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Abstract This work studies the leader-following consensus problem of second-order nonlinear multi-agent
systems with aperiodically intermittent position measurements. Through the filter-based method, a novel
intermittent consensus protocol without velocity measurements is designed for each follower exclusively based
on the relative position measurements of neighboring agents. Under the common assumption that only
relative position measurements between the neighboring agents are intermittently used, some consensus
conditions are derived for second-order leader-following multi-agent systems with inherent delayed nonlinear
dynamics. Moreover, for multi-agent systems without inherent delayed nonlinear dynamics, some simpler
consensus conditions are presented. Finally, some simulation examples are presented to verify and illustrate

the theoretical results.
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1 Introduction

Over the past few years, distributed collaboration control for networked multi-agent systems has at-
tracted considerable attention from different scientific fields, such as control theory, systems engineering,
applied mathematics, and computer science. This topic has wide applications in many areas, such as
flocking [1], synchronization [2], formation control [3], and distributed sensor networks [4]. In multi-agent
system networks, all autonomous agents can communicate and cooperate with their neighbors. Based on
distributed control strategy, all the collaborative agents can complete some large or complex assignments
in multi-agent systems, which is the motivation of distributed collaboration control.

One of the most fundamental and important interests to be explored of distributed collaboration control
is consensus-seeking. For distributed consensus-seeking, some appropriate distributed control strategies
are adopted such that a group of autonomous agents asymptotically reach an agreement on a common
value. The consensus-seeking problems have been intensively discussed from different perspectives in-
cluding leaderless consensus (i.e., consensus without any leader) [5-10], leader-following consensus (i.e.,
consensus with a leader) [11-15], and containment control (i.e., consensus with multiple leaders) [16-20].
Note that the abovementioned references only address the consensus problems of multi-agent systems
under continuous communication. In this case, each agent can communicate and cooperate with its
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neighbors at all times. However, in the real world, owing to some external factors, communication among
the autonomous agents is often discontinuous or intermittent. Under periodically intermittent commu-
nication, several intermittent control protocols for consensus-seeking of multi-agent systems have been
developed [21-24]. Multi-agent consensus problems have also been intensively investigated [25-28] ow-
ing to the coexistence of time delays and intermittent communication. In [29], based on aperiodically
intermittent control strategy, the second-order consensus problem was addressed for delayed multi-agent
systems under aperiodically intermittent communication.

Notably, all of the abovementioned studies on second-order consensus typically require velocity mea-
surements. However, owing to inaccurate velocity measurements, the relative velocity between the neigh-
boring agents is usually unavailable in multi-agent systems. In addition, to save system cost, load weight,
and equipment space, the agents may not be equipped with velocity sensors in many actual systems.
Thus, velocity measurements are usually unavailable in real systems. For multi-agent systems with-
out relative velocity measurements, many profound theoretical results exist on distributed coordination
control [30-33]. According to the filter-based method, the distributed consensus control problem of
second-order nonlinear multi-agent systems was studied in [34], in which velocity measurements were un-
available. Note that all the aforementioned results only focused on either intermittent communication or
inaccurate velocity measurements. However, these two communication limitations always coexist in real
networks. To the best of our knowledge, under intermittent communication, few studies have discussed
the dynamic behavior of second-order multi-agent systems with unavailable velocity measurements.

However, a novel intermittent consensus protocol without velocity measurements under aperiodically
intermittent communication is proposed herein to address the leader-following consensus problem of
second-order nonlinear multi-agent systems. The contributions and novelties of this article can be sum-
marized as follows.

e Compared with most current studies on second-order consensus, in this study, a second-order leader-
following consensus problem for delayed nonlinear multi-agent systems without relative velocity measure-
ments is considered under aperiodically intermittent communication, which can describe more realistic
distributed coordination control of second-order multi-agent systems.

e To overcome the challenging problem arising from aperiodically intermittent communication and in-
accurate velocity measurements, a novel intermittent consensus algorithm without velocity measurements
is developed for leader-following consensus based on the distributed filter designed.

e Under aperiodically intermittent communication, in this study, the proposed control protocol only
used the relative position measurements among agents for a second-order leader-following consensus.
In contrast, current related studies on second-order consensus used both relative position and relative
velocity measurements under periodically intermittent communication or continuous communication.

The remaining article is organized as follows. Section 2 states graph theory, problem formulation, and
some useful definitions and lemmas. The main theoretical results for the leader-following consensus of
second-order nonlinear multi-agent systems with aperiodically intermittent position measurements are
derived in Section 3. Section 4 provides two simulation examples to validate the theoretical analysis.
Finally, Section 5 presents the study’s conclusion.

