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Abstract We herein investigate the boundary input-to-state stability (ISS) of a class of coupled hyperbolic
partial differential equation-ordinary differential equation (PDE-ODE) systems with respect to the presence
of uncertainties and external disturbances. The boundary feedback control of the proportional type acts on
the ODE part and indirectly affects the hyperbolic PDE dynamics via the boundary input. Using the strict
Lyapunov function, some sufficient conditions in terms of matrix inequalities are obtained for the boundary
ISS of the closed-loop hyperbolic PDE-ODE systems. The feedback control laws are designed by combining
the line search algorithm and polytopic embedding techniques. The effectiveness of the designed boundary
control is assessed by applying it to the system of interconnected continuous stirred tank reactor and a plug
flow reactor through a numerical simulation.
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1 Introduction

Many complex engineering processes are represented by hyperbolic partial differential equations (PDES)
coupled with ordinary differential equations (ODEs). Typical examples include the hydraulic model in
oil well drilling [1], gas transport model in diesel engines [2,3], freeway traffic model with on-ramp vehicle
dynamics [4-6], the screw extrusion process in three-dimensional printing [7], and chemical reaction of
interconnected continuous stirred tank reactor (CSTR) and plug flow reactor (PFR) [8].

The backstepping method is primarily used to control the coupled hyperbolic PDE-ODE systems.
Recently, a coupled system including a first-order PDE and second-order ODE system is stabilized using
this approach in [9]. The predictor-like feedback control laws are designed in [10] for a diffusion PDE
(the heat equation) coupled with an LTI ODE model in cascade. In [1], an observer was designed
for a class of hyperbolic PDE-ODE cascade systems with the boundary measurement. An infinite-
dimensional backstepping method is constructed in [11] to guarantee that the closed-loop PDE-ODE
system is exponentially stable. Meanwhile, a strict Lyapunov function based method has been used in [2]
to prove that the hyperbolic PDE-ODE system is stable under different time scales. A general framework
of methods for proving the stability is given in [12-14], thus allowing the study of a wide class of nonlinear
systems.
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It is noteworthy that the input-to-state stability (ISS) has been used in newest research pertaining to the
infinite-dimensional systems [15-17]. These studies are parallel to the work of [18] where a linearization
principle is applied for a class of infinite-dimensional systems in a Banach space. In [19], the equivalence
between the hyperbolic systems and integral delay systems has been established, and sufficient conditions
for the ISS are given. For the time-varying hyperbolic PDEs, ISS Lyapunov functions are constructed
in [20]. When focusing on the quantized control of linear hyperbolic PDEs, the work to compute the ISS
Lyapunov functions also has been performed [21]. The ISS properties of communication networks when
operating at some optimal equilibria are studied in [22]. Ref. [23] further derived the ISS bounds for the
one-dimensional parabolic systems in the presence of boundary disturbances.

We herein consider a class of hyperbolic distributed parameter systems interacting with a lumped
parameter system through a dynamic boundary condition, e.g., the CSTR-PFR models in [8]. The first
contribution of this paper is the sufficient matrix inequality conditions for the boundary ISS by means of
designing the strictly ISS-Lyapunov function with the weighting parameters restricted to be positive. The
numerical computing of the inequality conditions is performed by combining the line search algorithm and
the polytopic embedding techniques. Moreover, the proportional boundary control is applied to stabilize
the hyperbolic PFR-CSTR model with the spatial un-uniform equilibria. Theoretical analyses guarantee
the ISS of the coupled hyperbolic PDE-ODE model with respect to the presence of the uncertainty
disturbances.

This paper is organized as follows. In Section 2, we introduce the ISS and ISS-Lyapunov function for a
class of coupled hyperbolic PDE-ODE systems. Our primary result on the sufficient condition for the ISS
is derived in Section 3. Subsequently, in Section 4, the numerical computational conditions are obtained
using the line search algorithm and the polyhedron approximating techniques. Finally, in Section 5, we
present an application to the PFR-CSTR configuration as a coupled hyperbolic PDE-ODE system.

