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Abstract In this paper, a policy iteration-based Q-learning algorithm is proposed to solve infinite hori-
zon linear nonzero-sum quadratic differential games with completely unknown dynamics. The Q-learning
algorithm, which employs off-policy reinforcement learning (RL), can learn the Nash equilibrium and the
corresponding value functions online, using the data sets generated by behavior policies. First, we prove
equivalence between the proposed off-policy Q-learning algorithm and an offline PI algorithm by selecting
specific initially admissible polices that can be learned online. Then, the convergence of the off-policy Q-
learning algorithm is proved under a mild rank condition that can be easily met by injecting appropriate
probing noises into behavior policies. The generated data sets can be repeatedly used during the learn-
ing process, which is computationally effective. The simulation results demonstrate the effectiveness of the
proposed Q-learning algorithm.
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1 Introduction

Differential game theory [1] is an important tool for dealing with the coordination and conflict issues in
dynamical systems with multiple decision-makers or control inputs and has been widely applied in social
and behavior science, industrial processing control [2], robotic maneuvering control [3], communication [4],
H-infinity robust control [5], among others. In differential games, each player tries to pursue the optimal
control policy to optimize his own performance objective while taking account of the control policies of
other players. The solution of a differential game is always characterized by the Nash equilibrium [1], in
which no player can improve its outcome by unilaterally changing its strategy.

Theoretically, to obtain the Nash equilibrium in a nonzero-sum differential game, one should solve
coupled Hamilton-Jacobi-Bellman (HJB) equations [1]. However, HJB equations are nonlinear partial
differential equations, and it is difficult or even impossible to obtain their analytic solutions. In linear
nonzero-sum quadratic differential games, where HJB equations reduce to coupled algebraic Riccati equa-
tions (ARESs), the analytic solutions are still not readily available. Therefore, many approximate methods
have been proposed to solve differential games such as Galerkin’s spectral method [6], neural network
approximation [7], iterative algorithm [8], successive approximation [9], algebraic methods [10,11], and
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partial differential inequalities [12]. However, these methods are offline methods that generate fixed con-
trol policies; thus, they are unable to meet the need of real-time implementation for controllers. Moreover,
they require full knowledge of system dynamics, which makes them vulnerable to changes in system dy-
namics and inaccuracies in system modeling. In this study, we are interested in developing an intelligent
online algorithm to seek the Nash equilibrium of linear nonzero-sum quadratic differential games with
completely unknown dynamics.

The motivation of our work comes from reinforcement learning (RL) [13]. The core idea of RL is that an
agent can unceasingly improve his action or policy based on the observed response from the environment,
with which the agent interacts. In the control field, RL is also called approximate dynamic programming
(ADP) [14] or neurodynamic programming [15]. In the seminal work of [16], an adaptive dynamic
programming approach combining RL with dynamic programming (DP) was proposed to approximate the
solution of a Bellman equation arising in optimal control. Different from DP, which operates backwards
in time (offline) and suffers from the curse of dimensionality, ADP operates forwards in time (online),
and overcomes the curse of dimensionality [17]. In the past few years, ADP has been widely used to solve
optimal control problems [18-22] and differential games [23-36].

The most commonly used ADP method for differential games is policy iteration (PI) [23-37], which is
based on a successive approximation technology [38]. PI involves two parts: (1) policy evaluation and (2)
policy improvement. Hence, it is an iterative method for solving the coupled HJB equations (nonzero-
sum game) or Hamilton-Jacobi-Isaacs (HJI) equation (zero-sum game) by constructing a sequence of
admissible control policies [39] that will converge to the Nash equilibrium. An offline PI algorithm with
two iteration loops was proposed for zero-sum differential games with constrained control input in [7].
The authors of [29] proposed a model-based PI algorithm to determine the mixed optimal control pairs for
nonlinear zero-sum differential games. In [24], a partially model-free PI algorithm based on integral RL
(IRL) was proposed to determine the Nash equilibrium solutions of linear zero-sum quadratic differential
games. Two data-driven PI algorithms were proposed in [25,26] for nonlinear zero-sum differential games
with unknown dynamics. In [27], a model-free PI algorithm based on off-policy RL was developed to
solve the H-infinity control of discrete-time systems.

Compared with zero-sum games [7, 23-27], nonzero-sum games are more difficult to solve, because
one needs to solve multiple coupled HJB equations or AREs. A partially model-free PI algorithm was
proposed to solve linear nonzero-sum quadratic differential games in [36]. In [39], a novel PI algorithm
called synchronous PI was proposed to solve nonlinear nonzero-sum differential games online, where
two neural network (NN) structures, i.e., critic NNs and actor NNs, are introduced to approximate the
Nash equilibrium and the value functions, respectively, and the critic NNs and actor NNs are tuned
synchronously in an adaptive way. Further, the authors of [29] proposed a synchronous PI algorithm
that just contains critic NNs. In [30], a synchronous PI algorithm was presented to solve discrete-time
nonzero-sum games. Algorithms in [28-30, 39] require full knowledge of system dynamics. To remove
PI's dependence on system model, the authors of [32-34] introduced system identification technology;
however, adding an identifier NN increases the computational burden and the identification error cannot
be eliminated. In [35], a model-free PI algorithm based on off-policy RL was proposed to solve nonzero-
sum differential games, however, the input matrices of all players were assumed to be the same. In
addition, most of the PI algorithms above are based on on-policy RL [13], because the experience data
used for learning is generated by the control policies that are learned about. One of the main drawbacks
of on-policy RL is the insufficient exploration ability to the state space. To ensure the convergence of PI
algorithms, one should inject exploratory signals or probing noises into the controllers to meet certain
persistence of excitation (PE) conditions [39], which may cause deviations from the Nash equilibrium [27].

