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Abstract Channel impairments are major limiting factors in the performance of large-scale antenna sys-

tems. In this paper, we analyze the impacts of practical channel impairments caused by pilot contamination,

Doppler shift, and phase noise on the downlink spectral efficiency of large-scale distributed antenna systems

(L-DASs) with maximum ratio transmission (MRT) and zero-forcing (ZF) beamforming, in which per user

power normalization is considered. Using a joint channel model that allows study of the simultaneous impacts

of these channel impairments, we derive accurate and tractable closed-form approximations for the ergodic

achievable downlink rate, thereby enabling spectral efficiency analysis of L-DASs and an efficient evalua-

tion of the impacts of the channel impairments. It is shown that channel impairments reduce the downlink

spectral efficiency and have a significant impact on ZF beamforming. The asymptotic user rate limit is also

determined, from which we analyze the asymptotic performance of L-DASs with channel impairments. The

analytical results show that MRT and ZF beamforming achieve the same asymptotic performance limit even

with channel impairments. It is also found that the use of a large-scale antenna array at the base station

sides can weaken the impacts of channel impairments.
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1 Introduction

Large-scale antenna systems (LSASs), also called massive multi-input multi-output (MIMO) or large-scale

MIMO, have emerged as one of the most promising technologies for the future of wireless networks [1–5].

The advantages of LSASs were initially validated by assuming ideal propagation conditions. However,

understanding the performance limits of LSASs with practical channel impairments is imperative. The

impacts of various channel impairments on LSASs have been previously studied by considering the pilot

contamination caused by the reuse of the same pilot sequences in adjacent cells [6–8], Doppler shift

resulting from the relative movement between users and base stations (BSs) [9–13], and phase noise due

to imperfect local oscillators (LOs) [14–18]. Some important observations can be summarized as follows:

(1) pilot contamination constitutes a performance bottleneck in LSASs and (2) channel aging induced by

Doppler shift and phase noise, which refers to the mismatch between the channel state information (CSI)
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when it is estimated vs. when it is used for detection or precoding, contributes to the further degradation

of LSASs.

The large-scale antenna array at BSs can be co-located or geographically distributed in cells; thus

describing the two extremes of the LSAS paradigm, i.e., co-located LSASs and large-scale distributed

antenna systems (L-DASs) [19]. Refs. [20–24] have shown that L-DASs can provide larger performance

gains compared with co-located LSASs. However, a critical issue potentially exists for an L-DAS if it is

too sensitive to various channel impairments. As shown above, the impacts of channel impairments on co-

located LSASs have received much attention in recent years, whereas only a few studies have considered

distributed arrays [16, 25–27]. Refs. [16, 25] analyzed the impacts of hardware imperfections at BSs on

L-DASs with maximum ratio combing (MRC) receiver and maximum ratio transmission (MRT) beam-

forming, respectively. It was shown that L-DASs are resilient to additive distortions but multiplicative

phase noise is a limiting factor for both uplink and downlink processes in L-DASs. The drawbacks of the

studies by [16,25] are that their analyses did not account for the impact of Doppler shift and only MRT

and MRC were considered. A realistic channel model accounting for the impacts of both Doppler shift

and phase noise was recently proposed by [26]; this approach allows for a more complete characterization

of channel aging. However, Ref. [26] did not consider the impact of pilot contamination. Moreover, con-

sidering that the effective channel gain seen by each user fluctuates only slightly around its mean when

the number of antennas at the BS is very large, average power normalization was assumed by [16, 26],

rather than practical per user power normalization, to give analytical tractability. Since the difference in

performance between the two normalization schemes is relatively large in distributed systems [28,29], per

user power normalization is considered practical. Recently, a joint channel model was provided in [27].

This model incorporated the impacts of channel impairments caused by pilot contamination, Doppler

shift, and phase noise. Based on this channel model, the impacts of channel impairments on the spectral

efficiency of L-DASs were analyzed. However, only uplink was considered.

Motivated by the aspects mentioned above, we investigated how practical channel impairments in-

fluence the downlink spectral efficiency of L-DASs with both MRT and zero-forcing (ZF) beamforming

under per user power normalization. Specially, our main contributions can be outlined as follows.

• The ergodic achievable downlink rate of L-DASs after applying MRT and ZF beamforming under

per user power normalization is given in closed form in the presence of practical channel impairments,

thereby enabling spectral efficiency analysis of L-DASs with channel impairments and efficient evaluation

of the impacts of channel impairments.

• The asymptotic user rate limit is also given, from which we analyze the asymptotic performance of

L-DASs with practical channel impairments.

• We corroborate our theoretical analysis with simulations, and draw insightful conclusions from our

analysis of the impacts of channel impairments on the downlink performance of L-DASs with MRT and

ZF beamforming under per user power normalization.

The remainder of this paper is organized as follows. In Section 2, we introduce the system model

including its channel configuration, channel model with channel impairments, downlink signal model

and achievable rates. Section 3 describes the main analytical work where we provide the derivations

of the ergodic achievable downlink rate and the asymptotic user rate limit after applying MRT and

ZF beamforming under per user power normalization in the presence of practical channel impairments

caused by pilot contamination, Doppler shift, and phase noise. In Section 4, we collocate our theoretical

analysis with simulations. Section 5 concludes the paper. In the appendices, we provide proof for the

main analytical results.