Notation. Some notations that are used throughout this article are presented below. Let R, R", and
R™ "™ be the set of integer numbers, the set of n-dimensional real vector space, and the set of n x n
real matrix space, respectively. I,,, 1,, 0, and 0,,x, represent the n-dimensional identity matrix, the
n-dimensional column vector with all ones, the n-dimensional column vector with all zeros, and the m xn
matrix with all zeros. ||-|| denotes the Euclidean norm. For a square matrix A, let Apax(A) and Apin(A4)
represent the maximum and minimum eigenvalues of A, respectively.

2 Problem formulation

Suppose that a communication network among n nodes is denoted by a weighted undirected graph
G = (W,E,A), where W = {wy,ws,...,w,} represents the set of nodes, E C W x W represents the
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set of edges, and A represents the adjacency matrix with weighted values. In particular, A = [a;;] €
R™ ™ in which a;; > 0, 4,7 = 1,2,...,n, denote the adjacency elements of the matrix A. Moreover,
a;; > 0 if and only if (wj,w;) € E. For all i € {1,2,...,n}, a;; = 0, implying that self-loops are not
allowed. The Laplacian matrix of the graph G is defined by L = [l;;] € R"*", 4,5 = 1,2,...,n, where

lij = Z?:L#i aij, © = j; lij = —a45, 1 # j. In multi-agent systems, node w; can be regarded as an agent
i. An undirected path from w; to w; is denoted by m; ; = {(wi1, wi2), (Wi2, wiz), . .., (Wig—1, Wiq) }, Where
Wil = Wy, Wig = Wy, and (Wip, Wip+1) € E < (wipy1,wip) € E, p € {1,2,...,¢— 1}. For an undirected

graph, (wj,w;) € E < (w;,w;) € E implies a;; = aj;, which means that agent j and agent i can exchange
information. An undirected network G is connected if there is an undirected path between any pair of
distinct nodes.

Consider a multi-agent network comprising n followers and a leader (labeled 0), which is described by
a simple graph G = (W, E, A). The node set is denoted by W = {wp, wy,wa,...,w,}, the edge set is
denoted by E that contains the edge set E, and the directed edges from the leader to the followers, and
the weighted adjacency matrix is denoted by A = [a;;] € RM+Dx(n+1) - The Laplacian matrix of the
graph G is defined by L. Moreover, L=L+ diag{a10, a2, - .., ano}, in which L is the Laplacian matrix
of the graph G, a9 > 0 if follower ¢ can receive information from the leader, and a;g = 0 otherwise,
i=1,2,...,n.
Definition 1 ([11]). The graph G is said to be connected if there exists at least one agent in G that
can connect to the leader via a directed edge.
Lemma 1 ([11]). If graph G is connected, then the symmetric matrix L associated with G is positive
definite.

Consider a leader-following multi-agent system with the following second-order nonlinear dynamic
model. Each follower has the following dynamics:

i‘i (t) = V; (t) y

(1)
Ul(t) = f(t,’()i(t), Ul(t - T(t))) + uz(t)a i=1,2,...,n,
where z;(t) € R™, v;(t) € R™, and u;(t) € R™ are the position state, velocity state, and control input of
agent i, respectively. f : R™ x R™ x [0, +00) — R™ is a uniform continuously differentiable vector-valued
function having a time-varying nonlinear property, which describes the inherent dynamics of agent 7. In
addition, the leader, labeled ¢ = 0, has the following dynamics:

3-00(75) Uz(t)v )

vo(t) = f(t,vo(t), vo(t — 7(t))),

where zo(t) € R™ and vg(t) € R™ are the position and velocity states of the leader, respectively, and
ft,v0(t),vo(t — 7(t))) is defined as that in (1). 7(¢) > 0 represents time-varying delays. Moreover, for
the nonlinear function f(-) in systems (1) and (2), the following Lipschitz-type condition is satisfied.

Assumption 1 ([8]). For any x,y,z,w € R™, there exist non-negative constants p; and ps such that
1t 2, w) = f(t,y, 2)Il < prllz = yll+p2llw — 2|, Vi =0.

Definition 2. The second-order leader-following consensus of systems (1) and (2) is said to be achieved
if, for any initial conditions z;(0), v;(0), ¢ =0,1,...,n,

Jin [z (8) = zo(£)[| = 0,

Jim [lvi(t) —wo(t)]| =0, i=1,2,...,n.