2 Coupled hyperbolic PDE-ODE systems
We herein consider a coupled hyperbolic PDE-ODE system of the form:

O (x, 1) + ADp€(w,t) = M(2)¢(, 1) + 6(,1), (1)
1(t) = An(t) + Bu(t) + €(t), (2)

with the following boundary and initial conditions:

£(0,t) = n(t), (3)
f(l’,O) :fo(x)v (4)
n(0) = no, (5)

where z € (0,L), t € [0,00); & : [0,L] x [0,400) — R™, and n : [0,+00) — R™ denote the state
variables for the hyperbolic PDE and the ODE systems, respectively; 6 € L?(0,L) and € € R" are the
bounded disturbances; u(t) € R™ is the input variable acting on the ODE part and indirectly affecting
the boundary of hyperbolic PDEs at = 0; A = diag{A1, A2,..., A} > 0, A € R"*"™ and B € R"*™;
M (z) is a continuous matrix whose entries are functions in L., (0, L); &(z) € L?(0, L) is a given function
and 7 is a constant vector.

We consider the feedback control u(t) for the coupled system (1)-(5) using only the boundary mea-
surement of hyperbolic PDEs at x = L, i.e.,

u(t) = K&§(L,t), te€]0,00), (6)

where K € R™*™. QOur control objective is to design the suitable feedback gain K to achieve the

stabilization of the closed-loop system with respect to the presence of the external disturbance (d,€) €
L?(0,L) x R™.
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Remark 1. The existence and uniqueness of the solution of such a coupled system (1)-(5) with (6)
have been studied in many researches. For instance, according to [24, Theorem A.6], for every (£o,10) €
L?(0, L) xR"™, the Cauchy problem (1)—(6) has one and only one solution (£,7) € CY([0,c0), L(0, L) xR™).

Hereafter, we define the state space X for the system (1)—(5) as the Hilbert space X = L?(0,L) x R"
equipped with the norm

166 mI% = 1€1220,2) + Inl?, (7)

for every (¢,m) € X. Subsequently, we introduce the notion of ISS and the ISS-Lyapunov function for the
coupled hyperbolic PDE-ODE system (1)—(5) considered herein (see for instance [20, Definition 1] given
in the infinite dimensional context).

Definition 1. The coupled hyperbolic PDE-ODE system (1)—(6) is thought to be input-to-state stable
with respect to the disturbance (4, €), if there exists a class KL function 8 and a class K function v such
that, for any initial state (o,70) € X, the solution (&, n) of (1)-(6) satisfies

1€ mlx < B([(o,m0)l[x) + ( sup |(5(~7T)76(T))||x> : (8)

<7

Definition 2. Let V' : X x [0,00) — R be a continuously differentiable function such that

ar([[(€,mllx) < V(& n,t) < ex([[(§, )]l x), (9)
V(& n,t) < —AV(En, 1) + as([|(6,€)] %), (10)

for all (§,7n,t) € X x[0,00), and (J,€) € X, where a1, s are class Ko, functions, as is a class K function,
and A > 0 is a positive real number. Subsequently, the function V' is thought to be an ISS-Lyapunov
function for (1)—(5).

When the coupled hyperbolic PDE-ODE system (1)—(5) with (6) admits an ISS-Lyapunov function V'
satisfying (9)—(10) of definition 2, the following inequality

_ _ 1 (2
16, mllx <oy’ (2e™ az(l|(€o,m0)l1x)) + a7 (X Oiugta3(||(5(',7),€(7))|X)) (11)
holds, for all solutions (£,7) € X. Let B(-) = a;'(2e Max(+)), and v(-) = a7 "(2A"'az(+)); using
Definition 1 we find that the coupled hyperbolic PDE-ODE system (1)—(6) is input-to-state stable in the
norm X. This inequality (11) provides an estimation of the influence of disturbance (4, €) on the solutions
of the coupled systems (1)—(5) with the boundary control (6).

3 ISS stability for hyperbolic PDE-ODE systems

In this section, we first present a sufficient condition for the ISS of the coupled hyperbolic system (1)—(5)
using Lyapunov-based techniques. It is solved with the following theorem.

