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Dear editor,
In modern industries, underactuated mechani-
cal systems play an important role in various
fields [1–6]. The wheeled inverted pendulum robot
(WIPR) is a special type of non-linear and un-
deractuated systems with strong state coupling.
Typically, such a robot comprises two actuated
wheels and three to-be-controlled state variables,
which are robot displacement, pendulum angle,
and robot yaw angle. In the past decade, many
control strategies have been developed for WIPRs
to achieve various control objectives, such as tra-
jectory and motion planning methods [1, 2, 7–9].
Yang et al. [1] proposed an optimized adaptive
control strategy, which was based on the neural-
network method, to track the reference forward
velocity trajectory asymptotically. Moreover, an
integral sliding mode control approach has been
designed to track the reference velocity trajectory
presented to WIPRs on an inclined plane [8]. Ad-
ditionally, together with an error-data-based tra-
jectory generator, an indirect adaptive fuzzy con-
troller was developed for the WIPR system [9].

However, most existing studies have been con-
ducted considering a WIPR on the horizontal
plane, while few studies have considered a WIPR
on an inclined plane. None of the studies in the lit-
erature pertain to improve the transportation effi-
ciency by decreasing the traveling time of WIPRs.
In addition, existing methods achieve their con-
trol objectives without constraining angles, accel-
erations, and jerks, which gives rise to safety con-

cerns. Therefore, the contributions of this study
can be summarized as follows: (1) This study first
proposes a time-optimal trajectory planning-based
method for WIPRs on an inclined plane, which can
achieve fast and accurate positioning and main-
tain WIPR balance simultaneously. (2) To ad-
dress the safety concerns, system state variables
and their derivatives are all limited within given
ranges, which can help avoid saturation problems
as well. (3) A differential flat output signal is con-
structed, which makes it convenient to handle ac-
tuated and unactuated state variables simultane-
ously.

Model transformation. Using Lagrange’s
method, the dynamic model of the WIPR system
on a slope is given as follows:

τr =
(

2mir
2 +mr2 + 2ie

)

ẍ+mlr2θ̈ cos (θ + ϕ)

−mlr2θ̇2 sin (θ + ϕ) + (m+ 2mi) gr
2 sinϕ,

τr = −
(

ml2r + ipr
)

θ̈ −mẍlr cos (θ + ϕ)

+mglr sin θ, (1)

where τ(t) is the sum of torques acting on two
wheels, and the system state variables and param-
eters can be found in Appendix A. The control
objective is to balance the WIPR and achieve ac-
curate positioning within the minimum time Td.
Moreover, considering safety reasons and actua-
tor saturation problems, all system state variables
should be constrained within the given ranges
throughout the control process. To this end, the
following optimization problem with algebraic con-
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Figure 1 (Color online) (a) Googol technology Gbot2001 robot on a slope; (b) experimental results of Case 1 (red
solid lines: experimental results; blue dashed lines: given constraints); (c) experimental results of Case 2 (red solid lines:
experimental results; blue dashed lines: given constraints).

straints can be formulated:

min Td

s.t. q(0) = 0, q(Td) = 0, x(0) = 0,

x(Td) = xd, − δ � q(t) � δ,

(2)

where q(t) = [ẋ(t), ẍ(t),
...
x (t), θr(t), θ̇r(t)]

T, δ =
[vmax, αmax, jmax, θmax, ωmax]

T, vmax, αmax, jmax,
θmax, ωmax represent the upper bounds of the sys-
tem state variables in q(t), respectively, and xd

is the desired value of x(t). Notably, the tilting
angle θ(t) is not zero at the equilibrium point,
but it tends to be a constant associated with the
angle of inclination of the road ϕ. To simplify
the calculation, we define θr(t) , θ(t) − η, where
η = (m+ 2mi) gr