(3)

In real systems, velocity measurements are usually unavailable. To overcome this challenge, an ap-
proximation auxiliary filter vector was introduced for a serial n-link rigid robot manipulator in [35], and
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a distributed filter was used for the coordination control of multi-agent systems in [34]. Motivated by the
studies of [34,35], a distributed filter is introduced for each follower as follows:

wi(t) =04(t) +b ) aij(xi(t) — x;(t)),
Z; (4)

Di(t) = —aw;(t), i=1,2,....n,

where w;(t) € R™ is the filter output, J;(¢t) € R™ is an auxiliary filter vector, and a > 0, b > 0 are two
constants. For the sake of simplicity, we assume that m = 1 in this study. For the case of m > 1, all
obtained results still hold using the Kronecker product operations.

Let the time span ¢ € [0, 4+00) be divided into several uniformly bounded and non-overlapping sequences
[tkytit1), K =0,1,..., to = 0. For any [tk,tr+1), K = 0,1,..., there exists a time point §; such that the
time interval [tx, tx+1) is divided into [tg, 0x] and (3k, trt1), where [tg, dx] is said to be the communication
time duration and (J, tx4+1) is said to be the communication time interruption. In multi-agent networks,
over the time periods [tx, dx], each agent can communicate with their neighbors, whereas over the time
periods (dk, trx+1) all agents cannot obtain the information of their neighbors. Moreover, 6, —tj, denotes the
k-th communication width, and ¢51 —dx denotes the k-th interruption width. Obviously, the intermittent
communication type of the network is aperiodic.

Assumption 2 ([29]). Suppose that the following condition is satisfied under aperiodically intermittent
communication:
inf 0 =0,
’ (5)
supTy =T,
k
where 0 € (0,T], and T € (0, 4+00) are two constants, and 0, = d — tg, T = tpr1 —tk, K =0,1,2,....
Remark 1. Assumption 2 means that the duration of each communication should not be less than 6,
and the total time over [tg,tx+1) should not be larger than T'; i.e., the duration of each communication
interruption should not be larger than 7" — 6.
The following Lemmas 2—6 are required for the theoretical analysis of the study.

Lemma 2 (Schur complement [36]). For a given symmetric matrix

Sll 512
ST Sas |’

where S11 and Ssy are square matrices. The following statements are equivalent:
(a) S > 0;
(b) S11 > 0, Sop — S155.,*S12 > 0;
(C) Sog > 0, S11 — 51255215?2 > 0.
Lemma 3 ([37]). For any two real vectors  and y with the same dimensions, the following inequality
holds:
+2:Ty < 2Tdx 4+ yTd Yy,

where ® is any positive definite matrix with appropriate dimensions.

Lemma 4 ([38]). Suppose that M € R™*™ is a positive definite matrix, and N € R"*™ is symmetric.
Then, for any vector x € R™, the following inequality holds:

Amin(MIN)2T Mz < 2T Na < Apax (M IN)2T M.
Lemma 5 ([26]). Suppose that the non-negative function g(¢) satisfies the condition, for ¢ € [—7, +00),

dg(t
G < —erglt) + eaglt — 1), 10,
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where constants ¢; > ¢o > 0. Then,

9(t) < g(0) exp{—¢(t)}, >0,
where g(t) = sup_, <.<o(g(t +¢€)), and £ > 0 is the unique solution of € — ¢; + cz exp{er} = 0.
Lemma 6 ([26]). Suppose that the non-negative function g(¢) satisfies the condition, for ¢ € [—7, +00),

dg(t)
dt

where h; > 0 and hg > 0 are two constants. Then,

9(t) < [9(0)]; exp{(h1 + ha)t}, >0,

< hig(t) + hag(t — 1), t >0,

where |g(0)],. = sup_, <, 9(5).

3 Main results

Based on only relative position measurements, a novel intermittent consensus protocol is presented below:

v | Y ai(i(t) — (1) +wit) |, € [tr, k),
=0 (6)

u;(t) =0, t € Ok, tht1),

where v is a positive constant to be determined, i =1,2,...,n.
Remark 2. Under the case where the relative velocity information is unavailable, and the interacting
information between neighboring agents is aperiodically intermittent, the control protocol (6) is designed
for second-order leader-following consensus. However, in contrast to majority previous studies, under
aperiodically intermittent communications, only relative intermittent position measurements can be used
for the consensus control protocol (6). Using the filter output w;(¢) on the work time [tx, dx], the relative
velocity measurements Z?:o a;;(v;i(t) — vj(t)) are replaced by the filtered relative position measurements
Dm0 aij(@i(t) — (1))

Before going forward, in systems (1) and (2), for time-varying delay 7(¢), the following assumption is
required for deriving the main results.
Assumption 3. There exists a constant 7* > 0, such that the time-varying delay satisfies 7(¢) < 7* < 0,
where 6 is defined in Assumption 2.

