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Appendix A Proof of Theorem 2

Proof. Let Xa(s) = f0+°° e~ Stxy(t)dt and U(s) = f0+oo e~ 5tu(t)dt be the Laplace transforms of z2(¢) and u(t) respectively,
where the integrals are in the sense of Bochner, and take the Laplace transforms [1] on both sides of system (5), we obtain

Xo(s) = (sN — I) " Nz (0) + (sN — 1) "t BaU(s). (A1)
h—1
Since (sN — I2)~! = — >~ Nts?, we have, from (A1)
1=0
h—1 ) ) h—1 o
Xa(s)=—>_ N'"Ts'z5(0) = > N's'ByU(s). (A2)
1=0 1=0

Taking the inverse Laplace transforms on both sides of (A2) gives

h—1
z2(t) = Z NG ()24 (0) — Z N Z 89 (8)B2ul" 77D (0 Z N Bau (t)
=1 =0
h—1 ) )
- _ Z NZ[(S(Zil)(t)xQ + Z 5(]) BQU(Z Jj= 1) Z NlBgu(l (AS)

which can be arranged into the forms of

T2 = Topulse () + 1’2normal(t)1
x2pulsc(t) = Zl N1[5<171)(t)ac2(0) + _205(])(75)32“(17]71)(0)]7 (A4)
1= 7=
h—1 i .
m2normal(t) = 'ZO NlB2u(l)(t)~
i=
Furthermore, exchanging the order of the double sum and noting that N*» = 0 in (A3), we have

h—1

> N'By Z 8O (tyu=I71(0) = Z 5@ (t)[ Z N¥Byulh=i=1)(0)] = Z SO @N Z NE=EBouk=i=1)(0)]
271 7=0 =0 =i+1 1=0 k=141

— h—i—1 —i— h—1
= Z SN 3 N'Bul=1(0)] = Z 5(”@)1\”[ Z N Byult DO+ X N'Bul=D(0)]

=0 =1 =1 l=h—1;i1#0

=S50 @NS N Byult-(0)] = z 5O (N3S N Byull=1) (0)]
i=0 =1 =1
=S s N[5 N1 Bt (o) = 216“ DN N Boul) (0)].
1=0 =1 1=0
(A5)
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Combing (A3), (A4) and (A5), the following result can be immediately obtained,
w2(t) = x2pulse(t) + x2n0rmal(t)7 (A6)

where
h—1

Tapulse t) - Z NZ(S(Z 1) $20 + Z NiB2U(i)(0)],
1=0

Tonormal (t) = § NlBQU(l) ().
=0
By (A4) and (A6), (9) holds. The proof is complete.

Appendix B Proof of Theorem 4
Proof. According to Theorem 3, the solution of the system (2) is given by
Kt 01Q 1tz + ft eK(t"")Blu(T)dT

z(t)=Q | h=l .
- Zjl NiE=D@)[0 L2]Q tzo + Z NiByu((0)] — Z N Bou® (t)

Since the solution of system (4) does not contain generalized function, it suffices to consider the solution of the system (5).
For the solution of the system (5) corresponding to the initial value x(0) = zo, by letting zeo = [0 I2]Q ™ xq, we have

h—1 h—1 h—1

= > NSO @)oo + Y N Bou(0)] = Y N Bou(2). (B1)
i=1 i=0 i=0

Letting t = 0 in the above equation gives

h—1 h—1 h—1
220(0) = = > N6 (0)[wa0 + Y N*Boul(0)] = > N*Boul(0).
) 1=0 =0

When N # 0, in view of the independency of functions 5(i)(t), it can be easily observed that for an arbitrary finite value
20, the above equation holds if and only if

x20(0) = Z N*Bou (0). (B2)
When N = 0, the above relation becomes
h—1
w20(0) = — > N'Byul)(0).
i=0

which is also in the form of (B2). Therefore, the set of consistent initial conditions is given by S.
Substituting (B2) into (B1) yields

h—1 ) )
- > N'Byu (1)

Thus, the classical solution is obtained as in Theorem 4. The proof is complete.