Theorem 1. Consider the coupled hyperbolic PDE-ODE system (1)—(5). If there exist a feedback gain
K € R™*" constants u > 0, x; > 0, and diagonal positive definite matrices P; > 0, ¢ = 1,2, such that

ATPy + PoA+ APy + kodp,In + pPy  P2BK
KTBTP, —e MLAP | T
—puAPy + M"Y (2)Py + PLM(x) + ki Ap, I, < 0, (13)

0, (12)

where Ap, is the largest eigenvalue of P;, the coupled system (1)—(5) with the boundary feedback control
(6) is input-to-state stable.
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Proof. ~ We begin the proof by choosing an appropriate ISS-Lyapunov function candidate V' : X — R
defined as

L
V(&) :/0 ' Piée " da + " P (14)

Computing the time derivative of V' along with the solution to (1)—(6) and using the integration by
parts, we obtain

L
V=- [gTAplge*#ﬂ(f + / EV[—uAPy + M™ (2) P, + P M (z))ée " dx
0

L
40 (AT Py + Py Ay + 267 (L, t) K BT Pony + / 26T P se " dx + 20" Pye
0

=Vi+V+ Vs, (15)
with
Vi & [€TAPiée ]y + T (AT Py + PyA)y + 267 (L, ) K "B  Pyy + ™ Pan,
Ve 2 /OL N [—pAPL + M (2) P + P M (2))ée™ " da — pun* Pan,

L
Vy & / 26T Pde ™ dx + 20T Pae.
0

Owing to the Cauchy-Schwarz inequality, it follows that, for all k; > 0,7 =1, 2,

L
1 1
Vs < Ap / (/ilfT{ + —5T5> e HMdx + Ap, (HgnTn + —eTe>
0 K1 K2

N

L
F1AP, / §Tee™dz + radp,n 1 + M| (0, €)l|x
0

= 731 + 752 + All(6, 6)llx, (16)

. A L T¢ —px A T N Ap, Ap.
with 731 = K1 Ap, fo & e M dx, 32 = KeAp,m 1, and A = max{ ml , T;}

By grouping the terms V; and 733, and using the boundary condition (3) of hyperbolic PDEs, we obtain

— [€TAPiEe ] + 0T (AT Py + PyA)y + 267 (L, ) K BT Pyn + pin Pan + radpyn™n
= £1(0,1)APE(0,8) — €T (L, ) APLE(L, t)e HE

+nT (AT Py + Py Ay + 267 (L, ) KT BT Pon + pun™ Pan + k2 Ap,n™n
T

Vi + 732

ATPQ +P2A+AP1 +I€2>\p2In +[LP2 PQBK
KTBTPQ —G_HLApl

U
¢(L,1)

n
w)] w)

It is noteworthy that the condition (12) implies that Vi + 732 is always negative or zero. Meanwhile,
grouping the terms Vo and 751, and using the condition (13), we can prove that there exists a small
enough real positive v > 0 such that

L L
Vo 4131 = / €T[_/_1/AP1 + MT(I)Pl + PIM(x)]ge_dex _ NnTP2,'7 + K/l)\Pl / €T€e—;m;dx
0 0

N

L
71// T Pice e dz — unT Pon
0
< —AV(E ), (18)
with A = min{v, u}. Combing (16)—(18) yields

V< =AV(E ) + AN, €)1 x- (19)
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Following directly from the definition of candidate V' and the straightforward estimation, for all solu-
tions (£,7n) € X, there exists a constant 8 > 0 satisfying

S HHIE M < VEm) < BIEn . (20)
Therefore, according to Definition 2, V' of (14) is an ISS-Lyapunov function for the coupled hyperbolic
PDE-ODE system (1)—(6) in the norm X; hence, the system (1)—(6) is input-to-state stable to the
disturbance (d,¢) € X.

This concludes the proof of Theorem 1.

In the following, a boundary controller design (6) for the coupled system (1)—(5) is easily found by
utilizing the result of Theorem 1.
Corollary 1. Consider the coupled system (1)—(5). If there exist a real matrix G € R"*", real numbers
>0, k; > 0, and diagonal positive definite matrices P; > 0, ¢ = 1,2, such that the following matrix
inequalities

ATP, + PyA + AP, Ap, I, + pP. G
2+ A+ AP+ KoAp,In + <o, (21)
GT 767MLAP1
—uAPy, + M"Y (z)P, + PLM () + ki Ap, I, <0 (22)

hold, then Eq. (6) with the feedback gain K = Bt P, 'G is an ISS control law of the system (1)-(5),
where BT is the Moore-Penrose pseudoinverse of B.

