1(Pj ,P

∗

−j
),...,BL∈RL(Pj ,P

∗

−j
)
Fj(Pj ,P

∗
−j ,B), j = 1, 2, . . . , N.

Definition 3 ([20]). If {P ∗
j ∈ Γj , j = 1, 2, . . . , N} is an equilibrium strategy of the electricity price

for the microgrids, and any given B∗
i ∈ Ri (P

∗
1 , P

∗
2 , . . . , P

∗
N ) is an optimal response strategy for user i,

then the pair ({P ∗
1 , P

∗
2 , . . . , P

∗
N}, {B∗

1 , . . . ,B
∗
L}) is called a Stackelberg equilibrium strategy for the game

between the microgrids and the users.
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3.2 Existence and uniqueness of the Stackelberg equilibrium

We use backward induction [21] to analyze the equilibrium strategy for the Stackelberg game between

the microgrids and the users.

Theorem 1. Given the electricity price strategy {Pj ∈ Γj, j = 1, 2, . . . , N}, Ri(P1, P2, . . . , PN ) is a

singleton set. In addition, the optimal response strategy of user i is expressed as

Bj∗
i =

(

mi − (λi + 2)Pj +
∑

l∈Mi
Pl − µ∗

i

θi

)+

, j ∈ Mi, i = 1, 2, . . . , L, (6)

where µ∗
i is a constant satisfying

∑

j∈Mi

(

mi − (λi + 2)Pj +
∑

j∈Mi
Pj − µ∗

i

θi

)+

= Di, i = 1, 2, . . . , L. (7)

Proof. Given the electricity price strategy {Pj ∈ Γj, j = 1, 2, . . . , N}, the optimization function of user

i is given by (4). From (3), fi(P1, P2, . . . , PN ,Bi) is differentiable with respect to Bi, the Hessian matrix

of which (Hi(fi)) is an |Mi|-dimensional matrix, with the element in the j-th row and the k-th column

given by

∂2fi(P1, P2, . . . , PN ,Bi)

∂Bj
i ∂B

k
i

=

{

− θi, j = k,

0, j 6= k.

From the above, Hi(fi) is a negative definite matrix. Thus, fi(P1, P2, . . . , PN ,Bi) is a strict concave

function on Ωi. Noting that Ωi is a bounded, closed, and convex set, by Definition 1, Ri(P1, P2, . . . , PN )

is a singleton set.

Given the electricity price strategy {Pj ∈ Γj, j = 1, 2, . . . , N}, for any feasible solution Bi, the active

inequality constraint set is defined as Φ(Bi) = {j|Bj
i = 0}. This yields the Lagrangian function

Li(Bi, νi, µi) = fi(P1, P2, . . . , PN ,Bi) +
∑

j∈Mi

νjiB
j
i − µi





∑

j∈Mi

Bj
i −Di



,

where νi = {νji |j ∈ Mi} and µi are the Lagrangian multipliers. By the Karush-Kuhn-Tucker (KKT)

necessity condition, if B∗
i = {Bj∗

i |j ∈ Mi} is the locally optimal solution of (6), then there must exist a

unique ν∗i = {νj∗i |j ∈ Mi} and a µ∗
i satisfying the following conditions:















































∇Bi
Li(B

∗
i , ν

∗
i , µ

∗
i ) = 0,

νj∗i > 0, ∀ j ∈ Mi,

νj∗i = 0, ∀ j /∈ Φ(B∗
i ),

Bj
i

∗
> 0, ∀ j ∈ Mi,

∑

j∈Mi

Bj
i

∗
= Di.

From ∇Bi
Li(B

∗
i , ν

∗
i , µ

∗
i ) = 0, we have

Bj
i

∗
=
mi − (λi + 2)Pj +

∑

l∈Mi
Pl + νji

∗
− µ∗

i

θi
, j ∈ Mi, i = 1, 2, . . . , L. (8)

From
{

νj∗i > 0, ∀ j ∈ Mi,

νj∗i = 0, ∀ j /∈ Φ(B∗
i ),
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we have


















νji
∗
= 0, if

mi − (λi + 2)Pj +
∑

l∈Mi
Pl + νji

∗
− µ∗

i

θi
> 0,

νji
∗
> 0, if

mi − (λi + 2)Pj +
∑

l∈Mi
Pl + νji

∗
− µ∗

i

θi
= 0.