Appendix C Proof of Theorem 5

Proof. According to the definition of PC and (9), the RSDPS (4)-(5) with finite order is pulse controllable if and only if for
any initial value vector z20 € X2 there exists an admissible control input vector u(t) € C" such that

h—1 h—1
> TV @) [N a0 + Y N*Byut =9 (0)] = 0. (C1)
i=1 k=i
Since (9 (t),i=0,1,2,...,h — 2,are linear independent, the equation (C1) is equivalent to
h—1
N'wgo + Y NFBou*=9(0) = 0,i=0,1,2,...,h — 1. (C2)
k=1

Moreover, note the nilpotent property of the operator N, it is easy to prove that equations (C2) is equivalent to equation

h—2
Nazoo + Y N¥1Byu”(0) = 0. (C3)
k=0
Therefore, equation (C3) is equivalent to equation (C1).
In order to complete the proof, we now need only to show that given the values u(’“)([)) = ugk), k=0,1,2,...,h—1,
satisfying (C3), there exists an admissible control input vector v(t) € C” such that
u®0) =u? k=0,1,2,...,h—1 (C4)

h—1
In fact, let v(t) = > %uék)tk. Then v(t) is a polynomial satisfying (C4). This complete the proof.
k=0
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Appendix D Proof of Theorem 6

In order to prove Theorem 6, first of all, we need to prove the following lemma.
Lemma D Let F € L(X32) and G € L(U, X2). Then ranFG = ranF if and only if ker F + ranG = X».
Proof. Necessity: Since ranF'G = ranF, for any vector x € Xa, there exists vector y € U such that Fx = FGy, which is
equivalent to F(z — Gy) = 0. Thus z — Gy € ker F. Noting that Gy € ranG, we obtain z = (z — Gy) + Gy € ker F + ranG.
This implies that ker F' + ranG = X5.

Sufficiency: If ker F'+ranG = X3 , then, for arbitrary vector x € X3 there exists vector y € U, such that x — Gy € ker F.
This implies that, for any « € X2, there exists y € U such that Fx = FGy, i.e.,ranF'G = ranF'.
Proof of Theorem 6. Conclusion (i) is obvious. Here, we only prove the conclusion (ii).
Proof of (A). According to Theorem 5, the subsystem (5) is pulse controllable if and only if for any initial value vector
220 € Xo, there exists an admissible control input vector v € C" such that (C3) holds. This is actually equivalent to
condition (A).
Proof of the equivalence for (A)and (B). Since

[NBQ N2B, ... Nh-lB, 0]:[]\/32 N2B, ... Nh-lB, NhBQ]
:N[BQ NBy --- Nh—2B, N’HBQ],
and
ran[NBg N2By ... Nh_le]zran[NBg N2B, ... Nh-lp, 0],
we have
ran[NBg N2By ... Nh_lBQ]:ranN[Bg NBy - Nh_lBg].
Thus, according to the above relation and Lemma D, we have that
ran[NBg N2By ... Nhleg]zranN[Bg NBy - Nhlez]zranN
if and only if
kerN—i—ran[Bg NBy - NhleQ]:XQ_

Therefore (A) and (B) are equivalent.
Proof of the equivalence for (B)and (C). Since

ran [32 NBy - Nh—lBQ] — ranBg + ran [NBQ N2By ... Nh—le] ,
the condition (B) can be written as
ker N + ranBj + ran [N32 N2By - Nhlez] = Xo.

Moreover, by using condition (A), we can obtain that condition (B) is equivalent to condition (C). The proof is complete.

Appendix E An illustrative example

In the following, an illustrative example is given, which shows the effectiveness of Theorem 6.
Consider the linear Navier-Stokes equations

z1(&,t) = plz(g,t) —y(§,t) + u(é, 1), (§,1) € 2 x [0,00), (E1)
boundary condition,
z(€,t) =0, (§,t) € 92 x [0, 00), (E2)
initial condition,
z(£,0) = x0(§),§ € Q, (E3)
V-z(&t) =0,(&1) € QX [0,00), (E4)

where p > 0, A is the Laplace operator, Q& C R™ is a bounded domain with boundary 9 of class C*° [2],y({,t) = Vp is
the pressure gradient, and V is the vector differential operator.