Q-learning is another powerful tool for solving optimal control problems [40-47] and Nash games
[31,48-50]. For discrete-time systems, Q-learning belongs to off-policy RL, that is, the agent can use the
experience data generated by behavior policies to learn the target behaviors (i.e., the optimal control
policy or Nash equilibrium); thus, Q-learning has better exploration ability to the state space than on-
policy PI algorithms. In addition, Q-learning is completely model-free. Many Q-learning methods have
been proposed to solve the optimal control problems of discrete-time systems [18,40-43,45,46] and zero-
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sum games of linear discrete-time systems [49,50]. However, there are very few studies on continuous-time
systems, because it is difficult to construct the Q-functions for continuous-time systems. In [44], a Q-
learning method was developed for infinite-horizon discounted cost linear quadratic regulator problems.
The author of [31] proposed a model-free synchronous PI algorithm for linear nonzero-sum quadratic
differential games by constructing a Q-function for each player. Further, a cooperative Q-learning method
was proposed to solve multi-agent differential graphical games in [47]. In fact, the Q-learning methods
in [31,44,47] belongs to on-policy RL, which has the drawback of insufficient exploration to the state
space. Thus, to ensure the convergence to the Nash equilibrium, one should inject probing noises into
the controllers to meet certain PE conditions, however, the effect of the probing noises on convergence
has not been analyzed in [31,50].

Inspired by off-policy RL, we develop a novel off-policy Q-learning algorithm to solve linear nonzero-
sum quadratic differential games online in this study. The main contributions of this study are threefold.
First, the proposed Q-learning algorithm is completely model-free and runs online just using the data
sets of the implemented behavior policies and the corresponding system state, and the data sets can be
used repeatedly, which is computationally efficient. Second, as the proposed Q-learning algorithm utilizes
off-policy RL, it has better exploration ability to the state space compared with the on-policy Q-learning
methods in [31,50]. Third, the convergence of the proposed Q-learning algorithm is proved under the
mild rank condition which can be easily met by choosing appropriate probing noises, and the probing
noises will cause no deviations from the Nash equilibrium.

The rest of this paper is organized as follows. In Section 2, some preliminaries on linear nonzero-sum
quadratic differential games are presented. In Section 3, a model-based offline PI algorithm is proposed.
In Section 4, a model-free Q-learning algorithm based on off-policy RL is presented. In Section 5, two
simulation examples are given to demonstrate the effectiveness of the proposed Q-learning algorithm. In
Section 6, conclusion is drawn, and future studies are presented.

Notations. R™ denotes n-dimensional Euclidean space. R™*™ is the set of all real n x m matrices.
I, denotes the n-dimensional identity matrix. Z; denotes a set of positive integers. ® stands for
the Kronecker product. vec(-) is the vectorization operator for a matrix that converts the matrix into
a column vector. For x € R", Z := [2%, 2102, ..., 2100, T3, ..., ToTp, ..., Tn_1Tn, 22|, For symmetric
matrix M € R"*" (M) is a column vector that stacks the elements of a diagonal and the upper triangle
part where the off-diagonal elements are taken as M;; + Mj;. For a time-varying signal 6(¢) : R — R™*™,
0y := 0(t) and 9|Z =0, — 0;,. ||A|| = (tr(ATA))'/2 is the Frobenius norm of matrix A.

2 Problem statement

Consider the following infinite horizon linear nonzero-sum quadratic differential game:

N
i(t) = Ax(t) + ) Bjuy(t), «(0) ==o, t>0, (1)

where z € R™ is the system state vector, u; € R™i, j € I':= {1,2,..., N} is the control input of player
j, and I is the set of players. A € R"*" B; € R™*™i are the plant and input matrices that are assumed
to be unknown in this study. Each player 7 has a cost function J; to be optimized:

1 [ N
Ji(x(0);ug, ..., uny) = 3 / T Mz + Zu}rRijuj dt, Vierl, (2)
0

j=1

where M; > 0, R;; > 0,4, € I" are user defined matrices of appropriate dimensions. For fixed stabilizing

control inputs (uq,...,uy), the value function V; that evaluates the performances of player ¢ from time
t is defined as
1 [ N
Vi(z(t);ug,...,un) = 5/ xTMiac—l—Zu;FRijuj dt, VieTl. (3)
t

j=1
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Definition 1 (Admissible policies [39]). A set of feedback control policies u(z) = (u1(x),...,un(x)) is
defined as admissible, if u;(z) is continuous, u;(0) = 0, u(x) stabilizes system (1), and cost function (2)
is finite, for Vzy € R".

The objective of the differential game is to find a set of admissible policies called the feedback Nash

equilibrium (u3, ..., u} ) [1], such that the following inequalities are satisfied simultaneously:

Vi (x(t);uf,u ;) < Vi(z(t);ui,u’;), VYu; € R™, VieTl, (4)
where u*; = (uf,...,uj_j,uj {,...,uy). Inequalities (4) imply that all the players will cooperate to
implement the Nash equilibrium (uj,...,u} ), because the profit of the player who changes the control

policy unilaterally will be damaged.
According to the definition of the feedback Nash equilibrium, solving the differential game above is
equivalent to solving the following coupled optimal control problems:

o0
1
Vi (w(t); ug, u* ;) i= miﬂ/t 3 ot Mz + u) Riygu; + ZU;‘-TRU‘U*- dt,

Uy J

i (5)
s.t. & = Ax + Byu; + ZB]-U;, Viel.
J#i
Define the following Hamiltonian functions:
) avE\" i}
H; (x,ui,ui, 8—;3) :( 8:; ) (Az + Bju; + ZBjuj)
J#i
1
+3 o' Miz + uf Risu; + Y _ufTRiju? |, Va,u;, Vi€l (6)
i

Employing Bellman’s principle of optimality leads to the following HJB equations:

ovr»
0 = argmin H; (m,ui,u*i, ! ) , Viel. (7)
Using stationarity condition, we can obtain
0H, oV
“ur =0=uf = —R;'Bf =, Viel. 8
aui i U; i1 L (S ( )

Considering that system (1) is linear time-invariant, we can represent the value function V*(z),Vvi € T
as a quadratic form of the state, i.e., V;*(x) = %:cTPZ-:c, where P; € R™*™ is the positive definite value
matrix. Then, Eq. (8) can be rewritten as

uf(z) = —R;;'Bf Pz, VieT. (9)

K2

Substituting (9) into (7), the HIJB equations reduce to the following coupled AREs:

T

N N
A=Y "B;R;'BIP; | P+ P | A=Y BR;BIP,
j=1 j=1
N
+ ZPijR{lein}lejTPj +M; =0, Viel. (10)
j=1

According to [1], if there exist positive definite matrices Py, ..., Py satisfying the coupled AREs in
(10), pair (A — >, BjRj_le;fPZ—, B;) is stabilizable and pair

E -1pT 2: -1 —1pT
A— BjRjj Bj P, M; + PijRjj Rinjj Bj P;
J#i J#i
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is detectable for each i € T'. The control polices in (9) constitute a feedback Nash equilibrium and
stabilize system (1).