Let Z;(t) = x;(t) — zo(t) and v;(t) = v;(t) —vo(t), ¢ = 1,2,...,n; then the systems (1) and (2) with
protocol (6) can be written in a close-loop form

Zi(t) = (t),

t) ==y ai(zi(t) — x;(t) — qwi(t) + F(t,vi(t),vi(t = 7(t)), t € [ti, 0], (7)
=0
0i(t) = f(t,vi(t), vit — 7(t))), t € (0k,thy1),

where f(t,vi(t), vi(t — 7(t))) = f(t,vi(t),vi(t = 7(1))) — f(t, UO( )svo(t = 7(t)), i =1,2,....n.
Let w(t)=[wi(t),wa(t), ..., wa ()], T(t) =[T1(), Z2(t), .., Za()]" and 5(t) = [01(t), 2(t), ..., Oa(t)] "
Then, system (4) can be rewritten as follows:

W(t) = —aw(t) + bLo(t); (8)

and system (7) can be rewritten as
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where f(t,v(t), v(t —7(t)))= f(t,v(t), v(t —7(1))) = 1n @ f (£, v0(t), vo(t —7(1))) and f(t, v(t), v(t —7(1)))=
[t v1(t), 01 (t = 7())), f (8, v2(t), v2(t = 7(1))), - f(E vn (), va(t = 7(1)))]T
t

t
For convenience, let z(t) = [£T(t)L, 97 (t),w™ (t)]T; then, systems (8) and (9) can be transformed into

{z’(t) = Hyz(t) + F(t,v(t),v(t — 7(t))), t€ [tr, ], (10)
2(t) = Haz(t) + F(t,v(t),v(t — 7(1))), t € (dk, trt1),
where ) A
Opsxn L Onxn Opsxn L Onxn
Hy = | =1, Onsn =710 | H2= | Onxn Onxn Onxn |5
O xn bL —al, O xn bL —al,

and F(t,v(t),v(t — 7(t))) = [0F, FT(t, v(t),v(t — 7(t))),0F]T.

Theorem 1. Suppose that G is undirected, G is connected, and Assumptions 1-3 hold. Then, the
control protocol (6) makes the systems (1) and (2) achieve second-order leader-following consensus, if the
following condition holds:

>\max f/
v > max{A,dl},

2
ps O Fda)
)\min(L)
a > 2y +ds,
2p2)\max(P)
)\min(P) '

w=pul—7)—v(T—-0) >0,

)\min (Rl ) >

Amin (R1) _ 2p2
Amax(P) 12 = X (P)

0 =13+ 14, 13 = Amax (P R2), h = 52255, dy = 2522, dy = 3p1 + pa, d3 = 2422, and py and ps are
defined as that in Assumption 1.

where p is the unique positive solution of u — 1 + neexp{ur*} = 0, ;; =

Proof. Consider a Lyapunov function defined as follows:

1
V(t) = 5zT(t)P,z(t), (12)
where )

f}/ffil §In Onxn

2 2
1 1

nxn *_In _In

Onxn =51n 3

According to Lemma 1, Lis symmetric and positive definite. Through Lemma 2, we have that P > 0
if and only if

- 1

—1 ~
’YL §In Onxn 1 B 1 2,-}/L*1 In

1 -2 1 Opxn —=In | = B > 0.
§In 1, 71” I, I,

Then, using the expression v > )‘“T"(L) in condition (11), we can easily check that P > 0 and V(¢) > 0.
In addition, V' (¢) = 0 if and only if z(¢) = 03,. Moreover, we obtain

)\min(P)zT(t)z(t), (13)
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V() < = Amax(P)2" (1) 2(1). (14)

N =

When t € [t, 0], k =0,1,2,..., considering V (t) along the system (10), we have

V(t) = 2" (t)P[Hy2(t) + F(t,0(t), ot — 7(t)))]