We denote H2(Q) = {g: g € L*(Q),D%g € L%(Q),|a| < 2}, where L?(Q) denotes the set of all Lebesgue measurable
functions, for any g € L2(Q), [, l9(€)[|I?d¢ < co; D* has the same sense as in [2].Let

H? = (H*(Q))", Hj = {w: w € H, w(¢) = 0,€ € 09},

L2 = (L*(Q)",L = {w: w € (Cg°(Q)", V -w = 0},
where C§°(2) has the same sense in [2],H, denotes the closure of the subspace L with respect the norm of the space L2. This
is a Hilbert space with the inner product of the space L2.L2 can be decomposed as direct sum H, @ Hx, where Hy is the
orthogonal complement of H,. Let Py : L2 — Hy denote the orthogonal projection corresponding to this decomposition.
The restriction of P, to the space H(Q) C L? is a continuous operator Py : H% — H(Q) Therefore, H% is the direct sum

H2 @ H2, and H2 and H2 are dense in H, and H, respectively, where H2 = ker Py, H2 = ranPp.
We replace (E4) with a more general equation (E5):

Prxz(€,t) =0, (&, t) € 092 x [0, 00). (E5)
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Indeed, if z(¢,t) is sufficiently smooth, then Prz(£,t) = 0 implies (E4). Otherwise, by (E5),z(¢,t) is the limit in L? of
smooth functions satisfying condition (E4).

It is easy to observe that the formula B = diag[A, A, -+, A] determines a bounded linear operator B : H% — L? with
discrete spectrum o(B); this spectrum has finite multiplicity and condenses only at —oo

Let By = Blyz, Bx = Bly2,% = I — Pr, then Bs € L(H2 H,), B, € L(H2,Hy); let

X =H, x Hr x Hy,Hr = Hy, Z = U = Hy x Hy x H2,

To I 00
then for ¢ = |z, | € X, we have that E = | 0 I 0| : X — Z is a bounded linear operator with ker £ = {0} X
Ty 0 00
uBs 0 0
{0} x Hy, and ranE = H, x Hy x {0}, A = 0 wpBr —Ir| : X — Z is a closed and densely defined operator
0 —Ir O

with domA = Hg X H?r x Hy, where I, I, and Ir denote the identical operators on LQ,HJ and Hr respectively. Let

z(&: 1) = z(t)(€),y(&,t) = y(1)(§), u(§, 1) = u(®)(€),

za () () Zz(t)(€) U (£)(€)
zr(t)(€) | = | Prx()(&) | »u(®)(&) = | ux(t)(§)
zy (t)(€) y()(€) uy (8)(€)

Then (E1)-(E3) and (E5) can be written as

I 00 Zo (t) 0 Zo (1) ug () z5(0) 3z(0)
0 In 0] | dn(t) 0 uB In | L 2a@®) |+ | un®) |, ]| 22(0) | = | Prz(0) | . (E6)
0 00 Ty (t) 0 xy(t) uy(t) x4(0) y(0)
Let
I 0 I 0 O
|:0 I ,uBTr Q=110 0 I;|,h =1,

Ix 0 —Ir 0

I O 0 I B
N = JK=pBg,Io=| " ,Ba = sl
00 0 Ir 00 —Ir

I; 0 K 0
Then P is injective and @ is bijective, PEQ = l: 01 N:| ,PAQ = |: 01 :| , N is a nilpotent operator with order 2, K is the
2

generator of the strongly continuous semigroup e [2], and

0 I 00 —I
ranN = ran " | =ran " | =ran[NBa].
00 00 O

Hence linear Navier-Stokes equations (E1)-(E4) are P-controllable by Theorem 6.

Appendix F Analysis of the Latest Research

Controllability is the property of being able to steer between two arbitrary points in the state space. In infinite dimensions,
the situation is more complex, and many different types of controllability have been studied in the literature (for example,
exact controllability, approximate controllability, exact null controllability, and so on). These properties are very important
for studying the infinite dimensional systems, but it is regrettably that none of these results regarding controllability
discussed pulsive behavior. In fact, for singular distributed parameter systems, there may be pulse terms in their solutions.
In a practical system, the pulse term is generally undesirable in the solutions, since pulse may stop the system from working
or even destroy it. Therefore, it requires that we must eliminate these pulse terms by imposing appropriate control input.
In view of this fact, in this paper, the concept of pulse controllability of regular singular distributed parameter systems
with finite order is considered in Banach space. The impulse observability of regular degenerate evolution systems is
discussed in [3]. According to this paper, we can discuss the dual problem of impulse observability of the regular degenerate
evolution systems. The solvability of degenerate linear evolution equations with the Riemann-Liouville fractional derivative
is discussed in [4]. According to this paper, we can discuss the distributional solution and pulse controllability of degenerate
linear evolution equations with the Riemann-Liouville fractional derivative. Hence, the concept of pulse controllability of
regular singular distributed parameter systems is the basis for the study of the pulse controllability of other degenerate
linear evolution equations.

Appendix G Dirac Function
Dirac function () and the §(9) () (the ith derivative of §(t)) are the generalized functions. For the details, see [5].
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