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Abstract Channel impairments are major limiting factors in the performance of large-scale antenna sys-
tems. In this paper, we analyze the impacts of practical channel impairments caused by pilot contamination,
Doppler shift, and phase noise on the downlink spectral efficiency of large-scale distributed antenna systems
(L-DASs) with maximum ratio transmission (MRT) and zero-forcing (ZF) beamforming, in which per user
power normalization is considered. Using a joint channel model that allows study of the simultaneous impacts
of these channel impairments, we derive accurate and tractable closed-form approximations for the ergodic
achievable downlink rate, thereby enabling spectral efficiency analysis of L-DASs and an efficient evalua-
tion of the impacts of the channel impairments. It is shown that channel impairments reduce the downlink
spectral efficiency and have a significant impact on ZF beamforming. The asymptotic user rate limit is also
determined, from which we analyze the asymptotic performance of L-DASs with channel impairments. The
analytical results show that MRT and ZF beamforming achieve the same asymptotic performance limit even
with channel impairments. It is also found that the use of a large-scale antenna array at the base station
sides can weaken the impacts of channel impairments.
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1 Introduction

Large-scale antenna systems (LSASs), also called massive multi-input multi-output (MIMO) or large-scale
MIMO, have emerged as one of the most promising technologies for the future of wireless networks [1-5].
The advantages of LSASs were initially validated by assuming ideal propagation conditions. However,
understanding the performance limits of LSASs with practical channel impairments is imperative. The
impacts of various channel impairments on LSASs have been previously studied by considering the pilot
contamination caused by the reuse of the same pilot sequences in adjacent cells [6-8], Doppler shift
resulting from the relative movement between users and base stations (BSs) [9-13], and phase noise due
to imperfect local oscillators (LOs) [14-18]. Some important observations can be summarized as follows:
(1) pilot contamination constitutes a performance bottleneck in LSASs and (2) channel aging induced by
Doppler shift and phase noise, which refers to the mismatch between the channel state information (CSI)
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when it is estimated vs. when it is used for detection or precoding, contributes to the further degradation
of LSASs.

The large-scale antenna array at BSs can be co-located or geographically distributed in cells; thus
describing the two extremes of the LSAS paradigm, i.e., co-located LSASs and large-scale distributed
antenna systems (L-DASs) [19]. Refs. [20-24] have shown that L-DASs can provide larger performance
gains compared with co-located LSASs. However, a critical issue potentially exists for an L-DAS if it is
too sensitive to various channel impairments. As shown above, the impacts of channel impairments on co-
located LSASs have received much attention in recent years, whereas only a few studies have considered
distributed arrays [16,25-27]. Refs. [16,25] analyzed the impacts of hardware imperfections at BSs on
L-DASs with maximum ratio combing (MRC) receiver and maximum ratio transmission (MRT) beam-
forming, respectively. It was shown that L-DASs are resilient to additive distortions but multiplicative
phase noise is a limiting factor for both uplink and downlink processes in L-DASs. The drawbacks of the
studies by [16,25] are that their analyses did not account for the impact of Doppler shift and only MRT
and MRC were considered. A realistic channel model accounting for the impacts of both Doppler shift
and phase noise was recently proposed by [26]; this approach allows for a more complete characterization
of channel aging. However, Ref. [26] did not consider the impact of pilot contamination. Moreover, con-
sidering that the effective channel gain seen by each user fluctuates only slightly around its mean when
the number of antennas at the BS is very large, average power normalization was assumed by [16, 26],
rather than practical per user power normalization, to give analytical tractability. Since the difference in
performance between the two normalization schemes is relatively large in distributed systems [28,29], per
user power normalization is considered practical. Recently, a joint channel model was provided in [27].
This model incorporated the impacts of channel impairments caused by pilot contamination, Doppler
shift, and phase noise. Based on this channel model, the impacts of channel impairments on the spectral
efficiency of L-DASs were analyzed. However, only uplink was considered.

Motivated by the aspects mentioned above, we investigated how practical channel impairments in-
fluence the downlink spectral efficiency of L-DASs with both MRT and zero-forcing (ZF) beamforming
under per user power normalization. Specially, our main contributions can be outlined as follows.

e The ergodic achievable downlink rate of L-DASs after applying MRT and ZF beamforming under
per user power normalization is given in closed form in the presence of practical channel impairments,
thereby enabling spectral efficiency analysis of .-DASs with channel impairments and efficient evaluation
of the impacts of channel impairments.

e The asymptotic user rate limit is also given, from which we analyze the asymptotic performance of
L-DASs with practical channel impairments.

e We corroborate our theoretical analysis with simulations, and draw insightful conclusions from our
analysis of the impacts of channel impairments on the downlink performance of L-DASs with MRT and
ZF beamforming under per user power normalization.