Notation. Vectors and matrices are denoted by boldface lower case and upper case letters. IN is the

size-N identity matrix. (·)H, tr{·} and E[·] represent the conjugate transpose operator, trace operator

and expectation operator, respectively. ‖ · ‖ denotes the spectral norm of a matrix and | · | denotes the

absolute value of a scalar. The diag{·} operator generates a square diagonal matrix with the elements of

the given vector on the main diagonal. We use N (µ, σ2) to denote the Gaussian distribution with mean µ

and variance σ2, and we use CN (0, σ2) to denote the circularly symmetric complex Gaussian distribution

with mean zero and variance σ2. Γ(k, θ) denotes the Gamma distribution with shape parameter k and
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scale parameter θ. Nakagami(m,Ω) denotes the Nakagami distribution with shape parameter m and

controlling spread parameter Ω.

2 System model with channel impairments

In this section, we describe the considered multi-cell multi-user L-DASs with frequency-flat fading chan-

nels, time-division duplex (TDD) mode, pilot contamination, Doppler shift, phase noise, and linear

precoding under per user power normalization.

2.1 System configuration and channel model

Consider an L-DAS with L cells and operating under TDD protocol. Each cell consists of K single-

antenna users that communicate simultaneously with M remote antenna units (RAUs). Each RAU is

equipped with N antennas. Moreover, a quasi-static block fading channel model [9] is considered in this

paper. Then, we let ḡi,l,k[t] be the channel vector from user k in cell l to all of the RAUs in cell i at time

t, which can be modeled as

ḡi,l,k[t] = Λ
1/2
i,l,khi,l,k[t], (1)

where

Λi,l,k , diag{λi,1,l,k, . . . , λi,M,l,k} ⊗ IN , (2)

hi,l,k[t] = [hT
i,1,l,k[t], . . . ,h

T
i,M,l,k[t]]

T, hi,m,l,k[t] ∼ CN (0, IN ) is the small-scale fading between user k in

cell l and RAU m in cell i at time t, and λi,m,l,k represents the corresponding large-scale effect including

shadowing and pathloss, which changes slowly and can be learned over a long period of time.

2.2 Joint channel model with channel impairments

In this subsection, we present a joint channel model that incorporates the impacts of practical channel

impairments caused by pilot contamination, Doppler shift, and phase noise. As in [26, 27], we assume

that each frame of duration Tc symbols consists of the uplink training phase of K symbols (the minimum

number of pilot symbols) with time indices t = −K + 1, . . . , 0, followed by a downlink data transmission

phase of Tc −K symbols with time indices t = 1, . . . , Tc −K; channel estimation takes place at time 0.

According to the autoregressive model of 1 [9, 30], the impact of channel aging induced by Doppler

shift can be modeled as

ḡi,l,k[t] = αtḡi,l,k[0] + ēi,l,k[t], (3)

where αt , J0(2πfDTst) represents the temporal correlation parameter modeled as Jakes model; J0(·)

denotes the zero-order Bessel function of the first kind; the maximumDoppler shift fD is given by fD = vfc
c

(v is the relative velocity of the user, fc is the carrier frequency, and c = 3×108 mps is the speed of light);

Ts denotes the symbol time; and ēi,l,k[t] ∼ CN (0, (1−α2
t )Λi,l,k) represents the uncorrelated channel error

vector.

Phase noise is a further source of channel aging and induces an extra loss caused by noisy LOs at BSs

and users. The impact of phase noise can be modeled as [31]

gi,l,k[t] = Θi,l,k[t]ḡi,l,k[t], (4)

whereΘi,l,k[t] , ejϕl,k[t]diag{ejφi,1[t], . . . , ejφi,M [t]}⊗IN , ϕl,k[t] and φi,m[t] are the noises at the LOs of user

k in cell l and RAU m in cell i at time t, which follow the Wiener processes [16] with independent phase

noise increment variances σ2
ϕl,k

and σ2
φi,m

, i.e., ϕl,k[t] ∼ N (ϕl,k[t−1], σ2
ϕl,k

), φi,m[t] ∼ N (φi,m[t−1], σ2
φi,m

).

The impacts of channel aging induced by Doppler shift in (3) and phase noise in (4) can be incorporated

as a multiplicative parameter matrix, and the channel vector at time t can be given by [26, 27]

gi,l,k[t] = Ψi,l,k[t]gi,l,k[0] + ei,l,k[t], (5)
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where

Ψi,l,k[t] , αte
−

σ2
ϕl,k
2

tdiag

{

e−
σ2

φi,1
2

t, . . . , e−
σ2

φi,M
2

t

}

⊗ IN ,

which can be obtained by minimizing the mean square error defined as tr{E[ei,l,k[t]eHi,l,k[t]]} [26, Theorem

1], and ei,l,k[t] ∼ CN (0,Λi,l,k−Ψi,l,k[t]Λi,l,kΨi,l,k[t]) is the combined error vector, which depends on the

impacts of Doppler shift and phase noise.