"}/In Onxn Onxn
O] (T CE A CR VAR A Bt
+ 2T (t)PF(t,v(t),v(t — 7(1)))
=- %{vch(t)i%(t) + (0= 1" ()LD(t) + (a = V)w (Dw(t)
+2 [y (00 - 5700 - 00 L0 |
T
- Bﬁ@(t) +a(t) - %w(t)} Fltv(),o(t — (1))). (15)

Using Lemma 3, we obtain

17 5 :U (t) — —w t t (t,v(t),v(t — (1))
n><n OTLXTL
— —Z Onxn b— 1 L ’YI Onxn Z(t)
n><n n><n (af 27)171
0] % z(t) — —w (t) } f(t,v(t), vt —7(t))). (16)

Based on Assumption 1, we can easily show that

SET WLt v(), ot — 7(0) = SFT DL 0(0), 0t~ 7(0) ~ 1 © F(t,v0(8), vl — 7(2)))]

< TIEZOI|- (or 1)1 02 Nt — ()]
= L] - 150 +oall L) - 52— 7))
<3 (P32 NEa0I + B0l + Zloe - o)1), an

D <@ - (or [5) +p2 12(¢ — 7))
< (m+2) I 1P+ E ot — 7)1, (18)
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lw@®Il - (o @) +p2 [[o(E = 7))

< 3 (BIOOI 22 oo + 2ot - )] (19)

_ %WT(t)f(t,v(t),v(t —7(1))) <

wl»—*l\DM—‘

Combining (14)—(19), we obtain

V(t) < *%IIZ(t)HTRl 121 + %I\Z(t — ()" Sull=(t = ()]l

< f%)\min(Rl)z(t)Tz(t) + %)\max(sl)z(t — 7)) 2(t — 7(t)), (20)
where
(nydl)In Onxn On><n On><n Onxn On><n
Ry = Onxn (b - 1)i/ - ('7 + d2)In Onxn, ’ S1 = Onxn 2P2In Onxn |
Onxn Onxn (a — 2y — dS)In Onxn Onxn Onxn
and
=l = |22 15" Joon™]
Jatt = @)l = [[1Eate @) Jote = )" ot — )]
2@ = [Z @5, 12O,
3@ = [lo @ s 1T BT
lw® = llwr@Il- - lwa @I
p1+ p2
dy =dz = 5
d2 = 3p1 + pa.

Moreover, according to condition (11), Ry > 0.
Inequalities (13), (14), and (20) imply that

V() < —mV () +nV(t —7(t)), (21)
Amin(R1) 2p2

where 1y = JEEEy s 2 = X0E)
When t € (8k, tkt1), k =0,1,2,..., still considering V(¢) along the system (10), we have

V(t) = 2T (t)P[Hoz(t) + F(t,v(t),v(t — 7(t)))]

Onxn YIn Onxn
1 - b. a
b
Opxn L+ gln —al,
1. T
+{00) + 5La(t) — gw(t)| ft,u(t), ot = 7(2))) (22)
Using a similar analysis method, we obtain
. 1 T 1 T
V) < Sl Bz llz@)l + 512 = 7)1 Sallz( = 7(®)]], (23)
where
dIIn ’YIn Onxn

b a Onxn Onxn Onxn
Ry = ’7[” (]‘ - b)L + da 1y §L + 51" ; Sy = Onxn 2p21n Onxn

b, a
Oan 5[/ + §In (d3 — a)]n

O'r’LXTL OTLXTL O'r’LXTL
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Based on inequality (23) and Lemma 4, we obtain

V(t) < =Amax(P~ Ro)z(t) " Pz (t) + %)\max(SQ)Z(t — 1) 2(t — 7(1)). (24)

Using inequalities (13) and (24), we have

)\max(S2)

VO <l PERIV) + 5L

Vit =7(t) =nsV(t) +naV (¢t —7(t)), (25)
where 73 = Apax(P7 1 Ra), 14 = ﬁ%

If Assumptions 2, 3 and the condition (11) hold, then we obtain the following results.

