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Dear editor,
Force tracking control is important for constrained
operations. In recent years, impedance control
is garnering increasing attention in robot force
control. A new two-phase impedance function
through null stiffness in an original impedance
equation to satisfy zero-force tracking error for any
environment was presented in [1, 2]. Further im-
provement was performed in [3]. However, the hy-
pothesis of the null stiffness does not conform to
the intuitive force tracking rules that humans al-
ways maintain stiffness when exerting the desired
force on objects. Hence, a new variable target stiff-
ness impedance control method was proposed [4].
Furthermore, a direct reference trajectory gener-
ation method based on force tracking error, and
an indirect adaptive method by observing the en-
vironment stiffness and location to obtain refer-
ence trajectory were provided in [5]. Although an
accurate reference trajectory has been calculated,
robot position tracking error will primarily affect
force tracking performance such as steady-state er-
ror, which is generally neglected. Using informa-
tion from previous experiments repeatedly, itera-
tive learning control is a highly simple and useful
method to improve motion trajectory tracking ac-
curacy to obtain the desired output [6]. In addi-
tion, some novel adaptive iterative algorithms to
improve robotic trajectory tracking accuracy were
reported in [7].

Within the impedance control framework, an
adaptive force control scheme combined with an

iterative learning algorithm is developed in this
study. The primary purpose of this study is to esti-
mate the environment stiffness and location in real
time to induce observed force to converge to the
desired ones. Consequently, an accurate reference
trajectory will be acquired. Based on the force
tracking error, the iterative learning algorithm is
used to guarantee the trajectory tracking accuracy.
The proposed method is robust to unknown envi-
ronments, and simple to reduce steady-state errors
caused by trajectory tracking error.

Position-based impedance control. Position-
based impedance control consists of both inner po-
sition control loop and outer indirect force tracking
loop. Owing to independent Cartesian variables,
lower-case scalars x and f are used to represent
any element of vectors X and F . The details are
shown in [3]. The steady-state force tracking error
can be expressed as

∆fss =
k

k + ke
[fd − ke(xr − xe)]. (1)

From (1), two methods can be used such that the
force tracking error converges to zero. One is to set
the impedance parameter k=0 to guarantee that
∆fss is always satisfied for any ke; the other is to
render the reference trajectory satisfying

xr = xe +
fd

ke
. (2)

Null stiffness is unreasonable. One reason is
that the impedance parameter k is closely related
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to the natural frequency and damping ratio of the
linear second-order system [8]. Additionally, the
fact that humans exert force on an object through
adapting arm stiffness cannot be ignored [4]. From
(2), it is suitable to online estimate the environ-
mental parameters xe and ke. Reference trajec-
tory xr can be computed indirectly. The reference
trajectory generator can be devised with appealing
simplicity and strong robustness.

Impedance control with iterative learning algo-

rithm. First, the online estimation of environment
stiffness and location helps to generate xr. Subse-
quently, iterative learning contributes to x → xr.
The xr could be computed accurately if xe and
ke are known exactly. However, owing to the com-
plexity of contact environment, it is difficult to ob-
tain accurate environment information in practice.
One available approach is to calculate observation
values x̂e and k̂e approximately; therefore, based
on (2), xr can be expressed as

xr = x̂e +
fd

k̂e
, (3)

where x̂e and k̂e are the calculated observation val-
ues of xe and ke, respectively. It is rational to re-
gard a rigid environment as a stiffness model, as
practiced by most researchers. Suppose that no
position tracking error exists when the robot ma-
nipulates, i.e., xc = x; subsequently, the contact
force can be written as

f = ke(xc − xe) = kexc − kexe. (4)

Consider the definition

f̂ = k̂e(xc − x̂e) = k̂exc − k̂ex̂e, (5)

where f̂ can be regarded as the observation value
of the current actual contact force f based on the
current observation values x̂e and k̂e. From (4)
and (5), the objective of precise observation val-

ues x̂e and k̂e is to generate f̂ → f when t → ∞;
therefore, a control scheme can be proposed ac-
cording to the observation objective. Substituting
(3) into (5) with f̂ = f , the following formulation
holds:

f = k̂exc − k̂ex̂e = −k̂e(xr − xc) + fd. (6)

According to the target impedance equation, it
can be shown that

fd − f = më+ bė+ ke, (7)

where e = xc − xr . Substituting (6) into (7), it
becomes

më+ bė+ (k + k̂e)e = 0. (8)

Therefore, the convergence of (8) guarantees f̂ →

f ; subsequently, f → fd or k = −ke. Setting the
estimation limits as k̂e > 0 can easily avoid the
latter situation. To achieve the desired force track-
ing, it is necessary to develop an adaptive scheme
such that x̂e and k̂e can be estimated such that f̂
converges to f . The observation values x̂e and k̂e
are defined as