As seen from (5), the channel vector gi,l,k[t] at time t is obtained in terms of the channel vector gi,l,k[0]

at time 0. However, gi,l,k[0] is usually not available and pilot-assisted transmission is employed at BSs to

perform channel estimation. When the channel coherence time is limited, non-orthogonal pilot sequences

must be reused in adjacent cells, which results in pilot contamination, i.e., correlated interference from

the users using the same pilot sequences. Note that in this paper, we assume that the users in each cell

use orthogonal pilots, i.e., the length of the uplink training phase is equal to K, which results in only

inter-cell pilot contamination. Otherwise, there is still intra-cell pilot contamination [32].

During the uplink training phase (t = −K + 1, . . . , 0), as in [10, 26, 33], we assume that both the

phase noise and channel remain constant, and we neglect the channel estimation error resulting from

the channel aging effect. Considering that the duration of the uplink training phase is short and the

consequent variation of the channel is unnoticeable [33], this assumption is valid and yields a simple and

tractable model that enables us to analyze the simultaneous impacts of practical channel impairments.

Note that during the downlink data transmission phase (t = 1, . . . , Tc −K), the channels are supposed

to vary from symbol to symbol due to the channel aging effect. At time 0, the pilot symbols received by

the users in cell i are given by

Yi[0] =

L
∑

l=1

Gi,l[0]Φ+Zi[0], (6)

where Gi,l[0] = [gi,l,1[0], . . . , gi,l,K [0]] is the channel matrix between all of the users in cell l to all of

the RAUs in cell i, gi,l,k[0] = Θi,l,k[0]ḡi,l,k[0] from (4), Φ ∈ CK×K is the pilot matrix with pairwise

orthogonal rows satisfying ΦΦH = IK , Zl is the noise matrix with CN (0, 1/γP) elements, and γP is the

training signal-to-noise ratio (SNR). After correlating the received pilot symbols with the pilot sequence

assigned for user k, i.e., the k-th row of Φ, the channel vector gi,l,k[0] can be estimated based on the

observation yi,k[0], given by

yi,k[0] = gi,l,k[0] +

L
∑

j 6=i

gi,j,k[0] + zi,k[0], (7)

where yi,k[0] and zi,k[0] are the k-th column of Yi[0] and Zi[0], respectively. The linear minimum mean

square error (LMMSE) estimate [34, Subsection 12.3] of gi,l,k[0] is given by

ĝi,l,k[0] = Λi,l,kΞ
−1
i,kyi,k[0], (8)

where

Ξi,k ,

L
∑

j=1

Λi,j,k + 1/γPIMN . (9)

With the definition of

ĥi,k[0] , Ξ
−1/2
i,k yi,k[0], (10)

which is distributed as ĥi,k[0] ∼ CN (0, IMN ) and hence can be regarded as the equivalent Rayleigh fading

portion of the channel estimate, we can rewrite the LMMSE estimate ĝi,l,k[0] in (8) as

ĝi,l,k[0] = diag {κi,1,l,k, . . . , κi,M,l,k} ⊗ IN ĥi,k[0], (11)
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where κi,m,l,k , λi,m,l,k(
∑L

j=1 λi,M,j,k + 1/γP)
−1/2. Due to the properties of the LMMSE estimate, the

channel vector gi,l,k[0] can be decomposed as

gi,l,k[0] = ĝi,l,k[0] + g̃i,l,k[0], (12)

where g̃i,l,k[0] ∼ CN (0,Λi,l,k −Λi,l,kΞ
−1
i,kΛi,l,k) is the estimation error vector which is independent of the

channel estimate ĝi,l,k[0].

Substituting (12) into (5) yields the following joint channel model:

gi,l,k[t] = ĝi,l,k[t] + g̃i,l,k[t], (13)

for t ∈ {1, . . . , Tc −K}, where

ĝi,l,k[t] , Ψi,l,k[t]ĝi,l,k[0] = diag
{

β
1/2
i,1,l,k, . . . , β

1/2
i,1,l,k

}

⊗ IN ĥi,k[0] (14)

is the available CSI at BS i at time t,

g̃i,l,k[t] , Ψi,l,k[t]g̃i,l,k[0] + ei,l,k[t] ∼ CN (0, diag {ηi,1,l,k[t], . . . , ηi,M,l,k[t]} ⊗ IN ) (15)

is the joint channel error vector, which is independent of the available CSI ĝi,l,k[t], and

βi,m,l,k[t] , α2
t e

−σ2

ϕl,k
t
e
−σ2

φi,m
t λ2

i,m,l,k
∑L

j=1 λi,m,j,k + 1/γP
, (16)

ηi,m,l,k[t] , λi,m,l,k − βi,m,l,k[t]. (17)

The joint channel model (13) incorporates the impacts of practical channel impairments caused by

pilot contamination and channel aging induced by Doppler shift and phase noise. Based on (13), we

can analyze the simultaneous impacts of these practical channel impairments on the spectral efficiency

of L-DASs. The tractable joint channel model (13) is very general, with the conventional models in [26]

(L = 1), in [31] (fD = 0) and in [9] (σ2
i = 0, for i = ϕl,k or φi,m) as special cases. Thus, the results

and analysis herein hold for arbitrary parameters. Moreover, from (14), it can be seen that owing to the

effect of pilot contamination, the achievable CSI ĝi,l,k[t] and ĝi,j,k[t] become correlated random vectors,

although the channel vectors gi,l,k[t] and gi,j,k[t] are independent for j 6= l.