For ¢ € [0, dg), it follows from Lemma 5 that

VH) < sup V() exp{—pt}, (26)

—7*<Le<O

where p > 0 is a solution of u — 1 + n2 exp{u7*} = 0. Moreover, p is a unique solution. For ¢t € (do, t1),
it follows from Lemma 6 that

V()< sup  V(e)exp{v(t—dp)}

So—T1*<e<do

< s { sw Vel el - a)

do—T7*<e<Ip L —7*<s<0

< sup V(e)exp{—pu(do — ") +v(t — do)}

—7*<Le<0

= sup V(e)exp{—pu(do—to—7")+v(t—0d)}
—7*<Le<0

< sup V(e)exp{—pu(0 —7") +v(t — o)}, (27)
—7*<e<0

where v = 13 + 14.
For t € [t1,01], we obtain

V)< sup  V(e)exp{—u(t—1t1)}

t1—7*§e§t1

s { s Vi es{ou - )+ vle - d)} | xexpl-ut - 1)

t1—7*<e<t; |\ —7*<s<0

< sup V(e)exp{—pu(@ —7") +v(t1 — o) — pu(t —t1)}

—7*<e<O0

= sup_ V(e exp{=pu(# — )+ vl(tr ~t0) = (B0 ~10)] — u(t — 1)}

< sup V(e exp{—p(f— ) + (T —0) — ult — 1)}
—7*<e<0

— sup V(e exp{—w — plt — 1)}, (28)

—7*<e<0

N

where w = p(0 — 7*) —v(T' — 0) > 0. For t € (61,t2), we obtain

V()< sup  V(e)exp{v(t—4d1)}

51—T*<€<51
< s { sw V)ew(ow (et} p xesp{ot o)
51 —7*<e<o L —7*<s<0

< sup V(e)exp{—w —pu(d1 — 7" —t1) +v(t —01)}
—7*<Le<0

< sup V(e)exp{—w —pu@—7")+v(t—01)}. (29)
—7*<e<0
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For ¢ € [t2, d2], we have

V)< sup  V(e)exp{—u(t —t2)}

to—7*<Le<Lto

< s | s Veep(-w b r) 4 ole- 00} | x expln(e - )

to—7*<Le<ty | —7*<s<0

< sup V(e)exp{—w — pu(@ —7") +v(ta — 1) — u(t — t2)}

—7*<e<O

= S*lip@V(G) exp{—w — pu(0 — 77) +v[(t2 — t1) — (01 — t1)] — pu(t — t2)}
< 48;2@‘/(6) exp{—w@ — p(0 — 77) + (T = 0) — p(t — t2)}

= sup V(e)exp{—2w — u(t —t2)}. (30)
—7*<Le<0

For t € (d2,1t3), we obtain the following expressions:

V()< sup  V(e)exp{u(t —d2)}

do—7*<e< 2

< sup { sup  V(s)exp{—2w — p(e — tg)}} x exp{v(t — d2)}
Jo—7*<LeLIy | —7*<s<0

< sup V(e)exp{—2w — pu(ds — 7 — ta) + v(t — d2)}
—T7*<e<0

< sup V(e)exp{—2w — pu(0 — 7)) + v(t — d2)}. (31)
—7*<e<0

By repeating the abovementioned procedure, there exists a natural number s > 0 such that t; <t <
tsi1, for arbitrary ¢ > 0. For ¢ € [tg, d5], we obtain

V()< sup V(e)exp{—sw —pu(t—1ts)} < sup V(e)exp{—sw}. (32)
—7*<Le<O —7*<Le<O

For t € (0s,ts+1), we obtain
V()< sup V(e expl—sw — (8 —17) +v(t — 8}
—7*<Le<O

< swp V(e exp{—sw — u(0 — %) + V(terr — 84}
—7*<Le<0

= _75*12<0V(6) exp{—sw — p(0 — 7°) + v[(ts1 — ts) — (ds — t5)]}

< sup V(e)exp{—sw —pu@—7*)+v(T —0)}
—7*<e<0

= sup V(e)exp{—(s+1)w}
—7*<Le<0

< sup  V(e)exp{—sw}. (33)
—7*<e<0

In conclusion, for arbitrary ¢ > 0, it follows that

V() < sup V(e)exp{—sw}
—7*<e<0

t
< sup V(e)exp { <— + 1) w}
—7*<e<O T
= Koexp{—Kit}, (34)

where Ko = sup_,.<.<o V(€) exp{w} and K; = @ /T, which indicates that z(t) = 03, is globally exponen-
tially stable. As t — oo, it follows that L#(t) — 0,, and #(t) — 0,. In addition, because L is symmetric
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and positive definite, Z(t) — 0,, as ¢ — oco. Therefore, the conclusions of lim;_, « ||zi(t) — zo(t)| = 0 and
limy s o0 ||vs(t) — vo(t)]] = 0 hold, for Vi = 1,2,...,n. This completes the proof.