From (8) and Bj
i

∗
> 0, ∀ j ∈ Mi, we have



















Bj
i

∗
=
mi − (λi + 2)Pj +

∑

l∈Mi
Pl − µ∗

i

θi
, νji

∗
= 0, if

mi − (λi + 2)Pj +
∑

l∈Mi
Pl − µ∗

i

θi
> 0,

Bj
i

∗
= 0, νji

∗
= (λi + 2)Pj −mi −

∑

l∈Mi

Pl + µ∗
i , if

mi − (λi + 2)Pj +
∑

l∈Mi
Pl − µ∗

i

θi
6 0

yielding (6). From
∑

j∈Mi
Bj

i

∗
= Di, we obtain (7).

In the actual demand response management of microgrids, the variation between Pmin and Pmax may

not be extreme. If the range of electricity prices satisfy certain conditions, the conclusion will be more

precise. Therefore, we have the following assumption.

Assumption 1. The range of the electricity price covering user i satisfies

(|Mi| − 1)(Pmax − Pmin) <
θiDi

(λi + 2)
, i = 1, 2, . . . , L.

Corollary 1. Given the electricity price strategy {Pj ∈ Γj , j = 1, 2, . . . , N}, if Assumption 1 holds,

then the unique optimal response strategy of user i is given by

Bj
i

∗
=

(λi + 2)(
∑

l∈Mi
Pl − |Mi|Pj) +Diθi

|Mi|θi
, j ∈ Mi, i = 1, 2, . . . , L. (9)

Proof. If Assumption 1 holds, we have

(λi + 2)(|Mi| − 1)Pmax < (λi + 2)(|Mi| − 1)Pmin +Diθi, i = 1, 2, . . . , L,

which, together with Pmin 6 Pj 6 Pmax, j = 1, 2, . . . , N , gives

(λi + 2)(|Mi| − 1)Pj 6 (λi + 2)(|Mi| − 1)Pmax

< (λi + 2)(|Mi| − 1)Pmin +Diθi

6 (λi + 2)
∑

l∈Mi\{j}

Pl +Diθi, ∀ j ∈ Mi, i = 1, 2, . . . , L.

This yields

(λi + 2)|Mi|Pj − (λi + 2)
∑

l∈Mi

Pl < Diθi, ∀ j ∈ Mi, i = 1, 2, . . . , L. (10)

Let

µ∗
i =

|Mi|mi + (|Mi| − 2− λi)
∑

l∈Mi
Pl −Diθi

|Mi|
. (11)

From (11), we obtain

∑

j∈Mi

(

mi − (λi + 2)Pj +
∑

j∈Mi
Pj − µ∗

i

θi

)+

=
∑

j∈Mi

(

(−|Mi|Pj +
∑

l∈Mi
Pl)(λi + 2) +Diθi

|Mi|θi

)+
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=
∑

j∈Mi

(−|Mi|Pj +
∑

l∈Mi
Pl)(λi + 2) +Diθi

|Mi|θi
= Di,

which means that µ∗
i , given by (11), satisfies (7). Then, by (6) and (11), we obtain that

Bj∗
i =

(

(−|Mi|Pj +
∑

l∈Mi
Pl)(λi + 2) +Diθi

|Mi|θi

)+

, j ∈ Mi, i = 1, 2, . . . , L,

which, together with (10) and Theorem 1, yields (9).

For the models of microgrids and users, the partially overlapping sales areas mean that some users are

covered by more than one microgrid. Therefore, we make Assumption 2.

Assumption 2. For any given microgrid j = 1, 2, . . . , N , there exists a user i ∈ Cj such that |Mi| > 2.

Remark 1. Assumption 2 requires that, among the user groups covered by microgrid j, there exists

a user i who is jointly covered by several microgrids. That is, the sales area of a microgrid partially

overlaps with that of its neighbors.

Lemma 1. If Assumptions 1 and 2 hold, the objective function Fj(P1, P2, . . . , PN ,B
∗
1 ,B

∗
2 , . . . ,B

∗
L) of

microgrid j is strictly concave with respect to Pj .