Remark 1. The joint model (13) is based on the model proposed in [27]. For simplicity, [27] assumed

that the phase noise increment variances of all of theM RAUs in cell i are equal as in [16], i.e., σ2
φi,1

= · · · =

σ2
φi,M

= σ2
φi
. In (13), we extend the model presented in [27] to cases with different phase noise increment

variances at the RAUs, which makes spectral efficiency analysis of L-DASs with channel impairments

more challenging.

2.3 Downlink signal model and achievable rates

During the downlink data transmission phase (t = 1, . . . , Tc − K), the channels vary from symbol to

symbol due to the channel aging effect. At time t ∈ {1, . . . , Tc−K}, the received signal yl,k[t] ∈ C of user

k in cell l is written as

yl,k[t] =

L
∑

i=1

K
∑

j=1

gH
i,l,k[t]wi,j [t]si,j [t] + zl,k[t], (18)

where si,j [t] ∼ CN (0, 1) is the transmitted data symbol assigned for user j in cell i at time t, wi,j [t] is

the associated beamforming vector, and zl,k[t] ∼ CN (0, 1/γDL) indicates the receiver noise.

Assuming that users detect the transmitted signals with statistical CSI, i.e, E[gH
l,l,k[t]wl,k[t]], and

treating the remaining signal component and the interference plus noise as worst-case Gaussian distributed

noise, the ergodic achievable rate of user k in cell l can be given by [35, Theorem 1]

Rl,k[t] = log2

(

1 +
|E[gH

l,l,k[t]wl,k[t]]|2

var
[

gH
l,l,k[t]wl,k[t]

]

+
∑

(i,j) 6=(l,k) E
[

|gH
i,l,k[t]wi,j [t]|2

]

+ 1/γDL

)

. (19)
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Figure 1 (Color online) Fluctuation of the norms of MRT beamforming vectors around their means versus the total

number of transmit antennas.

Note that the ergodic achievable downlink rate analysis in this paper is performed under the condition

of equal power allocation among users. However, it is straightforward to generalize the rate analysis to any

given power allocation scheme by changing the data symbol from sl,k[t] ∼ CN (0, 1) to sl,k[t] ∼ CN (0, pl,k)

with power pl,k = E[|sl,k[t]|2] and changing the noise from zl,k[t] ∼ CN (0, 1/γDL) to zl,k[t] ∼ CN (0, σ2);

this makes no difference to the following derivation of the ergodic achievable downlink rate. Thus, the

results obtained in this paper are applicable to an arbitrary power control strategy. Optimization of the

power allocation among users requires a separate investigation.

In the present work, attention was restricted to MRT and ZF beamforming. With ĝi,l,k[t], the avail-

able CSI at BS i, and time t, the MRT and ZF beamforming vectors under practical per user power

normalization are defined as

wl,k[t] =















ĝl,l,k[t]

‖ĝl,l,k[t]‖
, for MRT,

fl,l,k[t]

‖fl,l,k[t]‖
, for ZF,

(20)

respectively, where fl,l,k[t] is the k-th column of Fl[t](F
H
l [t]Fl[t])

−1, and Fl[t] = [ĝl,l,1[t], . . . , ĝl,l,K [t]].

Remark 2. Due to the effect of channel hardening [36], i.e.,

|E[‖vl,l,k‖2]− ‖vl,l,k‖2|

E[‖vl,l,k‖2]
MN→∞
−−−−−−→ 0, (21)

average power normalization instead of per user power normalization (divided by
√

E[‖vl,l,k‖2] instead

of ‖vl,l,k‖ in (20)) was assumed in [37–41] to give analytical tractability, where vl,l,k = ĝl,l,k or fl,l,k.

Figure 1 shows the difference in performance between the two power normalization schemes. As seen

from the figure, with MRT beamforming, about 200 antennas are needed for L-DASs with M = 10 RAUs

to achieve a 10% approximation error (defined in (21)), whereas only about 60 antennas are needed for

co-located LSASs. This is because for L-DASs, the M RAUs are geographically distributed in cells;

therefore, each user may be effectively served by only a portion of the RAUs, which leads to less channel

hardening. Consequently, per user power normalization is more practical for L-DASs [28].

3 Downlink spectral efficiency analysis with channel impairments

In this section, we provide the derivations of the ergodic achievable downlink rates and asymptotic user

rate limit after applying MRT and ZF beamforming under per user power normalization in the presence

of practical channel impairments caused by pilot contamination and channel aging induced by Doppler

shift and phase noise.
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For the channel vector gi,l,k[t], its strength can be expressed as

gH
i,l,k[t]gi,l,k[t] =

M
∑

m=1

λi,m,l,kh
H
i,m,l,khi,m,l,k, (22)

which is the summation ofM independent but non-identically distributed terms and λi,m,l,kh
H
i,m,l,khi,m,l,k

∼ Γ(N, λi,m,l,k) [21]. In order to yield a mathematically tractable expression, we employ Lemma 1 to

obtain an approximation of the distribution of gH
i,l,k[t]gi,l,k[t] in (22).