The remainder of this paper is organized as follows. In Section 2, we introduce the system model
including its channel configuration, channel model with channel impairments, downlink signal model
and achievable rates. Section 3 describes the main analytical work where we provide the derivations
of the ergodic achievable downlink rate and the asymptotic user rate limit after applying MRT and
ZF beamforming under per user power normalization in the presence of practical channel impairments
caused by pilot contamination, Doppler shift, and phase noise. In Section 4, we collocate our theoretical
analysis with simulations. Section 5 concludes the paper. In the appendices, we provide proof for the
main analytical results.

Notation. Vectors and matrices are denoted by boldface lower case and upper case letters. Iy is the
size-N identity matrix. ()", tr{-} and E[-] represent the conjugate transpose operator, trace operator
and expectation operator, respectively. || - || denotes the spectral norm of a matrix and | - | denotes the
absolute value of a scalar. The diag{-} operator generates a square diagonal matrix with the elements of
the given vector on the main diagonal. We use N (u, 0?) to denote the Gaussian distribution with mean 1
and variance o2, and we use CN'(0, 02) to denote the circularly symmetric complex Gaussian distribution
with mean zero and variance 0. I'(k,f) denotes the Gamma distribution with shape parameter k and
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scale parameter §. Nakagami(m,()) denotes the Nakagami distribution with shape parameter m and
controlling spread parameter §2.

2 System model with channel impairments

In this section, we describe the considered multi-cell multi-user L-DASs with frequency-flat fading chan-
nels, time-division duplex (TDD) mode, pilot contamination, Doppler shift, phase noise, and linear
precoding under per user power normalization.

2.1 System configuration and channel model

Consider an [-DAS with L cells and operating under TDD protocol. Each cell consists of K single-
antenna users that communicate simultaneously with M remote antenna units (RAUs). Each RAU is
equipped with N antennas. Moreover, a quasi-static block fading channel model [9] is considered in this
paper. Then, we let g;; [t] be the channel vector from user & in cell [ to all of the RAUs in cell 7 at time
t, which can be modeled as

giskll] = Al Shoselt], (1)

where
Ay = diag{\i 10k, i) @ In, (2)
hiirlt] = [y 1t - B k[T i k[t] ~ CN(0, In) is the small-scale fading between user k in

cell l and RAU m in cell ¢ at time ¢, and A; ;1,1 represents the corresponding large-scale effect including
shadowing and pathloss, which changes slowly and can be learned over a long period of time.

2.2 Joint channel model with channel impairments

In this subsection, we present a joint channel model that incorporates the impacts of practical channel
impairments caused by pilot contamination, Doppler shift, and phase noise. As in [26,27], we assume
that each frame of duration T, symbols consists of the uplink training phase of K symbols (the minimum
number of pilot symbols) with time indices t = =K + 1,...,0, followed by a downlink data transmission
phase of T, — K symbols with time indices t = 1,...,T. — K; channel estimation takes place at time 0.

According to the autoregressive model of 1 [9,30], the impact of channel aging induced by Doppler
shift can be modeled as

Gik[t] = i1 [0] + €;11[t], (3)

where a; £ Jo(2mfpTit) represents the temporal correlation parameter modeled as Jakes model; Jo(+)
denotes the zero-order Bessel function of the first kind; the maximum Doppler shift fp is given by fp = %
(v is the relative velocity of the user, f. is the carrier frequency, and ¢ = 3 x 10% mps is the speed of light);
Ty denotes the symbol time; and €; . [t] ~ CN(0, (1 —aF)A; k) represents the uncorrelated channel error
vector.

Phase noise is a further source of channel aging and induces an extra loss caused by noisy LOs at BSs
and users. The impact of phase noise can be modeled as [31]

9ik[t] = ©i1.k[t]Gi1.k[t] (4)

where @, ; x[t] £ eJ?trdiag{el®ilt] . ei¢imM Ty, o x[t] and ¢; o, [t] are the noises at the LOs of user
k in cell I and RAU m in cell ¢ at time ¢, which follow the Wiener processes [16] with independent phase
noise increment variances o, | and o, ie., gult] ~ N(oi[t—1],03, ) dimlt] ~ N(¢im[t—1],03, ).