To obtain the feedback Nash equilibrium in (9), one should solve the N coupled AREs in (10), which
are nonlinear matrix equations. Moreover, Eqs. (9) and (10) contain the information of the system
dynamics A and By, ..., By, which are assumed to be unknown. In Section 4, we will propose a novel
model-free Q-learning method to solve the linear nonzero-sum quadratic differential game.

3 Offline PI for linear nonzero-sum quadratic differential games

Before deriving the Q-learning algorithm, we first give an offline PI algorithm that will be useful in
Section 4. The offline PI algorithm is motivated by Bellman’s method of successive approximation [38],
which transforms the nonlinear matrix equations in (10) into linear Lyapunov equations. The detailed
algorithm is as Algorithm 1.

Algorithm 1 Model-based offline PI algorithm

Step 1: (Initialization) Start with a set of initially stabilizing feedback gains K{, ..., KJIV
Step 2: (Policy evaluation) For a given set of stabilizing feedback gains K i, oK f\,, solve for the positive definite
matrices Pll, R PIZ\, using the following Lyapunov equations:

T
N N N
(A -> Bﬂ(j) P! + P! (A -> Bﬂ(j) +M;+> KITRj;K! =0, Vi€l (11)
Jj=1

j=1 j=1

Step 3: (Policy updating) Update the feedback gains as follows:
I+1 _ p—1pT pl ;
K,"" =R, "B P, Viel. (12)

Stop if || K} — Kf_1|| < e,i €', where € is a small positive threshold, otherwise set [ =1+ 1 and go to Step 2.

Algorithm 1 is similar with the algorithm developed in [51], which is used to solve the infinite horizon
linear quadratic regulator problems for continuous-time systems. It has been proved that the algorithm
in [51] is convergent by selecting any initially stabilizing feedback gain. Compared with the algorithm
in [51], the convergence analysis of Algorithm 1 is much more complicated, because there exist N coupled
value functions, and the sequence of Pil for each i € T is not necessarily monotonous due to the coupling
among matrices Pll, . ,P}V. To overcome this problem, the authors of [9] proposed an offline Lyapunov
iterative algorithm to solve the infinite horizon linear nonzero-sum quadratic differential game, and proved
that P! will converge to P; for each i € ' by means of Lyapunov’s second method and Bellman’s successive
approximation. Next, we will prove that Algorithm 1 is equivalent to the algorithm in [9] by choosing
K} = R;;'BIP? Vi € T, where P, ..., Py are the solutions of the following N AREs:

PPA+ ATPY + My — PPB R 'Bf P =0,
PY(A— S PP) + (A — Sy PO) PO+ (My + PP Zy, PY) — POS, PP =0,

(13)
T
N-1 N-1 N-1
PO A= 5P|+ A=) 8P| PY+ | My+ > PYZy;P) | — PRSyPY =0,
j=1 j=1 j=1

with S; = BiR;;'BY, Z;; = B;R;'Ri;R; ' BY i, j = 1,...,N,i # j,1 =0,1,....
According to the optimal control theory, solving the AREs in (13) is equivalent to solving the following

N infinite horizon linear quadratic regulator (IHLQR) problems successively:

1 1 [
ing{):co = min —/ " Myz +ul Ryjudt sit. & = Az + Byug,

w1 0
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N-1

1 1 [
—acOTPZ(\),acO =min — 2T My + Z PQZg\;jPQ T+ u%RNNuth
2 uN 2 0 j*l J J
N-1
st.d= A=Y 8P |x+Byux.
=1

Remark 1. In fact, the simulation study shows that Algorithm 1 will converge under any initially
stabilizing feedback gains. We choose K} = R;;'BIP? Vi € T for the sake of the following convergence
analysis. The IHLQR problems above can be solved by using existing model-free ADP methods, such as
the PI algorithms in [21,22] or the Q-learning methods in [47], and these methods are computationally
efficient. Besides, obtaining K71, ..., K} sequentially lowers the difficulty of initialization compared with
existing trial and error methods.

Lemma 1. If the initial feedback gains are selected as K} = R;;' BF P for each i € T, where Py, ..., Py
are the solutions of AREs (13), Algorithm 1 is equivalent to the algorithm proposed in [9]. Thus,
lim;_,oo P! = P;, limy_,o, K} = R;;"BI' P, for each i € T

Proof. As triples (A, B;,/M;) are assumed to be stabilizable-detectable for each i € ', and M; +
23;11 P](-)Zij PjQ are positive definite, there exists a unique positive definite solution to every ARE in (13).
In Algorithm 1, by setting K} = R;;' BF P? and substituting K! = R;;* BFP!~! into (11), we can obtain

T

N N
1 1T pl—1 1T pl—1 l
P/ (A=) B;R;'BIP| + A=Y B;R;'BIP] P!
j=1 j=1
N T
—1pT pl—1 —1pT pl—1
:’Mi’Z(Rﬁ Bj Pi™) RijRj; B P
j=1
N
_ 1—1 —1 —1pTpl—1
=-M; - ij BjR;;j RijRj; Bj P
j=1
=— | M+ PSP+ Ptz Pt (14)
J#i
Note that S; = BZ—R;-IB;F, Vi € I'. We can therefore obtain
N N T
1 —1pT pl—1 —1pT pl—1 !
P A=) BRIBIPT! |+ A=) BR;IBIPT!| P
j=1 j=1
T
N N
= A=Y _S;Pt | Pl+P (A= 5Pt (15)
j=1 j=1
Combining (14) and (15) yields
N N T
! —1 —1 l_ 1—1 1—1 1—1 -1
Pl {A=> 8P +(A-> 8P Pl =—M;+ PSP+ Pz Pt | L (16)
j=1 j=1 J#i