Lemma 1 ([42], Proposition 8). Suppose that {xi} are independent Γ(ki, θi) random variables. The

Gamma distributed random variable Γ(k, θ) has the same first and second moments as
∑

i xi, with the

parameters given by

k =
(
∑

i kiθi)
2

∑

i kiθ
2
i

and θ =

∑

i kiθ
2
i

∑

i kiθi
. (23)

As a consequence of Lemma 1, we have

gH
i,l,k[t]gi,l,k[t] ∼ Γ(ki,l,k,a[t], θi,l,k,a[t]), (24)

where

ki,l,k,a[t] =
N(
∑M

m=1 λi,m,l,k)
2

∑M
m=1 λ

2
i,m,l,k

, (25)

θi,l,k,a[t] =

∑M
m=1 λ

2
i,m,l,k

∑M
m=1 λi,m,l,k

, (26)

and a subscript “a” indicates approximation.

Given the distributions (24), the distributions of projection powers when channel vectors are projected

onto the beamforming subspace can be obtained by applying Lemma 2.

Lemma 2 ([29], Lemma 3). The projection power of the m-dimensional non-isotropic channel vector

gi,l,k[t] projected onto a s-dimensional subspace is distributed as Γ(ski,l,k,a[t]/m, θi,l,k,a[t]) with ki,l,k,a[t]

and θi,l,k,a[t] defined in (25) and (26).

Note that when characterizing the useful signal power and pilot contamination power, s = MN with

MRT beamforming and s = MN −K + 1 with ZF beamforming, whereas s = 1 for both MRT and ZF

beamforming when characterizing interference power [43, 44].

Remark 3. The approximation accuracy of Lemma 2 depends on whether the path losses from a given

user to the RAUs are similar. When the path losses vary drastically, we can increase the approximation

accuracy by changing the dimension of the subspace from MN to MsN for MRT beamforming or from

MN −K + 1 to MsN −K + 1 for ZF beamforming, where Ms is the number of RAUs with similar and

relatively less path losses [29].

Refs. [44–47] studied ergodic achievable rate approximation under the assumption of perfect CSI at BSs.

In contrast, the present paper focuses on the practical case of imperfect CSI in the presence of channel

impairments caused by pilot contamination, Doppler shift, and phase noise. Therefore, we need to further

characterize the distributions of the powers of the non-isotropic available CSI ĝi,l,k[t] and the combined

error vectors g̃i,l,k[t] projected onto a s-dimensional beamforming subspace. We can first characterize the

approximation distributions of ĝH
i,l,k[t]ĝi,l,k[t] and g̃H

i,l,k[t]g̃i,l,k[t] based on Lemma 1, which can be given by

ĝH
i,l,k[t]ĝi,l,k[t] ∼ Γ(k̂i,l,k,a[t], θ̂i,l,k,a[t]), (27)

g̃H
i,l,k[t]g̃i,l,k[t] ∼ Γ(k̃i,l,k,a[t], θ̃i,l,k,a[t]), (28)

where

k̂i,l,k,a[t] =
N(
∑M

m=1 βi,m,l,k[t])
2

∑M
m=1 β

2
i,m,l,k[t]

, (29)
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θ̂i,l,k,a[t] =

∑M
m=1 β

2
i,m,l,k[t]

∑M
m=1 βi,m,l,k[t]

, (30)

k̃i,l,k,a[t] =
N(
∑M

m=1 ηi,m,l,k[t])
2

∑M
m=1 η

2
i,m,l,k[t]

, (31)

θ̃i,l,k,a[t] =

∑M
m=1 η

2
i,m,l,k[t]

∑M
m=1 ηi,m,l,k[t]

, (32)

and then, calculate the distributions of the projection powers of ĝi,l,k[t] and g̃i,l,k[t] by applying Lemma 2.

Based on the ideas discussed above, we are able analyze the impacts of the practical channel impair-

ments on the downlink spectral efficiency of L-DASs. Theorems 1 and 2, and Corollary 1 contain the

main contributions of this paper and provide the derivations of the closed-form approximations for the

ergodic achievable downlink rate (19) and the asymptotic user rate limit in L-DASs with MRT and ZF

beamforming under per user power normalization in the presence of practical channel impairments.

Theorem 1. When MRT beamforming under per user power normalization is used, the closed-form ap-

proximation for the ergodic achievable downlink rate (19) in L-DASs with practical channel impairments

is given by

RMRT
l,k [t] = log2

(

1 +
ξ(k̂l,l,k,a[t])θ̂l,l,k,a[t]

IMRT
l,k [t] +

∑

i6=l k̂i,l,k,a[t]θ̂i,l,k,a[t]

)

, (33)

where IMRT
l,k [t], k̂l,l,k,a[t]θ̂l,l,k,a[t]−ξ(k̂l,l,k,a[t])θ̂l,l,k,a[t]+

1
MN

∑L
i=1 k̃i,l,k,a[t]θ̃i,l,k,a[t]+

K−1
MN kl,l,k,a[t]θl,l,k,a[t]

+K−1
MN

∑

i6=l(k̂i,l,k,a[t]θ̂i,l,k,a[t] + k̃i,l,k,a[t]θ̃i,l,k,a[t]) +
1

γDL
, and

ξ(x) , Γ(x+ 1/2)/Γ(x). (34)

Proof. See Appendix 1.