The impacts of channel aging induced by Doppler shift in (3) and phase noise in (4) can be incorporated
as a multiplicative parameter matrix, and the channel vector at time ¢ can be given by [26, 27|

gi k[t = Wi 1 1[t]9i,0.1[0] + € x[t], (5)
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where
2 2 2
Tin - i M

o2 7
\Ili,z,k[t]Aatezl"tdiag{e2t"”’e 2t}®IN,

which can be obtained by minimizing the mean square error defined as tr{E[e; ;, k[t]egl’ « 1]} [26, Theorem
1], and e; 1 k[t] ~ CN(0, Ai ik — W41 k[t]Ai Wi k[t]) is the combined error vector, which depends on the
impacts of Doppler shift and phase noise.

As seen from (5), the channel vector g;; x[t] at time ¢ is obtained in terms of the channel vector g; ; x[0]
at time 0. However, g, x[0] is usually not available and pilot-assisted transmission is employed at BSs to
perform channel estimation. When the channel coherence time is limited, non-orthogonal pilot sequences
must be reused in adjacent cells, which results in pilot contamination, i.e., correlated interference from
the users using the same pilot sequences. Note that in this paper, we assume that the users in each cell
use orthogonal pilots, i.e., the length of the uplink training phase is equal to K, which results in only
inter-cell pilot contamination. Otherwise, there is still intra-cell pilot contamination [32].

During the uplink training phase (t = —K + 1,...,0), as in [10, 26, 33], we assume that both the
phase noise and channel remain constant, and we neglect the channel estimation error resulting from
the channel aging effect. Considering that the duration of the uplink training phase is short and the
consequent variation of the channel is unnoticeable [33], this assumption is valid and yields a simple and
tractable model that enables us to analyze the simultaneous impacts of practical channel impairments.
Note that during the downlink data transmission phase (¢t = 1,...,T. — K), the channels are supposed
to vary from symbol to symbol due to the channel aging effect. At time 0, the pilot symbols received by
the users in cell ¢ are given by

L
Yi[0] =) Guil0]@ + Zi[o], (6)
=1
where G;[0] = [gi1,1[0],-..,9i.1,x[0]] is the channel matrix between all of the users in cell | to all of

the RAUs in cell 4, g1 x[0] = ©,,%[0]gi 1 k[0] from (4), ® € CE*XK i the pilot matrix with pairwise
orthogonal rows satisfying ®® = Ik, Z; is the noise matrix with CA/(0,1/4p) elements, and ~p is the
training signal-to-noise ratio (SNR). After correlating the received pilot symbols with the pilot sequence
assigned for user k, i.e., the k-th row of ®, the channel vector g;;x[0] can be estimated based on the
observation y; 1 [0], given by

Yi k0] = gi1.x[0] + Zgi,j,k[o] + 2z 1[0], (7)
J#i

where y; [0] and z; ;[0] are the k-th column of Y;[0] and Z;[0], respectively. The linear minimum mean
square error (LMMSE) estimate [34, Subsection 12.3] of g; ;. 1[0] is given by

9i1.1[0] = Ai,l,kEZ;yi,k[O]a (8)
where
L
Eirs Z Aijr+1/vwlun. 9)
j=1
With the definition of
higl0] 2 2, Py 0)], (10)

which is distributed as iziyk [0] ~ CN(0, Ipnv) and hence can be regarded as the equivalent Rayleigh fading
portion of the channel estimate, we can rewrite the LMMSE estimate g;; 1[0] in (8) as

gi,l,k[o] = diag {Hi,l,l,k; ceey Iiinyl’k} X IN’:Li,k[O], (11)
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where K; m 1 = )\i,m,l,k(Zle Niarjk + 1/vp)~ 2. Due to the properties of the LMMSE estimate, the
channel vector g;; 1[0] can be decomposed as

9i,1,:[0] = Gi,1,1[0] + Gi,1,%[0], (12)

where g; 1 k[0] ~ CN (0, A; 1 x — Ai,th;%Ai,Lk) is the estimation error vector which is independent of the
channel estimate g; ;.x[0].
Substituting (12) into (5) yields the following joint channel model:

gik[t] = Gik[t] + Giklt], (13)
fort € {1,...,T. — K}, where
G klt] 2 Wik )gi0kl0] = ding {815 4 B0} @ Do) (14)
is the available CSI at BS i at time ¢,
Gik[t] = Wi k(11601 [0] + €ik[t] ~ CN (0, diag {ni 1,1 klt], - - - mia0k[t]} ® IN) (15)

is the joint channel error vector, which is independent of the available CSI g [t], and

Bi 2 o2 _Uil Kt _‘7;1‘ mt )‘?,m,l,k 16

lym,lyk[ ] = oze re ’ i ; ( )
Zj:l )\i,m,j,k + 1/713

Motk [t] = Nt — Biomosk[t]- (17)