From (16), we can know that Algorithm 1 is equivalent to the algorithm in [9]; thus, lim;_. P! = P,
lim; oo K! = R;;'BI' P, Vi € T.
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Remark 2. Compared with the coupled AREs (10), which are nonlinear matrix equations, Algorithm 1
and the algorithm proposed in [9] operate on the reduced-order linear matrix equations (Lyapunov equa-
tions), which reduce the computational difficulty. However, as these algorithms are both offline, they
cannot be applied to online controllers. Besides, to run these algorithms, one needs to have accurate
knowledge of system matrix A and input matrices B, ..., By, which makes these algorithms sensitive
to changes in system dynamics.

4 Q-learning method based on off-policy RL

To remove the dependence on system model and increase the exploration ability to state space, in this
section, we propose a model-free online Q-learning algorithm based on off-policy RL. First, we implement
a set of behavior polices to system (1) to generate sufficient experience data (i.e., input-state data); then,
we use the experience data to learn the target policies (i.e., the Nash equilibrium).

First, we provide some properties of the Kronecker product: (i) vec(ABC) = (CT @ A)vec(B),
(ii) (A® B)(C ® D) = (AC) ® (BD), (iii) (A® B)™! = A=' @ B!, where A, B, C and D are ma-
trices of appropriate dimensions. In addition, let Aq,..., A, be the eigenvalues of A, and pq, ..., b, be
the eigenvalues of B. Then the eigenvalues of A ® B are Ajpj, i =1,...,n,5=1,...,m.

To derive the off-policy Q-learning algorithm, we first give the following Q-functions for each i € I":

oVl
Ql(z,uiyu_y) ==V + H; (%Uuu—u 8—5)

N

1 1 1 1

= §$Tpllx + §$TMiI + B Z UJTRZ‘J‘UJ‘ + §ITPZl Azx + Bu; + Z Bju;
Jj=1 J#i
T
1
+ 3 Ax + Bju; + ZBjuj Plz, Va,uju_;, VieT, (17)
J#i

where V! = 12T P!z is the value function obtained from (11), u_; = (u1,...,%—1,Ui41,...,un), and

1
H;(z, i, u_s, 88%) is the Hamiltonian function defined as

y 1 L INT N
H; <:c,ui,ui, a‘/z > = —:L'TMil‘ + 5 ZUJTR”UJ + <8V; ) Az + ZBjuj , Vx,uj,u_;, VieT.
j=1

or 2 ox :
J=1
(18)
Let Z' = [z7,ul,uT]T for each i € I', with v®;, = [uT, ... ul |, uf,,...,u}]. Then Q! (x,u;,u_;) can
be expressed as the following quadratic form:
[ il i\l il
l l l l
; il l i\l i\l i
Qi(xa uia ufi) = §Z’LT 511111 Sului S;L/Llul e SLl”N Zl’ (]‘9)
i\l l il i\l
_S;L,LN(L‘ SuNui STZ,LNul SZLNUN_

where Sbi := P/ + PIA+ AP/ + M;, S, = (S..,)" = P{B;, Skl = (Si',)" = P/B;,Vj # i,
S, = R, Sfl,iuj =0, Vj,k # 4, and Sf“uj = (Sijui)T = 2R;;, Vj # 1.

According to the definition of S!, we can know that the information available to player i is Siu and
S! and the knowledge of A, B; and P} are embedded in S%!, S. and Sfﬁ’ij. If we can obtain the

U;uU 7 Tx)
accurate Q-function Q!, Eq. (12) can be rewritten as K™ = (8,.,)71SL, ., which requires no knowledge

of system dynamics. Next, we will employ the off-policy RL technology to solve Q! or S! for each i € T
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Implementing behavior policies (@1 (t),...,un(t)) to system (1) yields
N
i= A=Y BiKl|a(t +ZB a;(t) + Kla(t)), (20)

where the behavior policies are selected as i;(t) = —K;xz(t) + ej( ) for each j € I, (K1,...,Ky) are
feedback gains such that A — Z;VZI B;K; is Hurwitz and (eq (1), . ( )) are the injected probing noises
used to increase the exploratory ability to the state space. (— K 1z, —K fvac) are the target policies to
be learned about.

Substituting the values of behavior policies and the corresponding system state at time ¢ into Q' gives

- 1
Ql(zt;uzta ) = xt Pll’t + = ZU 'L]th -+ l‘t Ml't

T

N N
1 1
+ §xtTP; A= "BiK} | x + ix? A->"B;K!| Pl
j=1 j=1
+af Y PB;(i(t) + Klay) + of PIB;(iy + Klay), Vi€l (21)
J#i
According to (11) and (12), Eq. (21) can be rewritten as
1 1 1 al
Qi (e, Wity iit) :§xtTP¢l=’Et 5 > a5 Ryl §xtT > KR K | @
j=1 j=1
+ > (a(t) + let) B Play + (s + Klay) "Ry K 'y, Viel. (22)
J#i
As By,...,By are unknown, we define the auxiliary variables Tilj as Tilj = BJTPZ-I for each j # i. By
letting ZV = [T 4}, aT;]T and using the Kronecker product representations, Eq. (22) becomes
| N N
2(21 yTe(s!) — 52 ®uﬁ Jvec(R;j;) + xt ®xy Z vec( KITR”KI)
Jj=1 Jj=1
— ((f @) (In @ Rip) + (¢ @) x(In ® (K[ Rii))) x vec(K;*)
> (@ @)+ (@f @) (I @ Ki)) x vee(T);) =V} (z;), VieT. (23)
JFi
As V! in (23) is not available, we need to eliminate it. Note that
t+AL
Viaa) = Vie) = [ Viendn, at>o. (24)
t
along the system trajectory generated by (20). It follows that
t+AL 1 [trat
/ Vi(z)dr =5 / T (PLA; + AT Pz dr
t t
t+At t+At T
+/ (1 + Klz) R”Kl+1xd7+2/ (4 + Kla) Tjadr,  (25)
t J#i
where 4; = A — Zjvzl BjK!. According to (11), we have
t+At t+At N
/t T (PlA + AT P)xdr = — /t a" | M+ KRy KL | adr. (26)