Proof.  The result directly follows the result of Theorem 1 by applying G = P,BK.

4 Computational aspects

The balance term M (x) involves the spatial variable z € [0, L], which leads to inequality constraints (22)
of Corollary 1 becoming infinite. In this section, we use the polyhedron approximating techniques to
obtain the numerical computational conditions.

We first divide the spatial domain [0, L] into N isometric subspaces {zx, k € N,zg = 0,y = L} with

L

N N =1{0,1,...,N}. (23)

T — Tp1 =
Subsequently, we obtain a sequence of sample matrices M (xy) = (m;j(x)) € R"*", for k € N.
Let D(z) = M(xz)— M (xr), as xx—1 < & < xy, for all z € [0, L]. Because M (z) = (m;;(z)) € Loo(0,L),

there exist two real numbers d,;, d;j, such that d;; < mj(x) — m4j(zx) < d;j, for every entry m;;(z),

4,7 =1,...,n. The convex hull D is a set:

2n?
D2y aDs, 0<a,<1y, (24)
s=1

with the vertex matrices Dy = (dl(z)), for all s € S = {1,...,2n%}, defined as

Eij, ass=1,....n% =i k=],
dl(z): dij’ aSS:TL2+]_,...’2n2; =1k =}, (25)
0, otherwise.
It is easily shown that the matrix D(z) € D, x € [0, L], for some o with as+ag 2 = 1,5 =1,...,n%

Subsequently, the stability of M (z) is guaranteed by the absolute stability of the sample matrices M (xy),
k € N, and the convex hull D.
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Lemma 1. Given M (x) € Loo(0, L)™*™, if there exist a constant v > 0 and a common diagonal positive
definite matrix P; > 0 such that

—puAPy + MY (x) Py + PLM (1) + ki dp, I < —v, (26)
DIP + PD, < = (27)
n

hold, for all k € A/, s € S, then condition (13) of Theorem 1 is satisfied for all z € [0, L].
Proof.  Because D(z) lies in the convex hull D, for all « € [0, L], i.e., D(x) € D, we have

2n?
D"(x)Py + PiD(z) <> aJ(D{ Py + PD,) (28)

s=1

for all vertical matrices Dy, s € S. Thus, using (26) and (28), it follows directly that

—uAPy, + MY (x)Py + PLM (21) + k1 dp, I,
= —pAPy + M (z) Py + PLM (z) + D(z)" P+ PiD(x) + k1 Ap, I,

2n?
v
< —Vv+ g Os—5
n

s=1

~0. (29)

This concludes the proof of Lemma 1.

Remark 2. The constructed convex hull D of (24) includes at most 2n? vertices. Meanwhile, the
relaxation structure M (z), as the source term of the hyperbolic balance laws, is mostly marginally stable
in practical physical models. Tt often includes several identical or zero entries in M (x), which leads to
the number of vertical matrices D, that is significantly smaller than 2n2.

Remark 3. As the division number N of the convex hull D increases, d;; and Eij might reduce to
zero. Subsequently, an iterative procedure with N — N + 1 could be designed to finally obtain a feasible
solution of the inequalities (26) and (27).

Remark 4. The sufficient condition (21) of Corollary 1, and the conditions (26) and (27) of Lemma
1 are nonlinear with respect to the unknown variables u, k; and P;, ¢ = 1,2. However, because pu,
k; are scalar variables, one may combine a linear search algorithm with the semi-definite programming
technologies to solve (21), (26) and (27).

The following result is thus obtained as a corollary of Theorem 1.

Corollary 2. Consider the coupled system (1)—(5). If there exist a real matrix G € R"*"™ | real numbers
v >0, k; > 0, and two diagonal positive definite matrices P; > 0, ¢ = 1,2, such that the following matrix
inequalities

ATP2 + PA+ AP + Iig)\p2ln + wPs G

<0, 30

GT —e_“LAP1 ( )

—puAPy + MY (x) Py + PLM (21,) + ki dp, I, < —v, (31)

DIP + PD, < = (32)
n

hold, for all k € N/, s € S, then Eq. (6) with the feedback gain K = B+ P, 'G is an ISS control law.