The joint channel model (13) incorporates the impacts of practical channel impairments caused by

pilot contamination and channel aging induced by Doppler shift and phase noise. Based on (13), we
can analyze the simultaneous impacts of these practical channel impairments on the spectral efficiency
of L-DASs. The tractable joint channel model (13) is very general, with the conventional models in [26]
(L =1),in [31] (fp = 0) and in [9] (6? = 0, for i = ¢, or ¢;;m) as special cases. Thus, the results
and analysis herein hold for arbitrary parameters. Moreover, from (14), it can be seen that owing to the
effect of pilot contamination, the achievable CSI g; ;. x[t] and g; ; x[t] become correlated random vectors,
although the channel vectors g x[t] and g; ; x[t] are independent for j # 1.
Remark 1. The joint model (13) is based on the model proposed in [27]. For simplicity, [27] assumed
that the phase noise increment variances of all of the M RAUs in cell ¢ are equal as in [16], i.e., 0351-,1 =...=
aii’M = 0351-' In (13), we extend the model presented in [27] to cases with different phase noise increment
variances at the RAUs, which makes spectral efficiency analysis of [-DASs with channel impairments
more challenging.

2.3 Downlink signal model and achievable rates

During the downlink data transmission phase (¢ = 1,...,T. — K), the channels vary from symbol to
symbol due to the channel aging effect. At time ¢ € {1,...,T; — K}, the received signal y; x[t] € C of user
k in cell [ is written as

L K
vkl = D) g wltlwa [t (6] + zklt), (18)
i=1 j=1
where s; j[t] ~ CN(0,1) is the transmitted data symbol assigned for user j in cell ¢ at time ¢, w; ;[t] is
the associated beamforming vector, and z; j[t] ~ CA(0,1/9p1,) indicates the receiver noise.
Assuming that users detect the transmitted signals with statistical CSI, i.e, E[gﬁlyk[t]wl,k[t]], and
treating the remaining signal component and the interference plus noise as worst-case Gaussian distributed
noise, the ergodic achievable rate of user k in cell [ can be given by [35, Theorem 1]

|Elgi i [tlwik[t]]]?
Var[gl},ll,k[t]wl,k[t]] + 26,k E“g;lz,k[t]wi,j 2] + 1/7pr

Ry i[t] = log, <1 + (19)
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Figure 1 (Color online) Fluctuation of the norms of MRT beamforming vectors around their means versus the total
number of transmit antennas.

Note that the ergodic achievable downlink rate analysis in this paper is performed under the condition
of equal power allocation among users. However, it is straightforward to generalize the rate analysis to any
given power allocation scheme by changing the data symbol from s; x[t] ~ CN(0,1) to sy x[t] ~ CN (0, pi.k)
with power p; . = E[|s; x[t]|?] and changing the noise from z; [t] ~ CN(0,1/vp1) to zik[t] ~ CN(0,0?);
this makes no difference to the following derivation of the ergodic achievable downlink rate. Thus, the
results obtained in this paper are applicable to an arbitrary power control strategy. Optimization of the
power allocation among users requires a separate investigation.

In the present work, attention was restricted to MRT and ZF beamforming. With §;; x[t], the avail-
able CSI at BS ¢, and time ¢, the MRT and ZF beamforming vectors under practical per user power
normalization are defined as

giiklt

Toreall? MR

L1k

wy i [t] = frklt] for ZF .
Thldl’ |

respectively, where f;; [t] is the k-th column of Fy[t](FH[t|Fy[t]) ", and Fi[t] = [Giia[t], - - -, Gk [t]-
Remark 2. Due to the effect of channel hardening [36], i.e.,

[Bllveiell?] = lvnel®l mv—oo
E[[|vi,1,x[?]

0, (21)

average power normalization instead of per user power normalization (divided by +/E[||v.x]/?] instead
of ||lvii k| in (20)) was assumed in [37-41] to give analytical tractability, where v,k = Giik O fi1k-
Figure 1 shows the difference in performance between the two power normalization schemes. As seen
from the figure, with MRT beamforming, about 200 antennas are needed for -DASs with M = 10 RAUs
to achieve a 10% approximation error (defined in (21)), whereas only about 60 antennas are needed for
co-located LSASs. This is because for L-DASs, the M RAUs are geographically distributed in cells;
therefore, each user may be effectively served by only a portion of the RAUs, which leads to less channel
hardening. Consequently, per user power normalization is more practical for L-DASs [28].