Jj=1
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Using Kronecker product representations, Eqs. (24)—(26) yield

t+At N
VHzipne) — Vi(zy) = — 5/ 2t @aTdr x vec | M; + ZKJZ-TRiné
¢

j=1

t+At t+At
+ < / ¥ @ w;dr (I, @ Ry) + / 2T @ 2Tdr (I, ® (KfTR”))>
t t

t+At t+At
x vec( K + Z / bt ® Gdr + / P @t (I, ® KJZT) Vec(Tilj).
t t

J#i
(27)
Using (27), we can eliminate V! in (23), and then we obtain
(250 )" O(S) — Ay'vee(K[T) + 3 &vee(Th) =T, VieT, (28)

i

il el X
where Ay", &, and TI}" are defined as follows:

At =—2 <:L'T @z

t+AL
€+At +/ LL’T ®LL’TC1T % (In ® (K,LITR”))
t
t+ AL
2@ @al [ ¢ / T @aldr | (I, ® Ry),
t
AL
Aty / 2T @ 2Tdr
t

t+At
x (I,  KIT) — 2 (:cT ®a; \i*AtJr/ 2’ ® a}m) Vi # i,
t

g’l2<IT®I’T

and

N N
! = Z (ﬂ;r ® ﬂ;r |§+At Jvee(Ry;) + (2 @ 2T |§+At) Zvec(KéTRinJl»)
J=1 j=1

t+At N
— / 2t @ zTdr | vee [ M; + Z KJZ-TRU»KJI-
t =
It can be seen that Eq. (28) is a system of linear equations with respect to ©(S!), vec(K! ™) and T}; for
each i € I', j # i. In each linear equation, there exist

N N
al (1+n+2j:1mj)(n+2j:1 mj)
n E m; + 5
Jj=1

unknown parameters. Thus, to obtain ©(S!), vec(K. ZH'I) and T}, we need to construct at least

K

N N
> (L+n+ 35 my)(n+ 352, my)
n Z mj + 9
Jj=1
linear equations for each i € I'. This can be achieved by collecting data sets along the system trajectory
generated by (20). Define the sampling time as t := to + kAt, k € Z, where At > 0 is the sampling
interval.
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Define the following data sets for each ¢ € T":

=it miNT hil il ropi,l ]
(Z;l - Z;()) Atl gtl Hzl

l_ =i it T il il 1 _ il
¢i - (Ztk - Ztkfl) Atk é‘tk ? HZ - Htk ?

izt T pil il i,
(Zi, = Zi,,) A& R

il 1,0 i—1,0 it N,
Where ftk :[gtka"'aftk 7515: 7"'7£tk ]
Thus, we can obtain the following N group of systems of linear equations:
T
0! [(©(8) ", vec (K[, vec (1)) =T, vieT, (29)
for each i € T, data set vec(T}) = [vec™ (T},), ..., vec™ (T}_;), vecT (T}, 1), ..., vecT (T}y)]*. According to
the definition of ®! and IT}, we can obtain Kf“, Vi € T without using any knowledge of A and By, ..., By,

if Eq. (29) is solvable. To ensure that each equation in (29) has a unique solution, the total sampling
number s should be larger than

N N
- At nt+dmmg)n+ 25, my)
n E mj + 5
Jj=1

and ®! should have full column rank for each i € I' and | € Z,. If ®! has a full column rank, ®!T®! is
invertible and ©(S%), vec(K'™!) and T}; can be obtained directly as follows:

o(s))
vec(KHY) | = (®T0!) TN (@) I, ieT. (30)
vee(T)

Next, we will give a sufficient condition under which ®! has full column rank for each i € ' and | € Z..

Lemma 2. If there exist a positive integer so and probing noises (e (t), . .., en(t)) such that the following
condition:
N N
2

N
rank(H) = anj + (
j=1

is satisfied for all positive integers s > sg, ®! has full column rank for each i € I' and | € Z,, where
H = [HZ’aHa:ela cee 7HCE€N]7 7 = [ZTvﬁrlra cee aﬂ’]ga cee aﬂ%]Tﬂ HZ’ = [Zél - Zéov ceey Ztlb - Zés, ]T

Hye, = [[ 2@ edr, ..., [" 2 ®edr]T,VieT.

. and

Proof.  First, we define the following data sets:

.7 T |t ] ot .
2T @aT |} Jy #t @atdr
T T |tk / 123 T T
Hpyp= |7 @ tr—1 ) H:c:c = ftk,l r- @xdr ’
ts
R L 2T @ aTdr |
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~T ([t | ~ ~T |t
et @af to Uy, @ Ty to
T ~T |tk .
H:mli =l ® Ui |ty ; Vi e Fa Hﬂmﬂn = U’ ® U’ tk 1 ) Vm, nel.
ts
ZC ® ’U; tq 1 U’ ® U’ ts—1

Define matrices H and ﬁ)i as H = [Hyw,Heays -+ o s Heany Havaiys -+ Hanan s Haeps - - - s Haey ] and (i)i =
[Haow, Hiys - Hotins Haa - Hiang, AL €1, where AL = [(A)T, ., (AP)T]T and & = (D)7, ...,
(fi;l)T]T. Using the definitions of H and ®!, we can obtain that rank(H) = rank(H) and rank(®!) =
rank(®!). Thus, we just need to prove that rank(H) = rank(®!) for each i € T and [ € Z.