Theorem 2. When ZF beamforming under per user power normalization is used, the closed-form ap-

proximation for the ergodic achievable downlink rate (19) in L-DASs with practical channel impairments

is given by

RZF
l,k [t] = log2

(

1 +
ξ(ρk̂l,l,k,a[t])θ̂l,l,k,a[t]

IZF
l,k [t] +

∑

i6=l k̂i,l,k,a[t]θ̂i,l,k,a[t]

)

, (35)

where IZF
l,k [t] , ρk̂l,l,k,a[t]θ̂l,l,k,a[t]− ξ(ρk̂l,l,k,a[t])θ̂l,l,k,a[t] +

K
MN

∑L
i=1 k̃i,l,k,a[t]θ̃i,l,k,a[t] + 1/γDL, and

ρ ,
MN −K + 1

MN
. (36)

Proof. See Appendix 2.

Based on the derived closed-form expressions (33) and (35), Corollary 1 provides the asymptotic user

rate limit when MN
K → ∞, from which we can investigate the asymptotic performance of L-DASs in the

presence of practical channel impairments.

Corollary 1. At time t, as MN
K → ∞, no matter with MRT or ZF beamforming, the ergodic achievable

downlink rate (19) in the presence of practical channel impairments achieves the same asymptotic user

rate limit given by

R∞
l,k[t] = log2



1 +

∑M
m=1 e

−σ2

φl,m
t
µl,m,l,k

∑

i6=l

∑M
m=1 e

−σ2

φi,m
t
µi,m,l,k



. (37)

Proof. See [21] for a similar proof.
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Figure 2 (Color online) Cumulative distribution function of the average achievable rate per user at time t = 1 for L = 7,

Ts = 10−5 s, Tc = 100, σϕl,k
= σφi,m

= 0.72◦ with different K, M and N .

Corollary 1 demonstrates that the impacts of Doppler shift and phase noise at users vanish as MN
K → ∞.

This indicates that L-DASs can tolerate larger velocity of users and stronger phase noise at users. In

particular, with common LOs or separate LOs, but with same phase noise variance, i.e., e
−σ2

φl,m = e
−σ2

φi,m

for i 6= l, the maximum achievable rate is not affected by the phase noise at BS sides. This insight is very

important for practical deployment.

4 Numerical results

Our analytic results are validated in this section by studying the downlink of a hexagonal system with

L = 7 cells. Each cell comprises M RAUs and K users, which are assumed to be uniformly distributed.

We normalize the cell radius to 1 and set the minimum distance between RAUs and users to 0.01.

For the large-scale fading λi,m,l,k, we consider the standard distance-based model given by λi,m,l,k ,

cd−α
i,m,l,k [37, 39]. Here, di,m,l,k denotes the distance between user k in cell l and RAU m in cell i; α

represents the path loss exponent, which is set to 3.7; and c = 1 is the median of the mean path gain at

di,m,l,k = 1. In all examples, γDL = 10 dB and γP = KγDL.

In Figure 2, we verify the accuracy of Theorems 1 and 2 with practical channel impairments. The

cumulative distribution function (CDF) curves of the average achievable rate per user at time t ∈ {1, Tc−

K}, defined by

R[t] =
1

LK

L
∑

l=1

K
∑

k=1

Rl,k[t] (38)

obtained numerically and by Theorems 1 and 2 are presented in Figure 2 with different values of K, M

and N . Without loss of generality, we set t = 1. The theoretical curves are averaged over 1000 channel

realizations (different RAU and user locations) and the numerical curves are further averaged over small-

scale channel fading. The carrier frequency is set to fc = 2 GHz. The Doppler spread is fD = 250 Hz,

which corresponds to a user speed of 135 km/h. Then, the coherence time is 1/(4fD) = 1 ms. Given

that the symbol time Ts = 10−5 s, the coherence block includes Tc = 100 symbols. For the parameters

of channel impairments, the temporal correlation parameter can be calculated by αt = J0(2πfDTst) and

the increment standard deviation of the phase noise is set to σϕl,k
= σφi,m

= 0.72◦ [15]. As can be

seen in Figure 2, in the presence of practical channel impairments, the theoretical curves are almost

indistinguishable from the numerical curves in co-located systems (Case 1) where all of the BS antennas

are collocated at the origin. Although there is a small mismatch between the theoretical and numerical
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Figure 3 (Color online) Average achievable rate per user

versus phase noise increment standard deviations for dif-

ferent values of fDTs, L = 7, M = 10, N = 20, K = 8,

Ts = 10−5 s, Tc = 100.

Figure 4 (Color online) Average achievable rate per user

with channel impairments versus the total number of trans-

mit antennas, Tc = 100, L = 7, M = 5, K = 8.

curves in DASs (Cases 2 and 3) resulting from the approximation applied for the projection power of the

non-isotropic channel vectors, they also match well. Note that the matches between the theoretical and

numerical curves were preserved for different values of t, K, M , and N ; we have omitted these results

for the sake of brevity. In the following, we analyze the impacts of channel impairments on the spectral

efficiency of L-DASs using these closed-form approximate expressions.