3 Downlink spectral efficiency analysis with channel impairments

In this section, we provide the derivations of the ergodic achievable downlink rates and asymptotic user
rate limit after applying MRT and ZF beamforming under per user power normalization in the presence

of practical channel impairments caused by pilot contamination and channel aging induced by Doppler
shift and phase noise.
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For the channel vector g;; i[t], its strength can be expressed as

M
g kg klt] = D Nmakhi i ks (22)
m=1

which is the summation of M independent but non-identically distributed terms and A; ;1% hflm I wPiom ik
~ T(N, Xi;m..k) [21]. In order to yield a mathematically tractable expression, we employ Lemma 1 to
obtain an approximation of the distribution of gi}}l’ plt1gik[t] in (22).
Lemma 1 ([42], Proposition 8). Suppose that {x;} are independent I'(k;,6;) random variables. The
Gamma distributed random variable I'(k, §) has the same first and second moments as ). x;, with the
parameters given by

Zi kie? o - Zz kiei.

As a consequence of Lemma 1, we have

93k [01gi0 klt] ~ T (ki g kalt], 0 k.alt]), (24)
where
NM N in)?
b alf] = et Smd)” (25)
Zm:l )\i,m,l,k
ZM—l )\z2m Ik
Hi,l,k,a[t] — M, (26)
Z%:l )\i,m,l,k

and a subscript “a” indicates approximation.

Given the distributions (24), the distributions of projection powers when channel vectors are projected
onto the beamforming subspace can be obtained by applying Lemma 2.

Lemma 2 ([29], Lemma 3). The projection power of the m-dimensional non-isotropic channel vector
gi.1.1[t] projected onto a s-dimensional subspace is distributed as I'(sk; ;i a[t]/m, i1 k.a[t]) With ki alt]
and 0; 1 1 a[t] defined in (25) and (26).

Note that when characterizing the useful signal power and pilot contamination power, s = M N with

MRT beamforming and s = M N — K + 1 with ZF beamforming, whereas s = 1 for both MRT and ZF
beamforming when characterizing interference power [43,44].
Remark 3. The approximation accuracy of Lemma 2 depends on whether the path losses from a given
user to the RAUs are similar. When the path losses vary drastically, we can increase the approximation
accuracy by changing the dimension of the subspace from M N to MyN for MRT beamforming or from
MN — K +1to MgN — K + 1 for ZF beamforming, where Mj is the number of RAUs with similar and
relatively less path losses [29].

Refs. [44-47] studied ergodic achievable rate approximation under the assumption of perfect CSI at BSs.
In contrast, the present paper focuses on the practical case of imperfect CSI in the presence of channel
impairments caused by pilot contamination, Doppler shift, and phase noise. Therefore, we need to further
characterize the distributions of the powers of the non-isotropic available CSI g; ; 1[t] and the combined
error vectors g; ; r[t] projected onto a s-dimensional beamforming subspace. We can first characterize the
approximation distributions of Qf}l, i [t1Gi..1[t] and gf}l, 1:[t1Gi.1.% [t] based on Lemma 1, which can be given by

G e [1Gianklt] ~ Tkignalt], 05 kalt]), (27)
G111 110G klt] ~ T (ki r,alt], Oi0,.alt]), (28)

where

M
Fi g alt] = Vs ﬁi’m’hk[t])a (29)

M
Zm:l Bzz,m,l,k [t]
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M
A Zm:l ﬁ’im,l,k[t]

oi,l,k,a[t] = ) (30)
Z%:l Bim.ik[t]
~ N M_ i t 2
ki,l,k,a[t] _ (Z]\Zz_l 772, ,l,k[ ]) , (31)
> m=1 ni,m,l,k[t]
- S 02 anlt]
Oi 1 pall] = &m=1 liym,Lk (32)

M )
Zm:l ni,m,l,k[t]

and then, calculate the distributions of the projection powers of g; ; [t] and g; ;.1 [t] by applying Lemma 2.

Based on the ideas discussed above, we are able analyze the impacts of the practical channel impair-
ments on the downlink spectral efficiency of L-DASs. Theorems 1 and 2, and Corollary 1 contain the
main contributions of this paper and provide the derivations of the closed-form approximations for the
ergodic achievable downlink rate (19) and the asymptotic user rate limit in L-DASs with MRT and ZF
beamforming under per user power normalization in the presence of practical channel impairments.
Theorem 1. When MRT beamforming under per user power normalization is used, the closed-form ap-
proximation for the ergodic achievable downlink rate (19) in L-DASs with practical channel impairments
is given by

RMETY) = logy (14— SFtbkall)ikall , (33)
L [t 4 2 i Kt k,alt]0i0, k0 [t]

where Z) R [t] = kl,l,k,a[t]él,l,k,a[t]*f(l%l,z,k,a[t])éz,l,k,a[t]Jrﬁ ZiLzl ffi,z,k,a[t]éi,z,k,a[t]Jr%kl,z,k,a[t]@z,l,k,a[t]
AT i (ki a0k a[t] + Kit ko [t]0i k0 [t]) + 5=, and

£(x) 2 D +1/2)/T(a). (34)

Proof.  See Appendix 1.