First, we give one useful property of the rank of partitioned matrix. Let S = [S1,...,S5;,...,S5u]
be a partitioned matrix with S; € RP*%. Then the rank of S will not change under the following two
operations: (i) post-multiplying an arbitrary block \S; by a invertible matrix U; with U; € R%*% and (ii)
adding an arbitrary block S; post-multiplied by a matrix V; to block S; with V; € R%*% and V; is not
necessarily invertible. Define

[T @aTar (L, © (KT Ry))
t ~
+ ftol Z'T ® U;rdT(In ® R”)
A= -2 : , Viel
[ 2t @aTdr (I, ® (KT Ry))
+ [ 2T @aldr(l, @ Ry) |

and _
¢
Jo 2t @atdr(l, © KiT)

+ [P 2T @aldr
cl — _9 : , Vi #d
te T o T IT
Jo et @atdr(l, @ KiT)

+ /, . T ® ’ﬁdeT

Let {Z = [ﬂ, e ,££71,££+1, e ,55\,] We can obtain

= Aé + Haya, (2Is ® (In ® Ru)) + HME(QIS ® (In ® (KleRzz))) (31)

and
§h =€+ Hoq, (21, @ (In ® I, ) + Hpo (21, © (I, @ KIT)). (32)
Let ®, = [Hyw, Hoayy- - Hoan, Havars - s Hayan, AL €Y. Egs. (31) and (32) imply that ®! can be

obtained from ®! under operation (i), wh1ch means that rank(®!) = rank(d!).
Observe that

tr tr
Tzt | = / T @aTdr + / 2T @ iTdr. (33)

te—1
tr—1 tr—1

Along with (20), Eq. (33) becomes

:L'T®:L'

tr R ty N
Tl :/ (:ETAT)®deT+/ e’ @ (T AY)dr
te—1 th—1
N th
+ Z/tk (efB) @ adr +Z/tk ®(ej B} )dr, (34)

j=1
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n N > . . .
where A = A — ijl B;K;. Considering that e;-f ® 2T and 2T ® ejT are row vectors, there exists an

invertible matrix W7 € R X" for each j € I' such that -ftt:,l ef @xldr = Ltkk,l et @ejdrWI. Thus,
Eq. (34) can be rewritten as

xT®xT

T N N tr N
= /t zt @aTdr A+ Z/ $T®edeTBj, (35)
j=1

k—1 tr—1

where A= AT @ I,, + I, ® AT and B; = W/(BY ® I,) + I,, ® BY. According to (35), it follows that

N
Hyp = H,, (I, @ A)+ Y Heo (I ® By). (36)

j=1

Next, we will prove that matrix A is invertible by proof of contradiction. Assuming that A is not invertible,
then (AT @ I,, + I, ® AT)X = 0 has a nontrivial solution X; # 0. Thus, (I,2 + (AT ® I,,)""(A"T @
AT))X; = 0. Using the Kronecker product, we can obtain (I,> + A~T @ AT)X; = 0. It can be seen that
none of the eigenvalues of matrix I,z + A~ ® AT is zero, which means that I,,> + A~T @ AT is invertible
and X; = 0. This contradicts with the assumption, so A is invertible. As A is invertible, Eq. (36) yields

N
H. = |H.— Z Hep (I, ® By) | (I, ® A)™1. (37)

j=1

Let H = [H.,,Hya,, .. Hean, Hayiiys -+ > Hinin> Heers - - - » Heen]. Eq. (37) implies that H' can be
obtained from H under operations (i) and (ii), which means rank(H’) = rank(H). As @;(t) = —K;z(t) +

e;j(t),Vj € I, we have

tr tr tr ~
/ T @i dr = / T ®ejdr — / t@atdr(l, ® K}). (38)
te—1 th_1

th—1

According to the definitions of ]\ﬁ and f;, we can obtain

A = Hyo, (=21, ® (I, ® Ri)) + H' 1221, ® (I, ® (K} — K'TRy,))), (39)

?

and
{h = Hyey (2L, ® I,) + H' 4o (21, ® (I, @ (K] — K'T))). (40)

Obviously, both —2I; ® (I, ® R;;) and —2I; ® I, are invertible. Thus, Eqs. (38) and (39) imply that
@l can be obtained from H’ under operations (i) and (ii); thus rank(®!) = rank(H’). We have proved
that rank(®!) = rank(®!) = rank(®!) and rank(H) = rank(H) = rank(H’); thus rank(®!) = rank(H) =

N . N .
”Z;Vﬂ mj + (Antd o m;)(n+zj:1 ™5)  The proof is completed.

Remark 3. According to Lemma 2, we can conclude that, once the rank condition in Lemma 2 is
satisfied, the exact Q-function Qé or Sﬁ can be obtained from (30) for each i € I' at each iteration. The
rank condition in Lemma 2 is more relaxed than the PE condition. In addition, the rank condition can be
satisfied by choosing appropriate probing noises (e.g., harmonic signals containing sufficient frequencies
or random signals).

Now, we present the complete off-policy Q-learning algorithm.

Remark 4. Though the initially admissible feedback gains K} = R;; 1BZT PP Vi € T in Step 2 contain
information on By,..., By, they can be obtained using existing methods [21,22], without using any
information on By,...,By. Thus, Algorithm 2 is completely model-free (data-driven) and robust to
the inaccuracy in system modeling. Note that once the rank condition is met, the data of the state
and behavior polices can be used repeatedly, which is more computationally efficient than the existing
Q-learning methods [41, 44, 48, 49], for which new experience data must be regenerated in each new
iteration.
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Algorithm 2 Model-free off-policy Q-learning algorithm

Stepl: (Data collection) Apply control inputs (i.e., behavior policies) @;(t) = —K;z(t) + e;(t),j € I to system (1) and
store the values of the state and behavior policies from tg to ts.