In the following, since the effective channels vary with t, we focus on the average achievable rate per

user for each time instance of the downlink data transmission phase, which is defined by

R =
1

Tc

Tc−K
∑

t=1

R[t], (39)

where the sum has Tc − K terms, which correspond to the number of symbols used for downlink data

transmission and the pre-log factor 1/Tc also accounts for the K symbols of pilot transmission.

Given the definition in (39), we investigated the impact of phase noise on average achievable rate

per user (Figure 3) when M = 10, N = 20, K = 4, Ts = 10−5 s and Tc = 100 for different values

of normalized Doppler shift fDTs. From Figure 3, we obtain the following findings. First, it is evident

that as the value of the phase noise increment standard deviation increases, the average achievable rate

per user loss becomes increasingly significant. Second, the larger is fDTs (higher user mobility), the

less important is the role of phase noise, and vice versa. As far as ZF beamforming is concerned, when

the normalized Doppler shift fDTs = 0 (no user mobility), the average achievable rate per user loss is

about 40% with the phase noise increment standard deviations σϕl,k
= σφi,m

= 6◦. However, when

fDTs = 0.0025 (v = 270 km/h), the loss is about 36%. Meanwhile, when σϕl,k
= σφi,m

= 0◦ (perfect

LOs), the rate loss is about 18% with fDTs = 0.0025, and about 13% when σϕl,k
= σφi,m

= 6◦ (strong

phase noise scenario). Third, Doppler shift and phase noise have a larger impact on ZF beamforming

and the gap between the average achievable rate per user performances of ZF and MRT beamforming

decreases with increasing fDTs and/or the phase noise increment standard deviations. This results from

the poor interference cancellation capability of ZF beamforming when channel impairments are present.

In Figure 4, the average achievable rates per user with channel impairments are depicted as a function

of the number of total transmit antennas MN when K = 8. From this figure, we obtain the following

findings. First, ZF beamforming performs worse (better) than MRT beamforming if the number of total

transmit antennas MN is small (large) as it mitigates multiuser interference at a cost of decreasing

the array gain from MN to MN − K + 1. It should be noted that as MN → ∞ for a given K,

MRT beamforming exhibits the same multiuser interference suppression capability as ZF beamforming
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since the channel vectors between users become pairwise orthogonal [1] and the array gain of the two

schemes become asymptotically equal; therefore, they approach the same asymptotic rate limit given

in (37). Second, consistent with Corollary 1, as the number of total transmit antennas MN increases,

the impacts of phase noise and Doppler shift decrease. Focusing on the case of fDTs ≈ 0.0025 and

σ2
ϕl,k

= σ2
φi

= 0◦, when MN = 500, the average rate per user loss decreases by 34% (from 50% to 16%)

with ZF beamforming and by 10% (from 20% to 10%) with MRT beamforming, respectively. When

fDTs = 0 and σ2
ϕl,k

= σ2
φi

= 6◦, the rate loss decreases by 54% (from 79% to 25%) with ZF beamforming

and by 27% (from 49% to 22%) with MRT beamforming, respectively.

5 Conclusion

In this paper, we analyzed the impacts of practical channel impairments caused by pilot contamina-

tion, Doppler shift, and phase noise on the downlink spectral efficiency of L-DASs with MRT and ZF

beamforming under per user power normalization. First, we derived closed-form approximate expressions

for the ergodic achievable downlink rate with channel impairments, which proved to be accurate and

tractable. Based on these expressions, we analyzed the spectral efficiency of L-DASs in the presence of

practical channel impairments and efficiently evaluated the impacts of these channel impairments. Nu-

merical results showed that channel impairments decreased the downlink achievable rate and had a larger

impact on ZF beamforming. The asymptotic performance of L-DASs with channel impairments was also

investigated. It was seen that the use of a large-scale antenna array at BS sides can weaken the impacts

of channel impairments, and that the phase noise at the transmitter sides is dominant.
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Appendix A Proof of Theorem 1

For the signal power term |E[gH
l,l,k[t]w

MRT
l,k [t]]|2, we have

∣

∣E
[

gH
l,l,k[t]w

MRT
l,k [t]

]
∣

∣

2 (a)
=

∣

∣E
[

‖ĝl,l,k[t]‖
]
∣

∣

2

(b)
= ξ(k̂l,l,k,a[t])θ̂l,l,k,a[t], (A1)

where (a) is obtained because ĝl,l,k[t] and g̃l,l,k[t] are independent, (b) results from ‖ĝl,l,k[t]‖ ∼ Nakagami(k̂l,l,k,a[t], k̂l,l,k,a[t]θ̂l,l,k,a[t])

since ‖ĝl,l,k [t]‖
2 = |ĝH

l,l,k[t]w
MRT
l,k [t]|2 ∼ Γ(k̂l,l,k,a[t], θ̂l,l,k,a[t]), which is obtained from Lemma 2 and (27).