Theorem 2. When ZF beamforming under per user power normalization is used, the closed-form ap-
proximation for the ergodic achievable downlink rate (19) in L-DASs with practical channel impairments

is given by
kit g alt)Oiikalt
REETH = log, 1+ o PHtkalDhtall (35)
L [t + 2 e Fitka ()03, k. [t]
where Ilzg [t] & pkigk.alt]0rinalt] — €0kt kalt])001kalt] + = ZiLzl Eitk.alt]0iskalt] + 1/9pr, and
MN - K +1
po -2+l (36)

MN

Proof.  See Appendix 2.

Based on the derived closed-form expressions (33) and (35), Corollary 1 provides the asymptotic user
rate limit when % — 00, from which we can investigate the asymptotic performance of L-DASs in the
presence of practical channel impairments.

Corollary 1. At time ¢, as % — 00, no matter with MRT or ZF beamforming, the ergodic achievable
downlink rate (19) in the presence of practical channel impairments achieves the same asymptotic user
rate limit given by

M _0351 t
Dom=1® Lk

Rt =logy | 1+ .
’ M —oy. t
Zi;sl D om=1© Thim Hiym, 1k

(37)

Proof.  See [21] for a similar proof.
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Figure 2 (Color online) Cumulative distribution function of the average achievable rate per user at time ¢t = 1 for L = 7,
Ty = 1075 s, T. = 100, Tpp =0, ,, = 0.72° with different K, M and N.

Corollary 1 demonstrates that the impacts of Doppler shift and phase noise at users vanish as K — 00.

This indicates that L-DASs can tolerate larger velocity of users and stronger phase noise at users. In
2

p— 2 —
particular, with common LOs or separate LOs, but with same phase noise variance, i.e., e %t.m =¢ %im
for i # [, the maximum achievable rate is not affected by the phase noise at BS sides. This insight is very
important for practical deployment.

4 Numerical results

Our analytic results are validated in this section by studying the downlink of a hexagonal system with
L =7 cells. Each cell comprises M RAUs and K users, which are assumed to be uniformly distributed.
We normalize the cell radius to 1 and set the minimum distance between RAUs and users to 0.01.
For the large-scale fading \; 1%, we consider the standard distance-based model given by X\ m 1% £
cd”O,‘L Lk [37,39]. Here, d;m,r denotes the distance between user k in cell [ and RAU m in cell i; o
represents the path loss exponent, which is set to 3.7; and ¢ = 1 is the median of the mean path gain at
dim,.kx = 1. In all examples, ypr, = 10 dB and vp = K7ypr..

In Figure 2, we verify the accuracy of Theorems 1 and 2 with practical channel impairments. The
cumulative distribution function (CDF) curves of the average achievable rate per user at time ¢ € {1, T. —
K}, defined by

| LK
:_ngz:: (38)

obtained numerically and by Theorems 1 and 2 are presented in Figure 2 with different values of K, M
and N. Without loss of generality, we set t = 1. The theoretical curves are averaged over 1000 channel
realizations (different RAU and user locations) and the numerical curves are further averaged over small-
scale channel fading. The carrier frequency is set to f. = 2 GHz. The Doppler spread is fp = 250 Hz,
which corresponds to a user speed of 135 km/h. Then, the coherence time is 1/(4fp) = 1 ms. Given
that the symbol time Ty = 107° s, the coherence block includes T, = 100 symbols. For the parameters
of channel impairments, the temporal correlation parameter can be calculated by o = Jo(27tfpTst) and
the increment standard deviation of the phase noise is set to oy, , = 0¢,,, = 0.72° [15]. As can be
seen in Figure 2, in the presence of practical channel impairments, the theoretical curves are almost
indistinguishable from the numerical curves in co-located systems (Case 1) where all of the BS antennas
are collocated at the origin. Although there is a small mismatch between the theoretical and numerical
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ferent values of fpTs, L = 7, M = 10, N = 20, K = 8§, mit antennas, T, = 100, L =7, M =5, K = 8.
Ts =10~% s, T. = 100.

curves in DASs (Cases 2 and 3) resulting from the approximation applied for the projection power of the
non-isotropic channel vectors, they also match well. Note that the matches between the theoretical and
numerical curves were preserved for different values of ¢, K, M, and N; we have omitted these results
for the sake of brevity. In the following, we analyze the impacts of channel impairments on the spectral
efficiency of L-DASs using these closed-form approximate expressions.