˙̂
ke = −(λ1x+ λ2)(f̂ − f),

˙̂xe =
f̂ − f

k̂e
[(λ1x̂e + λ2)x+ λ2x̂e + λ3], (9)

where λ1, λ2, and λ3 are positive constants for pa-
rameter estimation. Through estimating xe and
ke, the adaptive reference trajectory will be ob-
tained; thus, f̂ → f can be obtained. However,
a position tracking error always exists, implying
that the hypothesis xc = x is not satisfied gener-
ally. If we define the steady-state position tracking
error ∆x as ∆x = xc − x, it is easy to determine
that the force error ∆f = ke∆x. To improve the
force tracking performance, the iterative learning
control (ILC) algorithm is adopted to reduce the
position tracking error. The ILC algorithm can
handle highly uncertain dynamic systems simply,
does not depend on the exact mathematical model
of the dynamic system, and does not require a
large amount of prior knowledge and calculation.
The ILC scheme is written as follows:

uf,i(t) = uf,i−1(t) + k0∆fi−1(t+ tf ), (10)

where uf,i(t), uf,i−1(t), and ∆fi−1(t+ tf ) are the
force control input at time t in the i-th cycle,
(i − 1)-th cycle, and the force tracking error at
time t+ tf in the (i− 1)-th cycle, respectively. tf
denotes the leading phase. The parameters k0 and
tf are positive constants. The convergence condi-
tion for this ILC scheme is as shown in

∣

∣

∣

∣

1−
kek0Gc(jω)Gp(jω)

1 +Gc(jω)Gp(jω)
e∆jω

∣

∣

∣

∣

< 1, (11)

where Gc and Gp are the transfer functions of the
position controller and robot, respectively.

Stability of impedance control with iterative

learning scheme. The form of the proposed
method is given in (9) and (10). The convergence
condition and stability analysis are given below to
prove that the force tracking error will converge
to zero. The Lyapunov function and frequency
domain method are used in this study. First, the
stability of the adaptive reference trajectory gen-
erator is given. Let φk = k̂e−ke, φx = k̂ex̂e−kexe,
and φ = [φk φx]

T. Subsequently, substituting
them into (4) and (5), it can be obtained that

f̂ − f = [xc −1]φ. (12)



Liang X Q, et al. Sci China Inf Sci May 2019 Vol. 62 050215:3

To analyze the stability, we define the positive
scalar Lyapunov function candidate as

V = φTΓφ, (13)

where Γ is a 2× 2 symmetric positive-definite con-
stant matrix. Subsequently, φ̇ can be specified as

φ̇ = −Γ−1

[

xc

−1

]

(f̂ − f). (14)

By substituting (12) and (14) into the derivative
of (13), we have

V̇ =2φTΓφ̇=−2φT

[

xc

−1

]

(f̂−f)=−2(f̂−f)2, (15)

which is a negative semidefinite. Eqs. (13) and
(15) suggest that the suitable adjustment of φ ac-

cording to (14) can render f̂ → f as t → ∞ . From
(12) and (14), the simple scheme to adjust φ is to

adapt x̂e and k̂e. It is noteworthy that Γ is speci-
fied as Γ=[ λ1 −λ2

−λ2 λ3
]. Subsequently, the observation

values x̂e and k̂e can be formulated as (9).
Next, the block diagram of our iterative learn-

ing control can be found in Appendix D. In
our methods, the following formulation holds:
Ex,i+1(s) = Xr(s)−Xi+1(s) = Xr(s)− (Xx,i+1(s)
+Uf,i+1(s))Gc(s)Gp(s), where E(s), X(s), and
U(s) are the Laplace transforms of e(t), x(t), and
u(t), respectively. That is,

Ex,i+1(s) =
Xr

1 +GcGp

−

Uf,i+1(s)GcGp

1 +GcGp

. (16)

Substituting the Laplace transform of (10) into
(16) yields

Ex,i+1(s) =
Xr

1+GcGp

−

(Uf,i(s)+k0e
∆s∆Fi)GcGp

1+GcGp

=Ex,i(s)−
k0GcGpe

∆s∆Fi

1 +GcGp

. (17)

The force tracking error caused by the position
tracking error can be written as

∆Fi+1(s) = keEx,i+1(s), (18)

where ke is the environment stiffness. Substituting
(17) into (18) yields

∆Fi+1(s) = keEx,i(s)−
kek0GcGpe

∆s∆Fi

1 +GcGp

= ∆Fi(s)−
kek0GcGpe

∆s∆Fi

1 +GcGp

, (19)

and then it becomes

∆Fi+1(s) =

(

1−
kek0GcGp

1 +GcGp

e∆s

)

∆Fi(s), (20)

where ∆F (s) is the Laplace transform of ∆f .
From (20), it is easy to gain the convergence con-
dition as (11). The proof is completed.

Simulation studies and experimental results.
Details are presented in Appendix D.

Conclusion. Within the impedance control
framework, an adaptive scheme was developed to
generate the reference trajectory and improve the
force tracking performance by using an iterative
learning algorithm. First, an adaptive scheme was
used to estimate the environment stiffness and lo-
cation such that an accurate reference trajectory
could be obtained. Subsequently, based on the it-
erative learning algorithm, the force tracking per-
formance was further improved by compensating
the position tracking error. The proposed force
tracking scheme is simple and useful, and can be
applied in practical robot constrained operation
where the environment parameters are generally
unknown.
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