Proof. By Corollary 1, we obtain the optimal response strategy (9). Substituting (9) into (1), the

optimization problem of microgrid j is equivalent to

max
Pj∈Γj

Fj(P1, P2, . . . , PN ,B
∗
1 ,B

∗
2 , . . . ,B

∗
L), j = 1, 2, . . . , N, (12)

where B∗
i = {Bj∗

i , j ∈ Mi} is given by (9). We know that Fj(P1, P2, . . . , PN ,B
∗
1 ,B

∗
2 , . . . ,B

∗
L) is differen-

tiable with respect to Pj . Taking the first-order and second-order partial derivatives of Fj(P1, P2, . . . , PN ,

B∗
1 ,B

∗
2 , . . . ,B

∗
L) with respect to Pj , we have

∂Fj(P1, P2, . . . , PN ,B
∗
1 ,B

∗
2 , . . . ,B

∗
L)

∂Pj

=
∑

i∈Cj

Bj
i

∗
+ Pj

∂
∑

i∈Cj
Bj

i

∗

∂Pj

− 2aj
∑

i∈Cj

Bj
i

∗ ∂
∑

i∈Cj
Bj

i

∗

∂Pj

− bj
∂
∑

i∈Cj
Bj

i

∗

∂Pj

,

∂2Fj(P1, P2, . . . , PN ,B
∗
1 ,B

∗
2 , . . . ,B

∗
L)

∂Pj
2 = 2

∂
∑

i∈Cj
Bj

i

∗

∂Pj

− 2aj

(

∂
∑

i∈Cj
Bj

i

∗

∂Pj

)2

, (13)

where
∂
∑

i∈Cj
Bj

i

∗

∂Pj

= −
∑

i∈Cj

(λi + 2)(|Mi| − 1)

|Mi|θi
. (14)

If Assumption 2 holds and 0 < λi 6 1, θi > 0, then (13) and (14) are always negative. Therefore,

Fj(P1, P2, . . . , PN ,B
∗
1 ,B

∗
2 , . . . ,B

∗
L) is strictly concave with respect to Pj .

Lemma 2. If Assumptions 1 and 2 hold, then there is a Nash equilibrium strategy for the noncooperative

game between the microgrids.

Proof. By Lemma 1, the objective function Fj(P1, P2, . . . , PN ,B
∗
1 ,B

∗
2 , . . . ,B

∗
L) of microgrid j is con-

tinuous and strictly concave with respect to Pj . The strategy set Γj of microgrid j is a closed, bounded

and convex subset of R. By Theorem 4.3 of [20], we know that there is a Nash equilibrium strategy for

the noncooperative game between the microgrids.

Lemma 2 shows that there is a Nash equilibrium strategy for the noncooperative game between the

microgrids. In the following, we analyze the uniqueness of the equilibrium strategy.

Denote the optimal price function of microgrid j by

Ij(P ) =















Pmin, if Îj(P ) 6 Pmin,

Îj(P ), if Pmin < Îj(P ) < Pmax,

Pmax, if Îj(P ) > Pmax,

(15)
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where

Îj(P ) =



2aj
∑

i∈Cj

(λi + 2)
∑

l∈Mi\{j}
Pl + θiDi

|Mi|θi
×
∑

i∈Cj

(λi + 2)(|Mi| − 1)

|Mi|θi
+ bj

∑

i∈Cj

(λi + 2)(|Mi| − 1)

|Mi|θi

+
∑

i∈Cj

(λi + 2)
∑

l∈Mi\{j}
Pl + θiDi

|Mi|θi





/



2×
∑

i∈Cj

(λi + 2)(|Mi| − 1)

|Mi|θi

×



1 + aj
∑

i∈Cj

(λi + 2)(|Mi| − 1)

|Mi|θi







.

Lemma 3. Given [P1, P2, . . . , Pj−1, Pj+1, . . . , PN ], if Assumptions 1 and 2 hold, Ij(P ) is a solution to

(12).

Proof. Given [P1, P2, . . . , Pj−1, Pj+1, . . . , PN ], by Lemma 1, Eq. (12) is a single-variable optimization

problem of maximizing a strictly concave function. From the first-order optimality condition of the

maximization problem (12), we obtain (15).

To prove the uniqueness of the Nash equilibrium strategy for the noncooperative game between the

microgrids, we first show that Ij(P ), j = 1, 2, . . . , N are standard functions.