In the following, since the effective channels vary with ¢, we focus on the average achievable rate per
user for each time instance of the downlink data transmission phase, which is defined by

1 T.— K
R= i ; RJt], (39)

where the sum has T, — K terms, which correspond to the number of symbols used for downlink data
transmission and the pre-log factor 1/T¢ also accounts for the K symbols of pilot transmission.

Given the definition in (39), we investigated the impact of phase noise on average achievable rate
per user (Figure 3) when M = 10, N = 20, K = 4, Ty = 107° s and T, = 100 for different values
of normalized Doppler shift fpTs. From Figure 3, we obtain the following findings. First, it is evident
that as the value of the phase noise increment standard deviation increases, the average achievable rate
per user loss becomes increasingly significant. Second, the larger is fpTy (higher user mobility), the
less important is the role of phase noise, and vice versa. As far as ZF beamforming is concerned, when
the normalized Doppler shift fpTy = 0 (no user mobility), the average achievable rate per user loss is
about 40% with the phase noise increment standard deviations oy, , = 04,,, = 6°. However, when
JpTs = 0.0025 (v = 270 km/h), the loss is about 36%. Meanwhile, when oy, , = o4, = 0° (perfect
LOs), the rate loss is about 18% with fpTy = 0.0025, and about 13% when o, , = 04, = 6° (strong
phase noise scenario). Third, Doppler shift and phase noise have a larger impact on ZF beamforming
and the gap between the average achievable rate per user performances of ZF and MRT beamforming
decreases with increasing fpTy and/or the phase noise increment standard deviations. This results from
the poor interference cancellation capability of ZF beamforming when channel impairments are present.

In Figure 4, the average achievable rates per user with channel impairments are depicted as a function
of the number of total transmit antennas M N when K = 8. From this figure, we obtain the following
findings. First, ZF beamforming performs worse (better) than MRT beamforming if the number of total
transmit antennas M N is small (large) as it mitigates multiuser interference at a cost of decreasing
the array gain from MN to MN — K + 1. It should be noted that as MN — oo for a given K,
MRT beamforming exhibits the same multiuser interference suppression capability as ZF beamforming
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since the channel vectors between users become pairwise orthogonal [1] and the array gain of the two
schemes become asymptotically equal; therefore, they approach the same asymptotic rate limit given
in (37). Second, consistent with Corollary 1, as the number of total transmit antennas M N increases,
the impacts of phase noise and Doppler shift decrease. Focusing on the case of fpTs ~ 0.0025 and

a?m.k = aii = 0°, when M N = 500, the average rate per user loss decreases by 34% (from 50% to 16%)

with ZF beamforming and by 10% (from 20% to 10%) with MRT beamforming, respectively. When
/pTs =0 and J?PM = 0?57, = 6°, the rate loss decreases by 54% (from 79% to 25%) with ZF beamforming
and by 27% (from 49% to 22%) with MRT beamforming, respectively.

5 Conclusion

In this paper, we analyzed the impacts of practical channel impairments caused by pilot contamina-
tion, Doppler shift, and phase noise on the downlink spectral efficiency of [-DASs with MRT and ZF
beamforming under per user power normalization. First, we derived closed-form approximate expressions
for the ergodic achievable downlink rate with channel impairments, which proved to be accurate and
tractable. Based on these expressions, we analyzed the spectral efficiency of L-DASs in the presence of
practical channel impairments and efficiently evaluated the impacts of these channel impairments. Nu-
merical results showed that channel impairments decreased the downlink achievable rate and had a larger
impact on ZF beamforming. The asymptotic performance of L-DASs with channel impairments was also
investigated. It was seen that the use of a large-scale antenna array at BS sides can weaken the impacts
of channel impairments, and that the phase noise at the transmitter sides is dominant.
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Appendix A Proof of Theorem 1

For the signal power term |E[gf, k[t}w%\/[kRT [#]]]%, we have

|E (g7} w3 4] | |E 1g2,1 k[t]””
o f(l%l,l,k,a[t})él,l,k,a[ﬂ7 (A1)

where (a) is obtained because gy, [t] and gy 1,x[t] are independent, (b) results from [y 1,k [¢]I| ~ Nakagaml(kl 1,k,alt], kl 1k, a[t]el 1k,alt])
since [|g1,1,% [t = |§7 oty MRT [#]|% ~ D(kp1.k.alt], 011,k a[t]), which is obtained from Lemma 2 and (27).