Proof.  Following the results of Lemma 1, the condition (22) of Corollary 1 is satisfied under the new
inequalities (31)—(32), for all z € [0, L.
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Figure 1 (Color online) Coupled hyperbolic PFR-CSTR model.

5 Application to the hyperbolic PFR-CSTR model
5.1 The coupled hyperbolic PFR-CSTR model

The distributed chemical processes are often coupled with the lumped parameter processes, which are
typically modeled as a combination of PDE and ODE models. In this subsection, we consider the PFR-
CSTR configuration, shown in Figure 1, as a coupled hyperbolic PDE-ODE system. The exothermic
reactions occur in both the CSTR and PFR, in which component A is the reactant and B is the desired
product. The liquid flows directly into the PFR after a quick reaction in the CSTR. Here, we consider
the following chemical reaction:

A — bB,

where b > 0 denotes the stoichiometric coefficient of the reaction and we set b = 1 for simplicity.

The objective is to control the components’ concentration C4, Cp, Cj and C%, and the temperatures
T, TP of the CSTR and PFR, using the cooling rate (). as the manipulated variable. It is noteworthy
that Q. acts directly on the CSTR and indirectly on the PFR through the CSTR.

With the assumption of a constant fluid velocity in the PFR with respect to the spatial coordinate,
constant physical properties, and incompressible fluid [8,25], the mathematical model of the system is

given as
agtg + Uaacxg = —kem P CP (33)
8;% + Uaa%% = keTT? Cch., (34)
A pi—ch (~AH) -~ B(T7 ~T). (35)
% _ l; (O — Ca) — ke T2 C,, (36)
%:—%‘CB—F%%CA, (37)
% = ékeﬁ_? Ca(—AH) + Fv(T —T)+ pfp;‘/c, (38)

where v is the fluid velocity in the PFR given by v = I{;, in is the inlet flow rate; k is pre-exponential
p

constant; I is the activation energy; R is the universal gas constant; V. and V), are the volumes of the
CSTR and the PFR, respectively; AH is the heat of reaction; p and ¢, are the average fluid density and
pﬁ: =, where h and d are the
wall heat transfer coefficient and the reactor diameter, respectively; T} is the coolant temperature of the
PFR’s jacket. Some parameter values used in the simulation are given in Table 1.

specific heat, respectively; 5 is the heat transfer coefficient, given by § =
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Table 1 PFR-CSTR model parameters

Process parameter Notation Value
Kinetic constant k 225.225 x 106 571
Activation energy/universal gas constant E/R 9758.3 K
Steady inlet flow rate F 0.0041 m3/s
Steady cooling rate Qss —1.36 kJ/s
Inlet reactant concentration cip 3 kmol/m?
Inlet temperature T 429 K
Heat of reaction for reactions 1 AH —4200 kJ/kmol
Volume of the CSTR Ve 0.01 m3
Volume of the PFR Vp 0.022 m3
Average fluid density p 934.2 kg/ m®
Specific heat cp 3.01 kJ/kgK
Heat transfer coefficient B 0.2s" 1

At the left boundary of the PFR, x = 0, we have

Cﬁ(oa t) = CAv
C3(0,t) = Cg, (39)

We consider the following initial conditions

and

C%(x,0) =0, (41)

5.2 The linearized hyperbolic PFR-CSTR model

Let ¢ = [C,C%,TP]", and n = [Ca,Cp,T)*. No explicit solution exists for the hyperbolic PDE-ODE
system (33)—(38). To better understand the dynamics of the PFR-CSTR model, we linearize the model
around the steady states ({ss(x),nss), given as

(o) = [ (o) Ch(e) T)] (12)
Tss = |:CAss Cpss Tss:|T' (43)

The equilibrium temperature in the PFR is assumed to be consistent with the steady-state temperature
in the CSTR, that is T (z) = Ti,0 < x < L. Subsequently, it can be easily shown that the equilibria
concentrations are given by

Cl(2) = Casse™ ", 0<z <L, (44)
C%ss(x) = CASS(l - e_ax) + CBSS7 O <zr< L) (45)

where « is the positive constant

k
a=—e T > 0, (46)
v
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Figure 2 (Color online) Steady states in the PFR.

and we can also obtain the equilibrium condition of 77, which is given by

AHdv

Tjss (I) =T+ TO&CASSQ_OM.