Step2: (Initialization) Solve the N decoupled ITHLQR problems corresponding to AREs (13) to obtain the initially
admissible feedback gains Kil = R;lB;r Pi0 for each 7 € T

Step3: (Policy updating) Given a set of admissible feedback gains Ki, e Kf\,, solve for Sé, KZHl and Tilj foreach i € T,
j # 4 using (30).

Stop if ||Kf — K£71|| < ¢ for all 4 € T', where ¢ is a small positive threshold; otherwise set I =1+ 1 and go to Step 3.

Theorem 1. Let the rank condition in Lemma 2 be satisfied. Then Algorithm 2 is equivalent to
Algorithm 1; thus the target policies (—K'x, ..., — K\ ) obtained from Algorithm 2 will converge to the
Nash equilibrium, that is, lim; o, K! = Ri_ilBZTPZ-,Vi el

Proof. Let K! ... KL be the admissible feedback gains at the [th iteration in Algorithm 1 and
K} = R;'BI P? for eachi € T. As A— Zivzl B;K! is Hurwitz, P}, ..., P are the unique solutions of the
Lyapunov equations (11), which means K {H, ceey Kf\fl are uniquely determined by Kf“ =R IB;F Pil
for each i € I'. From the definition of Q! and the derivation of Algorithm 2, we can know that K!, P!,
and K1 satisfy (30) for each i € I' (K! is embedded in ®} and IT!, and P! is embedded in S!). If the
rank condition in Lemma 2 is satisfied, Eq. (30) has a unique solution [(¢\)T, (x))T, (¢)T]T for each
i € I', where

A2 mp) s my)
2

P, €R , X, R

and ¢! € R" 225%™ Thus, we have Xt = vec(K!™). Using the result in Lemma 1, we can obtain
lim; oo K} = R;;'BI' P, Vi € T.
Employing Algorithm 2, we can obtain the Nash equilibrium (uj,...,u%/), but the corresponding value
matrices (P, ..., Py) are still unknown. Next, we will turn to obtaining the value matrices P;,Vi € T.
Define the following optimal Q-functions:

ov*
Qr(xvurautz) = ‘/;*+HZ (x7u:au’ki’ 81 ) ’ VQ’J,VZ EF; (41)
T
where the Hamiltonian H;(z,u},u*,, %z) is defined as
N T N
Hi(x,uj,u”, o ) = ngMiac +3 ZujTRijUj+( pe ) Az + ZBjuj , Ve,Viel. (42)

j=1 j=1

Obviously, Qf(x,uf,u*;) can be obtained after the Nash equilibrium is obtained. By substituting

(uf,...,uy) into (42) and using AREs (10), we have H;(z,u}, u*,, 8(;/;*) =0,Vz,Vi € I'. Thus,
* * * * 1 T .
Qi (x,u;,u*,)=V"= 2% Pz, Vx,Viel. (43)

Let {x(t),t > 0} be the system trajectory generated by (20); then we can obtain

* * * * * * 1 — 1 — .
Qi (xtkvuitkvu—itk) - Qi (xtkfuuitk,lvu—itk,l) = 5.%2;@(131) - 5.%;1;71@(3), Vi el. (44)

Nk * * * * * * * * * * * * T
Let QF = [Q; (xtuuitlvu—z‘tl) - Q; (fctoauitoau—ito)v sy QF (xts’uitsvu—its) - Q] (xts—l’uits,l’u—its,l)]
and X = [Ty, — T4y, -+, T4, — Tt,_,| T If the rank condition in Lemma 2 is satisfied, we can easily verify
that matrix X has full column rank. Thus, we have

O(P) =2(XTX)"1XTQr, VieTl. (45)

Now, the value matrices (P, ..., Py) corresponding to the Nash equilibrium (uf,...,u% ) are obtained.
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5 Simulation study

In this section, two simulation examples are provided to show the effectiveness of Algorithm 2.

Example 1 (Government debt stabilization game [11]). In this game, it is assumed that government
debt accumulation, d, is the sum of interest payments on government debt, rd(¢), and primary fiscal
deficits, f(t), minus the seignorage, m(t):

d(t) = rd(t) + f(t) — m(t), d(0) = do. (46)

The objective of the fiscal authority is to minimize the sum of time profiles of the primary fiscal deficit,
base-money growth, and government debt:

Jy = /O h {(F@ =77+ nim() = m)* +2(d(e) - d)’e" }at, (47)

whereas the monetary authorities set the growth of base money so as to minimize the loss function:
o 2
Jp = / {m(e) = m)? +a(de) - d)’e"} at, (48)
0

where f, m and d are assumed to be fixed targets that are given a priori.

Introducing the auxiliary variables x1(t) := (d(t) — d) e 20 po(t) = (rd+ f—m) e 20 uy(t) =
(f&) = 1) e 2% and wuy(t) := (m(t) —m)e 2%, the author of [11] shows that the game above can be
rewritten as the following differential game:

T = Ax —+ B1U1 + BQUQ, (49)

with A =["" %° sl Bu=10) B =[], 6 =0.04,r = 0.06 and 2o = [ 1.4 0.2]".

0

The cost functions (47) and (48) become
(o)
Ji = / AzT(t) + ui(t) + nui(t)dt, (50)
0

and -
J2=/ Kt (t) + nua(t)dt, (51)
0

with n = 0.02, A = k = 1, M; = diag(),0), My = diag(k,0), Ri1 =1, R12 =1, Re2 = k and Rg; = 0.
Employing the algorithm proposed in [9], we obtain the solutions of the AREs:

~10.6295 0.4082 P 0.5713 0.2863
0.4082 10.8105 |’ 0.2863 6.4225

The Nash equilibrium feedback gains are

Ki = {0.6295 0.4082] . K= [70.5713 —0.2863} .