Next, we consider the special case where f(t,v;(t),v;(t — 7(t))) = 0, i = 1,2,...,n. In this case,
systems (1) and (2) are reduced to double integrator systems as follows:

0;(t) = u;(t),
o (t) = vo(t),
{ ’Uo(t) 0 (36)

By applying the control protocol (6) for system (35), we obtain
Ti(t) = (1),
uilt) = *’an: ag(zi(t) — 2;(t)) —ywilt), t€ [tr, 0], (37)
j=0
;(t) =0, t € (Ok, thy),

where Z;(t) = z;(t) — 20(t) and 0;(t) = v;(t) — vo(t), i = 1,2,...,n. Moreover, based on system (37), we
have

z(t) = o(t),
ﬁ(t) - 771355(15) o ’yw(t), le [tk; 6k]7 (38)
’D(t) = 0, te (5k;tk+1)~

Next, we define z(t) = [27(¢)L, 5T (t),wT(t)]T in the following. Hence, according to systems (8) and
(38), we easily obtain the following expressions:

Z(t) = Flz(t), t e [tk,ék],

(39)
2(t) =Taz(t), t€ (Ok,tpt1),
where
Opxcn L Opsn Opxn L Opxn
Py= | =L, 0n =L |» T2= | Onxn Onxn Onxn
Opxn bL —al, Opxn L —al,

Theorem 2. Suppose that G is undirected, G is connected, and Assumption 2 holds. Then, the
control protocol (6) makes the systems (35) and (36) achieve second-order leader-following consensus if
the following condition holds:

i
— 41,
)\min (L) (40)

a > 2,
7739 — 7]4(T — 9) > 0,

b >

where 73 = 7§dx((51§)), N1 = Amax(P7122).

Proof. Consider the same Lyapunov function V' (t) as that defined in the proof of Theorem 1 in Section 3.

: Amax (L)
Thus, if v > ===

system (39).

in condition (40) holds, then V'(¢) is still an effective Lyapunov function for the
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When t € [t, 0], k= 0,1,2,..., calculating V (t) along the system (39), we obtain

V(t) = %ZT(t)[PHl + HE P)z(t)

_ %{w%)mu) + (b 1" () L)

Here,
v Onxn Onxn

1= Opxn (b—1D)L—~L,  Opnxn > 0.
Onxn Onxn (a —27)1,

Then, it follows from inequalities (14) and (42) that

(1]

V() < 5 hmin(E0)27(1)2(0) < ~maV (1),

Amin (1)

where 13 = e (P)

When t € (8, txs1), k=0,1,2,..., calculating V(¢) along the system (39), we obtain

V() = %ZT(t)[PHQ + HIP)2(t) = %ZT(t)Egz(t),

where
Onxn ’7[” Onxn
- b. a
=, = 1, 1-b)L -L+ -1,
= Y ( ) ) + 5
b. «a
Onxn §L + §In —al,

Using Lemma 4 and (44), we obtain

N

V(t) < %)\max(P’lEg)zT(t)Pz(t) = Amax (P 'Z2)V (1) = 04V (1),

where 74 = Apax(P7122).
For t € [to, dp), it follows from (43) that

V(t) < V(to) exp{—ns3(t — o)}

(43)
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For t € [do, t1], it follows from (45) that
V(t) < V(o) exp{na(t — do)}- (47)

Then, according to (46) and (47), it follows that

V(t1) d0) exp{na(t1 — do)}
to) exp{—n3(do — to) + na(t1 — do)}

V(60)

V(to)

V(to) exp{—n3(do — to) + na[(t1 — to) — (do — to)]}
V(to)

V(

NN

to) exp{—n3bo + n4(To — o)}
0) exp{—Ao}, (48)

where Ay = 136y — na(To — 0o) and tog = 0. Then, using condition (40), we have Ay > 0. By recursion,
for any positive integer k, we have

V(trer) < V(0)exp ZA, (49)

where A; = 1360, —na(T; — 0;) >0, =0,1,2,... k.
Furthermore, for all ¢ > 0, there exists a natural number s* such that ts-;1 < t < tg42. For
t € [tee11,05+41], we have

V(t) < V(tges1) exp{—ns(t — te=11)} < V(0)exp ZA : (50)

For t € (0s+41,ts+42), we have

V(t) < V(bs+41) exp{ma(t — ds41)}

S V(tgeq1) exp{—n3(0sr41 — tsr41) + Na(tsr42 — 0sx41)}

< V(0)exp Z Aj—mOse g1+ Na(Tse 11 — Oge11)
7=0
s +1

=V(0)expg — A;
j=0

<V(0)expq — > Aj». (51)
j=0

Thus, for arbitrary ¢t > 0, it follows that

V() <V(0)exps — > A,
j=0

< V(0) exp{—s"Amin }

< V(0)exp { (% + 1) Amin}

= Koexp{—Kit}, (52)

where Ko = V(0) exp{Amin}, K1 = Anin/T, Amin = 1360 — n4(T — 6); this implies that z(t) = 03y, as
t — oo. Then, using the control protocol (6) with a filter (4), the second-order leader-following consensus
for systems (35) and (36) is achieved. This completes the proof.
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Figure 1 Communication topology G.