(47)

As the jacket temperature 7} is held at its stead state Tjss, we can cause T (x) to be constant. The
small deviations from the nominal profile are defined as

7N

= f - fss(l')a
=1 = Nss-

<

The model equations (33)—(38) are linearized around the steady state to yield the linear system (1)-
(5) on L3(0,1)3 & R3. Here, M(z) € Lo(0,1)3*3 and A are the Jacobian matrices of (33)—(35), with
respect to C%, C%, TP, and (36)-(38) with C4, Cp, and T, evaluated at the steady states, respectively;
A= ff/—i:diag(l, 1,1); 6(x,t) and e(t) are the higher-order terms of the nonlinear PDE and ODE, where

E
—k 0 *kRTSZ; Clss ()
—E
_ oFTs E_
M (x) = eRTss k0 kRTsi Cl (@) , (50)
—AHE ( —AHE _E_p _ _4h =
PCp pep  RTZ CASS (I) pcpde B
EaoRis k0 kC
—We ss — - Wi Ass
— B E
— aRTe Fin BT E
A = eFTss k *TCQRTSS kRTSQSCASS 5 (51)
_AHk —~AHk _E Fin o
PCp 0 pcp  RTZ CASS N WGRT&
L 1T
B=[o0 L] (52)

5.3 Simulations

Let the length of the PFR be L = 1 m. By using the parameters values given in Table 1, we can obtain

the steady states ({ss(),7ss) depicted in Figure 2. In this case, the system matrices M (x), A, A, and B
are given as

~3.100 —0.46e 2 0.1864 0 0
M(z)=| 310 0 0.46e ° x107%, A= 0 0.1864 0 ,
4.63 0 0.68e~° — 20 0 0 0.1864
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Figure 3 (Color online) Time evolution of the concentra- Figure 4 (Color online) Time evolution of the concentra-
tion C% in the PFR. tion C}, in the PFR.
—44.10 0 —0.46 0
A= 310 —41 046 |x107* B=| 0 |x1072%
463 0 —40.32 3.56

Using N = 10, and solving the conditions (30)—(32) of Corollary 2, we obtain p = 0.3, and k; =
4.400 x 1073, kg = 4.679 x 107°, and

0 0 0
G = 0 0 0 x 102,
0.8257 1.6468 0.7824

1.6044 0 0 1.6467 0 0
P = 0 20462 0 x 103, Py = 0 07824 0 x 103
0 0 0.8257 0 0 60.7943

Subsequently, we obtain the boundary feedback gain

K =0.3815 0.7609 0.3615} .

To numerically compute the solutions of the system (33)—(38), we discretize them using a two-step
variant of the Lax-Wendroff method in [26]. We select the following initial deviations

OF () = 0.05CT sin(67z),
oP () = 0.05 sin(67z), (53)
TP () = 0.07T}, sin(67z),
and the disturbances
§(z,t) = 2.4 x 103 sin (at), (54)
e(t) =6.8 x 1073 sin (t).

Figures 3-5 show the time evolutions of the concentrations C%j, C%, and the temperature T? in the PFR,
respectively. We observed that C%, C%, T? converge to the bounded domains of their steady-states
Clh (), Ch (), TE(x), respectively, as time progresses, as expected from Theorem 1. Figure 6 depicts
the concentrations of C4 Cp, and T in the CSTR that enters some bounded domains ultimately. The

variations in the boundary control Q. are also depicted in Figure 7.
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t(s)

Figure 5 (Color online) Time evolution of the tempera- Figure 6 (Color online) Time evolutions of the concen-
ture TP in the PFR. tration C' 4, Cp, and the temperature 7" in the CSTR.
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Figure 7 (Color online) Time evolution of the control input Q..
6 Conclusion

This paper described the boundary ISS for a class of coupled hyperbolic PDE-ODE systems. Some
sufficient conditions in terms of matrix inequalities are provided using the strict Lyapunov function.
The boundary feedback control is applied to stabilize a coupled hyperbolic PFR-CSTR model. This
study leaves many open questions. It is natural to extend the theoretical results, such as Theorem 1
and Corollary 2 to more general nonlinear PDE-ODE systems and consider the proportional-integral
boundary control.
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