Based on the 1ndependence of g;,1,1[t] and considering the effect of pilot contamination, we decompose the interference
power terms var[gl ., k[t}wl IRT[4]], and Z(w)#(l k) EHgZ 1. k[t]wMRT[tHQ] as follows:

var g1y 5 [Hw) B[] = Bl|af p[tw) RT[tH ] + B[] 5 [Hw) (1] | ] = |E[al & [Hwy T[tm (A2)

and

Z E[|g! ,[tw [ t]| ZE lgi’y i [Hw) T t]| +ZZE 1gzlkt]wMRT[ﬂ| ]

(i,3)# (LK) ik Al 7k
+ > E[lgih [Hw)i [1%] + ZZ B[l [ t]wMRT[tH I (A3)
i#£l 1#£l j=1
By applying Lemma 2 to approximate the distributions of the terms in (A2) and (A3), we have

|gr K w82 ~ Tk, .0 lt) 000, k,a[8), (A4)

g% i [ T 1] Nr(mkllka[t allka[t) (A5)

gt i [ " [t]]* ~T ( ki kalt], 000, k,alt] ) (A6)

{gz I, k; t]wMRT t” ~ F(kz l,k,a[t} 7 l,k,a[t]) (A7)

2
{gz L, k t]wMRT t” ~T (mkz l,k,a[t i,l,k,a t])v (A8)
1
1, [T T (Rl Bl (A9)

Substituting (A1) and (A4)—(A9) into (19) concludes the proof.

Appendix B Proof of Theorem 2
First, given the distributions of ngl x[t1G:.1k[t] in (27), the non-isotropic achievable CSI g;; r[t] can be approximated as

an isotropic vector §; ; i.a[t] with i.i.d. CN/(0, éi,hk,a) elements [29]. Then, with the definition of F} ,[t] £ [g11,1.a[t], -,
91,1,K,at]], the useful signal power term |E[g, | [t]w?F'[t]]|? can be calculated by

|E[gt uwZE])* 2 (B0 £k 8]
© le[((E R,
© (k1,1 e,alt])01,1,1,alt], (B1)

where (a) is obtained because of the independence of wl Flt] and gi 1, [t] and gF 1, k[t]w Bl = 1/11fi.0x[t]]l, (b) results from
£,k 12 = [(FHOFE) " Tk ks () results from 1/]| £ k[t]]| ~ Nakagami(pkyk a[t] P11 ka0 k a[ﬂ) where we have
applied Lemma 2 to approximate the distribution of [(FH [t]Fl )~k ks as F(pk;l Lk, a[t} Gl Lk, a[t}) since [( [t}Fl,a[t})_l}k,k
~T(MN — K + 1,0, ,[t)Y.

Similar to the analysis in the proof given for Theorem 1 and considering that g; ; [t}wl%f [t] = 0 for j # k, the interference
power terms var[gl}’llyk[t}wl Rl and 32 5k E[|gZ . k[t} ; [tHQ} can be decomposed as

Var[gf,lz,k[t]wlz,g[t]] =E[ .‘jl,l,k[ﬂ'wzz,g[t” ] +E[|gl},ll,k[t 'wz k t” 1= |E[gl},ll,k[t]wlz,£[t]]|27 (B2)

1) Khansefid A, Minn H. Achievable downlink rates of MRC and ZF precoders in massive MIMO with uplink and
downlink pilot contamination. IEEE Trans Commun, 2015, 63: 4849-4864.


https://doi.org/10.1109/TSP.2016.2552502

Li J M, et al. Sci China Inf Sci  February 2019 Vol. 62 022303:14

and

ST E[lefnHwf)*] = ST E[al kHwf1)*] + 30 ST B[|al w1

(4,9)#(1,k) J#k i#l j#£k
K

+ > Bllgl w1 + >0 D Bl|giws [wi ] (B3)
il i#l j=1

The distributions of the terms in (B2) and (B3) can be obtained by applying Lemma 2,

. 2 - 5
a1 & W] 18]]” ~ T(pki1 k0], 010,08 1t]), (B4)
~H ZF (|2 1
t 1% ~ T ( ——Fi s alt], 01 1k alt B5
{gl,l,k[ ]wl,k[ H (MN 1kalt], 000k, ]) (B5)
~H ZF1,(2 1
|10y 5 [Hlw]’5 [8]]" ~ T (mkl Lkalt]h 001 k. t]) (B6)
gt K [Hw?5[1]]* ~ T (pki 1 k.alt], 0:.1.5.00), (B7)
1
a8 BT ~ T (7 Rankaltl Bl (38)
1§i,l,k[t]wiZ,]F'[tH2 ~T (MNkZ Lkalt] 05k alt] ) (B9)
Substituting (B1) and (B4)—(B9) into (19) yields the closed-form approximation (35). This completes the proof.
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