Now we implement Algorithm 2 to solve this differential game. We can obtain the initial admissible
feedback gains: K{ = [1.0408 1.0196], K3 = [—0.4140 0.0057]. The behavior policies are selected

as 1 (t) = —Klx(t) + ei(t) and da(t) = —Kia(t) + ea(t), where ey(t) = 631" sin(nt) and es(t) =
sin(3t) + 6 sin(4¢%) + sin(6t) + sin(10¢) are the injected probing noises to maintain the rank condition in
Lemma 2. During the learning process, data of the state and behavior policies are collected over intervals
of 0.1 s, i.e., At = 0.1, and the number of sampling intervals is s = 15. After twelve iterations, the

feedback gains K!, K} converge with

K13 = [o6283 04101], K2 =[—05730 —0.2851}.
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Figure 1 (Color online) Convergence of feedback gains for both players. (a) The convergence of feedback gains K i to

K¥, where K11 = [Kiﬁl, Ki;l]; (b) the convergence of feedback gains K} to K3, where KL = [Kéﬁl, Kéf;].

0.4
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Figure 2 (Color online) State evolution of system (49) by implementing u1(t) = —K{3z(t) and ua(t) = —K13z(t).

By substituting u; = —K{3x and us = — K33z into (45), we can obtain the value matrices

1 — 2 =

pis _ | 0-6289 0.4105 pis _ | 0-5704 0.2893
0.4105 10.8216 |’ 0.2893 6.3941 |

The feedback gain errors ||K13 — Kf| = 0.0022, || K33 — K| = 0.0021, and the value matrix errors
| PL? — Py|| = 0.0116, ||P)3 — Py = 0.0287.

Figure 1 shows that feedback gains K! and K will converge to the Nash equilibrium feedback gains
K3 and Kj. Figure 2 shows that uy(t) = —K{3z(¢) and us(t) = —K23z(t) stabilize the system (49).

Example 2. Consider a more complicated linear nonzero-sum quadratic differential game with two

players [8]:
T = Ax + Byuy + Baus, (52)
with
—0.0366 0.0271 0.0188 —0.4555 0.4422 0.1761 10
0.0482 —1.01 0.0024 —4.0208 3.0447 —7.5922 20
= ,Blz ,BQZ ,I(O)Z
0.1002 0.2855 —0.707 1.3229 —5.52 4.99 15

0 0 1 0 0 0 )
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The cost functions are

1 o0
J1 = 5/ (xTMlx + ulTRHul + u2TR12UQ)dt (53)
0
and L
Jo = 5 / (ITMQx + U2TR22U/2 + u?Rglul)dt, (54)
0

where M7 = diag(3.5,2,4,5), My = diag(1.5,6,3,1), R1; = 1, R12 = 0.25, Ra; = 0.6, and Roo = 2.
Employing the algorithm proposed in [9], we obtain the solutions of the AREs:

7.6566 0.6438 0.6398 —3.0811 3.4579 0.1568 0.2047 —1.8480
~ | 0.6438 0.2878 0.2855 —0.0945 ~ | 0.1568 0.6235 0.2889 —0.0711
| 0.6398 0.2855 0.5620 0.2270 |’ ° 0.2047 0.2889 0.4020 0.0729
—3.0811 —0.0945 0.2270 6.6987 —1.8480 —0.0711 0.0729 3.7850

The Nash equilibrium feedback gains are

K] = [1.8151 —0.4150 —1.9501 72.9041} ;

Kj = [0.2200 ~1.6323 —0.0772 0.2891} :

Now we implement Algorithm 2 to solve the differential game above. We can obtain the initially admis-
sible feedback gains: K{=[1.5621 0.6371 —1.8146 —3.6510] and K1 =[0.1446 —1.5486 —0.0681 0.4211].
The behavior policies are chosen as u1(t) = —Kix(t) + e1(t) and as(t) = —Kix(t) + ea(t), where
ei(t) = 6220:1 sin(nt) and ez(t) = sin(3t) 4 6sin(7t) + cos(5t) + 6cos(11t) are probing noises to meet
the rank condition in Lemma 2. During the learning process, data of the state and behavior policies are
collected over intervals of 0.1s, i.e.; At = 0.1 and the number of sampling intervals is s = 30. After seven
iterations, the feedback gains K! and K% converge with

K5 = [1,8164 —0.4130 —1.9611 —2.9090} :

KS = [0.2185 ~1.6303 —0.0780 0.2885} .

By substituting u; = —K{z and us = —K§z into (45), we can obtain the value matrices
7.6662 0.6433 0.6382 —3.0911 3.4574 0.1560 0.2032 —1.8552
g | 0.6433 0.2884 0.2862 —0.0926 ps_ 0.1560 0.6238 0.2904 —0.0681
! 0.6382 0.2862 0.5648 0.2314 | 2 0.2032 0.2904 0.4032 0.0757
—3.0911 —0.0926 0.2314 6.7120 —1.8552 —0.0681 0.0757 3.8063

The feedback gain errors are | K — K;|| = 0.0123 and || K§ — K}|| = 0.0027. The value matrix errors
are || P{ — P1|| = 0.0206 and ||P§ — P|| = 0.0276.

Figure 3 shows that feedback gains K! and K will converge to the Nash equilibrium feedback gains
K7 and K. Figure 4 shows that ui(t) = —K$z(t) and us(t) = —K5z(t) stabilize the system (52).

6 Conclusion

This paper proposes an online Q-learning algorithm based on off-policy RL to solve infinite horizon
linear nonzero-sum quadratic differential games with completely unknown dynamics. By selecting a
set of appropriate initially admissible control policies, we prove the equivalence between the Q-learning
algorithm and an offline PI algorithm. A rank condition on probing noises is established to ensure the
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Figure 3 (Color online) Convergence of feedback gains for both players. (a) The convergence of feedback gains K i

to K7, where Ki+1 = [Kiﬁl,Kigl,ngl,Kitf]; (b) the convergence of feedback gains K! to Kj, where KéJrl =
I+1 g4l g4l g-l+1
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Figure 4 (Color online) State evolution of system (52) by implementing u1(t) = —K$xz(t) and us2(t) = —K8xz(¢).

convergence of the proposed Q-learning method. The simulation study shows the effectiveness of the
proposed Q-learning algorithm. In the future studies, we will focus on developing off-policy Q-learning
methods to solve nonlinear nonzero-sum Nash differential games with unknown dynamics.
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