Definition 4 ([22]). A function f(p) = [f1(p), f2(p), . . . , fN(p)] is said to be standard if the following

properties are satisfied for all p > 0, where p = [p1, p2, . . . , pN ].

• Positivity. f(p) > 0.

• Monotonicity. For all p and p′, if p > p′, then f(p) > f(p′).

• Scalability. For all ̟ > 1, ̟f(p) > f(̟p).

Here, for two vectors X = [x1, x2, . . . , xN ] and Y = [y1, y2, . . . , yN ], the inequality X > (>)Y means

that xj > (>)yj , j = 1, 2, . . . , N .

Lemma 4. If Assumptions 1 and 2 hold, Ij(P ) of microgrid j is a standard function.

Proof. If Assumption 1 holds, we have the optimal response strategy (8) of user i. From (8), we obtain

the associated optimal price function (15) of microgrid j.

• Positivity. By (15), we have Ij(P ) > 0.

• Monotonicity. According to Lemma 1, the monotonicity property of function Ij(P ) can be proved

by the monotonically increasing property of function Ij(P ) with respect to Pj , j = 1, . . . , N . Ij(P ) is

a piecewise function and is nondifferentiable with respect to Pl, l = 1, . . . , N , l 6= j, Thus, we show the

monotonicity property of function Îj(P ) first.

Taking the first-order partial derivative of function Îj(P ) with respect to Pl, l = 1, . . . , N , l 6= j, we

have

∂Îj(P )

∂Pl

=



2aj
∑

i∈Cj

(λi + 2)(|Mi| − 1)

|Mi|θi + 1
+ 1



×
∑

l∈Cj∩Ck

λl + 2

|Ml|θl

/



2×
∑

i∈Cj

(λi + 2)(|Mi| − 1)

|Mi|θi
×



1 + aj
∑

i∈Cj

(λl + 2)(|Ml| − 1)

|Ml|θl







.

If Assumption 2 holds, there exists a user i ∈ Cj such that |Mi| > 2 holds. Then, given 0 < λi 6 1

and θi > 0, we have
∂Îj(P )
∂Pl

> 0, for l = 1, . . . , N , l 6= j. In addition,
∂Îj(P )

∂P
= 0; thus, the function

Îj(P ) satisfies the monotonicity property. Let P and P ′ denote any two price vectors. Then, without

loss of generality, we assume P 6 P ′. Because the function Îj(P ) satisfies the monotonicity property,

Îj(P ) 6 Îj(P
′). Next, we discuss the monotonicity property of the function Ij(P ).

(i) If Îj(P ) 6 Îj(P
′) 6 Pmin, by (15), we have Ij(P

′) = Ij(P ) = Pmin.

(ii) If Îj(P ) 6 Pmin < Îj(P
′) < Pmax, by (15), we have Ij(P

′) = Îj(P
′) > Pmin = Ij(P ).
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(iii) If Îj(P ) 6 Pmin < Pmax 6 Îj(P
′), by (15), we have Ij(P

′) = Pmax > Pmin = Ij(P ).

(iv) If Pmin < Îj(P ) 6 Îj(P
′) < Pmax, by (15), we have Ij(P

′) = Îj(P
′) > Îj(P ) = Ij(P ).

(v) If Pmin < Îj(P ) < Pmax 6 Îj(P
′), by (15), we have Ij(P

′) = Pmax > Îj(P ) = Ij(P ).

(vi) If Pmax 6 Îj(P ) 6 Îj(P
′), by (15), we have Ij(P

′) = Ij(P ) = Pmax.

In summary, the function Ij(P ) satisfies the monotonicity property.

• Scalability.

̟Îj(P ) − Îj(̟P )

=







2aj
∑

i∈Cj

(λi + 2)(|Mi| − 1)

|Mi|θi
+ 1



× (̟ − 1)
∑

i∈Cj

Di

|Mi|
+ bj(̟ − 1)

∑

i∈Cj

(λi + 2)(|Mi| − 1)

|Mi|θi





/



2×
∑

i∈Cj

(λi + 2)(|Mi| − 1)

|Mi|θi
×



1 + aj
∑

i∈Cj

(λi + 2)(|Mi| − 1)

|Mi|θi







.