Based on the independence of ĝl,l,k[t] and considering the effect of pilot contamination, we decompose the interference

power terms var[gH
l,l,k[t]w

MRT
l,k [t]], and

∑

(i,j) 6=(l,k) E[|g
H
i,l,k[t]w

MRT
i,j [t]|2] as follows:

var
[

gH
l,l,k[t]w

MRT
l,k [t]

]

= E
[
∣

∣ĝH
l,l,k[t]w

MRT
l,k [t]

∣
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2]
+E

[
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MRT
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∣

∣

2]
−

∣

∣E
[

ĝH
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]
∣

∣

2
, (A2)

and
∑

(i,j) 6=(l,k)

E
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∣gH
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MRT
i,j [t]

∣

∣

2]
=

∑

j 6=k

E
[
∣

∣gH
l,l,k [t]w
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∣

∣

2]
+

∑
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∑
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E
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∣
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MRT
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∣

∣

2]

+
∑

i6=l

E
[
∣

∣ĝH
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MRT
i,k [t]

∣

∣

2]
+

∑

i6=l

K
∑

j=1

E
[
∣

∣g̃H
i,l,k,[t]w

MRT
i,j [t]

∣

∣

2]
. (A3)

By applying Lemma 2 to approximate the distributions of the terms in (A2) and (A3), we have
∣

∣ĝH
l,l,k [t]w

MRT
l,k [t]

∣

∣

2
∼ Γ(k̂l,l,k,a[t], θ̂l,l,k,a[t]), (A4)

∣

∣g̃H
l,l,k [t]w

MRT
l,k [t]

∣

∣

2
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1
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, (A5)
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∣
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2
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1

MN
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)
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∣

∣ĝH
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MRT
i,k [t]

∣

∣

2
∼ Γ(k̂i,l,k,a[t], θ̂i,l,k,a[t]), (A7)

∣

∣ĝH
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MRT
i,j [t]

∣

∣

2
∼ Γ

(

1

MN
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∣
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MRT
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∣

∣

2
∼ Γ

(

1

MN
k̃i,l,k,a[t], θ̃i,l,k,a[t]

)

. (A9)

Substituting (A1) and (A4)–(A9) into (19) concludes the proof.

Appendix B Proof of Theorem 2

First, given the distributions of ĝH
i,l,k[t]ĝi,l,k[t] in (27), the non-isotropic achievable CSI ĝi,l,k [t] can be approximated as

an isotropic vector ĝi,l,k,a[t] with i.i.d. CN (0, θ̂i,l,k,a) elements [29]. Then, with the definition of Fl,a[t] , [ĝl,l,1,a[t], . . . ,

ĝl,l,K,a[t]], the useful signal power term |E[gH
l,l,k[t]w

ZF
l,k [t]]|

2 can be calculated by

∣

∣E
[
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]
∣

∣

2 (a)
=

∣
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∣

∣

2

(b)
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∣

∣
E
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)−1]

k,k

)−1/2
]
∣

∣

∣

2

(c)
= ξ(ρk̂l,l,k,a[t])θ̂l,l,k,a[t], (B1)

where (a) is obtained because of the independence of wZF
l,k [t] and g̃l,l,k [t] and ĝH

l,l,k[t]w
ZF
l,k [t] = 1/‖fl,l,k [t]‖, (b) results from

‖fl,l,k[t]‖
2 = [(FH

l [t]Fl[t])
−1]k,k, (c) results from 1/‖fl,l,k [t]‖ ∼ Nakagami(ρk̂l,l,k,a[t], ρk̂l,l,k,a[t]θ̂l,l,k,a[t]) where we have

applied Lemma 2 to approximate the distribution of [(FH
l [t]Fl[t])

−1]k,k as Γ(ρk̂l,l,k,a[t], θ̂l,l,k,a[t]) since [(F
H
l,a[t]Fl,a[t])

−1]k,k

∼ Γ(MN −K + 1, θ̂l,l,k,a[t])
1).

Similar to the analysis in the proof given for Theorem 1 and considering that ĝl,l,k[t]w
ZF
l,j [t] = 0 for j 6= k, the interference

power terms var[gH
l,l,k[t]w

ZF
l,k [t]] and

∑

(i,j) 6=(l,k) E[|g
H
i,l,k[t]w

ZF
i,j [t]|

2] can be decomposed as
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[
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]
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∣
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∣
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2]
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∣

∣
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−
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]
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2
, (B2)
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and
∑

(i,j) 6=(l,k)
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∣

∣
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∣

∣
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+
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∑
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∣

∣

2]
. (B3)

The distributions of the terms in (B2) and (B3) can be obtained by applying Lemma 2,
∣

∣ĝH
l,l,k [t]w

ZF
l,k [t]

∣

∣

2
∼ Γ(ρk̂l,l,k,a[t], θ̂l,l,k,a[t]), (B4)
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l,k [t]

∣

∣

2
∼ Γ

(

1
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)

, (B5)
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∣

∣

2
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MN
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2
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(
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MN
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∣

∣

2
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(

1

MN
k̃i,l,k,a[t], θ̃i,l,k,a[t]

)

. (B9)

Substituting (B1) and (B4)–(B9) into (19) yields the closed-form approximation (35). This completes the proof.
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