2 sinϕ/mglr. However, as shown
in (2), the constraints are defined with respect to
different state variables, which makes it difficult
to solve (2) directly. Therefore, to solve this prob-
lem, a novel flat output signal is introduced to
express the system state variables and their con-
straints. Specifically, by making some mathemati-
cal arrangements based on (1), the following equa-
tion can be obtained:

aẍ+ bθ̈r = mglrθr, (3)

where a = 2mir
2 + mr2 + 2ie + mrl cosϕ, b =

mlr2 cosϕ+ml2r + ipr. Then, the control objec-
tive is changed into stabilizing θr(t). Considering
(3), the flat output signal of the WIPR system can
be defined as

s , ax+ bθr. (4)

Then, the system state variables can be expressed
in the following form:

x =

(

s

a
−

b

a

s̈

mglr

)

, θr =
s̈

mglr
. (5)

Furthermore, based on (4) and (5), the state vari-
able constraints and the initial/terminal condi-
tions, as shown in (2), can be further transformed
into a new form associated with the flat output
s(t). Then, the problem shown in (2) can be
rewritten as follows:

min Td

s.t. s(n)(0) = 0, s(n)(Td) = 0,

s(0) = 0, s(Td) = p,

−δ � q(s(n)(t)) � δ,

(6)

where p = axd is the reference value of the flat
output s(t), and n = 1, 2, . . . , 5.
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Trajectory planning. To solve (6), we design a
time-optimal trajectory for the flat output s(t),
with all state variables satisfying the constraints
given in (6). Then, using (5), the trajectory of
the displacement x(t) can be derived easily. An
11-order polynomial trajectory is proposed as fol-
lows:

s = p

[

k0 +

11
∑

m=1

km

(

t

Td

)m
]

, (7)

where the values of k0, . . . , k11 are given in Ap-
pendix A. From (7), the following ultimate time-
optimal reference trajectory of x(t) for the WIPR
system on an inclined plane can be obtained:











x =

(

s

a
−

b

a

s̈

mglr

)

, 0 < t < Td,

x = xd, t > Td.

(8)

More detailed deductions of (1)–(8) can be found
in Appendix A.

Experimental results. To validate the effective-
ness of the proposed trajectory planning-based
method, a few hardware experiments are im-
plemented on the Googol Technology Gbot2001
robot, shown in Figure 1(a). The voltage of one
wheel is limited to within ±10 V and the control
sampling period is 6 ms. The other parameters
of the Gbot2001 robot are set by following Ap-
pendix A. The proposed trajectory planning-based
method is applied to the inclined situation with
the angle of inclination set as ϕ = 1◦, and the de-
sired displacement xd = 1 m. Then, considering
the constraint (6), the bisection algorithm is ap-
plied to derive the optimal time as Td = 2.5365 s.
The hardware experiments are implemented in the
following two cases.

Case 1. Proposed trajectory planning-based
method.

Case 2. A linear quadratic regular (LQR)
controller is employed for comparison, because it
can constrain system inputs and state variables,
as well as achieve optimal control to some ex-
tent. The control gains are selected as K =
[−5.3246,−8.4591,−42.8531,−6.9996].

Figure 1(b) shows the experimental results ob-
tained using the proposed method. The fig-
ure shows that the robot reaches the desired lo-
cation and maintains balance with all system
state variables being stabilized at their equilibrium
points. As shown in Figure 1(b), the values of
ẋ(t), ẍ(t),

...
x (t), θr(t), θ̇r(t) never escape their

given bounds, which helps avoid the unexpected
saturation problem of mechanical machines and
ensures safety. Additionally, the comparative ex-
perimental results of the LQR controller are shown

in Figure 1(c). As can be seen in Figure 1(c),
the swing amplitude of the robot pendulum angle
θr(t) is greater than that shown in Figure 1(b).
Moreover, variables ẍ(t) and

...
x (t) all exceed their

respective safety ranges.

Notably, parametric uncertainties and external
disturbances can be handled by combining the pro-
posed method with specific feedback tracking con-
trollers. Moreover, the proposed method can be
applied to the horizontal situation, which is not
discussed herein for brevity.
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