If Assumption 2 holds, there exists a user i ∈ Cj such that |Mi| > 2 holds. Then, given 0 < λi 6 1

and θi > 0, we have ̟Îj(P ) − Îj(̟P ) > 0. Therefore, the function Îj(P ) satisfies the scalability

property, yielding Îj(P ) 6 Îj(̟P ) < ̟Îj(P ). We discuss the scalability property of the function Ij(P )

next.

(i) If Îj(P ) 6 Îj(̟P ) 6 Pmin, by (15), we have Ij(P ) = Ij(̟P ) = Pmin; thus, ̟Ij(P ) = ̟Pmin >

Pmin = Ij(̟P ).

(ii) If Îj(P ) 6 Pmin < Îj(̟P ) < Pmax, by (15), we have Ij(P ) = Pmin, Ij(̟P ) = Îj(̟P ); thus,

̟Ij(P ) = ̟Pmin > ̟Îj(P ) > Îj(̟P ) = Ij(̟P ).

(iii) If Îj(P ) 6 Pmin < Pmax 6 Îj(̟P ), by (15), we have Ij(P ) = Pmin, Ij(̟P ) = Pmax; thus,

̟Ij(P ) = ̟Pmin > ̟Îj(P ) > Îj(̟P ) > Pmax = Ij(̟P ).

(iv) If Pmin < Îj(P ) < Îj(̟P ) < Pmax, by (15), we have Ij(P ) = Îj(P ), Ij(̟P ) = Îj(̟P ); thus,

̟Ij(P ) = ̟Îj(P ) > Îj(̟P ) = Ij(̟P ).

(v) If Pmin < Îj(P ) < Pmax 6 Îj(̟P ), by (15), we have Ij(P ) = Îj(P ), Ij(̟P ) = Pmax; thus,

̟Ij(P ) = ̟Îj(P ) > Îj(̟P ) > Pmax = Ij(̟P ).

(vi) If Pmax 6 Îj(P ) 6 Îj(̟P ), by (15), we have Ij(P ) = Pmax, Ij(̟P ) = Pmax; thus, ̟Ij(P ) =

̟Pmax > Pmax = Ij(̟P ).

In summary, Ij(P ) satisfies the scalability property.

If Assumptions 1 and 2 hold, then Ij(P ) is a standard function. We have Theorem 2.

Theorem 2. If Assumptions 1 and 2 hold, then there exists a unique Nash equilibrium strategy for the

noncooperative game between the microgrids.

Proof. Lemma 2 shows that there exists a Nash equilibrium strategy for the noncooperative game

between the microgrids. Denote I(P ) = [I1(P ), I2(P ), . . . , IN (P )]. By Theorem 1, the optimal response

set Ri(P1, P2, . . . , PN ), i = 1, 2, . . . , L is a singleton set. Then, by Definition 2 and Lemma 3, P ∗ is a

Nash equilibrium strategy for the noncooperative game between the microgrids if and only if I(P ∗) = P ∗.

Assume that there are two Nash equilibrium strategies for the noncooperative game between the

microgrids P̂ ∗ = (P̂ ∗
1 , . . . , P̂

∗
N ), and P̄ ∗ = (P̄ ∗

1 , . . . , P̄
∗
N ). Then, I(P̂ ∗) = P̂ ∗ and I(P̄ ∗) = P̄ ∗. By

Lemma 4 and Definition 4, the function I(P ) is a standard function. The positivity property of I(P )

implies that P̂ ∗
j > 0, P̄ ∗

j > 0, j = 1, 2, . . . , N . Without loss of generality, we assume that P̂ ∗
1 < P̄ ∗

1 .

Hence, there exists α > 1 such that α(P̂ ∗
1 , . . . , P̂

∗
N ) > (P̄ ∗

1 , . . . , P̄
∗
N ) and αP̂ ∗

n = P̄ ∗
n hold for some

n ∈ {1, 2, . . . , N}. The monotonicity and scalability properties of I(P ) imply that

P̄ ∗
j = Ij(P̄

∗) 6 Ij(αP̂
∗) < αIj(P̂

∗) = αP̂ ∗
j , ∀ j ∈ {1, 2, . . . , N}.