Remark 3. In [34], the authors investigated the consensus problem of second-order multi-agent sys-
tems without velocity measurements under continuous communication. However, under aperiodically
intermittent communication, only few studies exist that consider the consensus problems of multi-agent
systems with immeasurable velocity. To the best of our knowledge, this study is the first one to investigate
the leader-following consensus problem of second-order nonlinear multi-agent systems with aperiodically
intermittent position measurements. In addition, herein, a new type of intermittent consensus control
protocol combined with a distributed filter is designed using the relative intermittent position measure-
ments between neighboring agents, which is different from [34].

4 Simulation examples

Consider a multi-agent communication network with four followers and one leader with the topology
graph G as shown in Figure 1. Suppose that the connection weighted values of the communication
topology are all equal to 1 in this study. Then, based on the topology graph G, we have A\yay (L) = 4.618

and Amin (L) = 0.382.

Example 1. Consider the second-order nonlinear dynamic model (1) and (2). Suppose the multi-agent
network interaction graph among the agents is selected as that shown in Figure 1. Let f(¢, v;(t),v;(t —
7(t))) = 0.001sinv;(t) + 0.001 cosv;(t — 7(t)), where 7(¢t) = 0.1]sint| < 0.1, 2;(t) € R, v;(t) € R, and
i € {0,1,2,3,4}. Considering Assumption 1, we know that p; = 0.001 and py = 0.001. The initial
position and velocity of the followers are selected as x;(0) = 0.057, v;(0) = 0.014, ¢ = 1,2, 3,4. The initial
values of the leader are selected as z¢(0) = 0, vo(0) = 0.02. Using condition (11), we can consider that
v=3,a =38, and b = 12. According to Theorem 1, we obtain Api,(R1) = 1.198 >%f((§)) = 0.374,
= 0.1039, and v = 2.0031. Then, we can choose T' and 6 such that w = (0 — 7*) — v(T — 6) > 0.
Figure 2(a) shows the differences in the position states between the four followers and the leader, and
Figure 2(b) shows the differences in the velocity states between the four followers and the leader. These
differences imply that second-order leader-following consensus can be achieved for nonlinear multi-agent
systems with time-varying delay and aperiodically intermittent position measurements.

Example 2. Here, we again use the communication topology shown in Figure 1. The second-order
nonlinear dynamic model is reduced to the double integrator model similar to systems (35) and (36);
ie., f(t,vi(t),vi(t —7(t))) = 0. The initial states of the followers and the leader are selected identical
to those in Example 1. Similarly, we take v = 4, a = 10, and b = 14, which satisfies the condition (40).
Based on Theorem 2, we obtain 173 = 0.1224 and 74 = 2.4977. Then, we can choose T and @, such that
130 —na(T — 0) > 0. Figure 3 shows the simulation results. This shows that leader-following consensus
can be achieved for multi-agent systems with double-integrator dynamics and aperiodically intermittent
position measurements.

5 Conclusion

In this study, the leader-following consensus problem for a second-order nonlinear multi-agent system with
time-varying delay and aperiodically intermittent position measurements is investigated. Different from
majority of the current studies, the intermittent communication type used in this study can be aperiodic,
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Figure 2 (Color online) Errors of the states between the followers and the leader in Example 1. (a) Position; (b) velocity.
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Figure 3 (Color online) Errors of the states between the followers and the leader in Example 2. (a) Position; (b) velocity.

and only the intermittent position measurements among the agents can be used. Under aperiodically
intermittent communication, a novel consensus control protocol combined with a distributed filter is
designed to guarantee that all followers can track the leader using the relative position measurements
between the neighboring agents. With the help of the intermittent control method and Lyapunov function
technology, some consensus conditions are obtained for second-order leader-following multi-agent systems
under aperiodically intermittent communications. As communication noises are usually inevitable, in the
future, we will focus on investigating the intermittent mean square consensus tracking problem for second-
order nonlinear delayed multi-agent systems without velocity measurements.
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