This contradicts αP̂ ∗
n = P̄ ∗

n . Thus, P̂ ∗ = P̄ ∗. Therefore, there exists a unique Nash equilibrium

strategy for the noncooperative game between the microgrids.
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By Theorem 2, there is a unique Nash equilibrium strategy for the noncooperative game between the

microgrids. The uniqueness of the Stackelberg equilibrium strategy for the game between the microgrids

and the users is described in Theorem 3.

Theorem 3. If Assumptions 1 and 2 hold, there is a unique Stackelberg equilibrium strategy for the

game between the microgrids and the users.

Proof. Theorem 2 shows that there exists a unique Nash equilibrium strategy [P ∗
1 , . . . ,P

∗
N ] for the

noncooperative game between the microgrids. By Theorem 1, we have the unique optimal response

strategy B∗
i (P

∗
1 , . . . ,P

∗
N ) for each user i, i = 1, 2, . . . , L. From Definition 3, there is a unique Stackelberg

equilibrium strategy for the game between the microgrids and the users.

We use Algorithm 1 to compute the equilibrium price strategy for multiple microgrids [23]:

P (t+ 1) = I(P (t)), t = 0, 1, 2, . . . . (16)

Algorithm 1

Require:

1. mi, λi, θi, Di, Mi, ∀i ∈ {1, 2, . . . , L};

2. aj , bj , cj , Pmin, Pmax, ∀j ∈ {1, 2, . . . , N};

Ensure:

limt→∞ P (t) = I(P (t));

Initialization:

Any microgrid j ∈ {1, 2, . . . , N} chooses Pj(0) ∈ [Pmin, Pmax];

Update:

Pj(t+ 1) = Ij(P (t)), t = 1, 2, . . ., ∀j ∈ {1, 2, . . . , N};

if any microgrid j ∈ {1, 2, . . . , N}, Pj(t+ 1) < Pmin then

Pj(t+ 1) = Pmin;

end if

if any microgrid j ∈ {1, 2, . . . , N}, Pj(t+ 1) > Pmax then

Pj(t+ 1) = Pmax;

end if

Theorem 4. If Assumptions 1 and 2 hold and I(·) is a standard function, then (16) converges to the

unique equilibrium strategy for the noncooperative game between the microgrids.

Proof. If Assumptions 1 and 2 hold and I(·) is a standard function, it satisfies the positivity, mono-

tonicity, and scalability properties in Definition 4.

(1) Suppose {P̂ (t), t = 1, 2, . . .} is a sequence given by (16), with the initial value Pmin=(Pmin, Pmin, . . . ,

Pmin). From (16), we have

P̂ (1) = I(P̂ (0)) = I(Pmin) = (I1(Pmin), I2(Pmin), . . . , IN (Pmin)) > Pmin = P̂ (0).

Then, we obtain P̂ (1) > P̂ (0).

Suppose that for t = 2, 3, . . . , k, P̂ (t) > P̂ (t− 1) holds. Then, for t = k + 1,

P̂ (k + 1) = I(P̂ (k)) = (I1(P̂k), I2(P̂k), . . . , IN (P̂k))

> (I1(P̂k−1), I2(P̂k−1), . . . , IN (P̂k−1)) = I(P̂ (k − 1)) = P̂ (k).

From mathematical induction, {P̂ (t), t = 0, 1, 2, . . .} is a monotonically increasing sequence. In addi-

tion, P̂ (t) 6 Pmax, t = 0, 1, . . .. Therefore, {P̂ (t), t = 0, 1, 2, . . .} is convergent.

Denote P̂ ∗ = limt→∞ P̂ (t); by the continuity of I(·), we have

lim
t→∞

P̂ (t+ 1) = lim
t→∞

I(P̂ (t)) = I
(

lim
t→∞

P̂ (t)
)

.

Therefore, the point P̂ ∗ satisfies P̂ ∗ = I(P̂ ∗).

(2) Suppose {P̄ (t), t = 1, 2, . . .} is a sequence given by (16), with the initial value Pmax=(Pmax, Pmax,

. . . , Pmax). From (16), we have

P̄ (1) = I(P̄ (0)) = I(Pmax) = (I1(Pmax), . . . , IN (Pmax)) 6 Pmax = P̄ (0).
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Figure 2 (Color online) The unit price of microgrids. The convergence of (16) is shown, from which we see that the final

electricity prices of microgrids 1, 2, and 3 gradually turn stable and also satisfy equation P
∗ = I(P ∗). That is, Eq. (16)

converges to the equilibrium strategy of the game between the microgrids.

Then, we obtain P̄ (1) 6 P̄ (0).

Suppose that for t = 2, 3, . . . , k, P̄ (t) 6 P̄ (t− 1) holds. Then, for t = k + 1,

P̄ (k + 1) = I(P̄ (k)) = (I1(P̄k), I2(P̄k), . . . , IN (P̄k))

6 (I1(P̄k−1), I2(P̄k−1), . . . , IN (P̄k−1)) = I(P̄ (k − 1)) = P̄ (k).

From mathematical induction, {P̄ (t), t = 0, 1, 2, . . .} is a monotonically decreasing sequence. In addi-

tion, P̄ (t) > Pmin, t = 0, 1, . . .. Therefore, {P̄ (t), t = 0, 1, 2, . . .} is convergent.

Denote P̄ ∗ = limt→∞ P̄ (t); by the continuity of I(·), we have

lim
t→∞

P̄ (t+ 1) = lim
t→∞

I(P̄ (t)) = I
(

lim
t→∞

P̄ (t)
)

.

Therefore, the point P̄ ∗ satisfies P̄ ∗ = I(P̄ ∗).

(3) Suppose {P (t), t = 1, 2, . . .} is a sequence given by (16), with any initial value Pmin 6 P (0) 6 Pmax.

From the monotonicity property, we obtain

P̂ (t) 6 P (t) 6 P̄ (t), t = 1, 2, . . . .

From limt→∞ P̂ (t) = P̂ ∗, limt→∞ P̄ (t) = P̄ ∗, we have

P̂ ∗
6 lim

t→∞
P (t) 6 P̄ ∗.

From Theorem 2, we know that there is a unique fixed point P ∗ that satisfies I(P ∗) = P ∗; thus,

lim
t→∞

P (t) = P̂ ∗ = P̄ ∗ = P ∗.

4 Numerical examples

In this section, we conduct a simulation to demonstrate the convergence of the proposed algorithm,

showing that it converges to the equilibrium solution. Assuming N = 3 and L = 6, the simulation

conditions are as follows: users 1, 3, 5, and 6 are separately covered by microgrids 1, 2, and 3, and

mi = 4; user 2 is jointly covered by microgrids 1 and 2, and mi = 3; user 4 is covered by microgrids 2
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Figure 3 (Color online) User demand: the variation curves of the optimal demand of the users in the process of updating

the electricity price strategies of the microgrids.

and 3, and mi = 3. We denote the remaining user parameters by θi = 0.1, λi = 0.8, and Di = 12. The

parameters for the microgrids are aj = 0.002, bj = 0.02, cj = 1, Pmin = 0.88, and Pmax = 1, 3. The

simulation results are shown in Figures 2 and 3.

Figure 2 shows that the electricity price of microgrid 3 has been at its highest point since the second

step. This is because the microgrid covers many users in a separate sales area, where the users are less

sensitive to the electricity price owing to their fixed demand. Conversely, the electricity price of microgrid

2 is continuously at a low level. This shows that increasing the number of users in the public sales areas

would help reduce the price.

Figure 3 shows that the optimal demand of the users in the separate sales area maintains a fixed level,

because these users are covered by only one microgrid. As a result, they are not sensitive to the price,

because their demand will be satisfied. In contrast, as the microgrids change their electricity prices, users

in the public sales areas adjust their demand strategies toward the microgrids so as to obtain higher

satisfaction. Synthesizing Figures 2 and 3, we find that the optimal demand of a user in the public sales

areas toward each microgrid is positively correlated with the electricity prices of multi-microgrids.

5 Conclusion

This paper proposes a Stackelberg game model of multiple users and multiple microgrids, with different

and overlapping sales areas. Using backward induction and the standardized judgment of the associated

optimal electricity price functions of the microgrids, we prove the existence and uniqueness of the equi-

librium strategy for this kind of game. A numerical algorithm is introduced to compute the equilibrium

strategy, and its convergence is proved rigorously. The simulation results show a good agreement with the

theoretical analysis that the algorithm converges to the equilibrium strategy of the noncooperative game

between the microgrids. Thus, the optimal electricity price for the microgrids and the optimal demand

for the users can be obtained.
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