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Abstract The purpose of this paper is to present a quantitative SNR analysis of quadratic frequency
modulated (QFM) signals. This analysis is located in the continuous-time local polynomial Fourier transform
(LPFT) domain using a Gaussian window function based on the definition of 3 dB signal-to-noise ratio (SNR).
First, the maximum value of the local polynomial periodogram (LPP), and the 3 dB bandwidth in the LPFT
domain for a QFM signal is derived, respectively. Then, based on these results, the 3 dB SNR of a QFM
signal with Gaussian window function is given in the LPFT domain with one novel idea highlighted: the
relationship among standard SNR, parameters of QFM signals and Gaussian window function is clear, and
the potential application is demonstrated in the parameter estimation of a QFM signal using the LPFT.
Moreover, the 3 dB SNR in the LPFT domain is compared with that in the linear canonical transform
(LCT) domain. The validity of theoretical derivations is confirmed via simulation results. It is shown that,
in terms of SNR, QFM signals in the LPFT domain can achieve a significantly better performance than those
in the LCT domain.
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1 Introduction

Time frequency representations (TFRs), which provide effective information about joint time and fre-
quency, have drawn much more attention in analyzing non-stationary signals in various areas including
image processing, radar signal analysis and communication systems [1-6]. One of the most important fea-
tures of these techniques is that they can concentrate signals in a relatively small region while spreading
noise in the whole transformed domain. It can be explained as an increase of the regional signal-to-noise
ratio (SNR) in the time-frequency (TF) domain compared with that in either the time domain or fre-
quency domain alone [7]. Since noise widely exists in the real world, various practical areas face the
problems of noise analysis [1,8]. The aforementioned feature makes TFRs to minimize the effect of noise
and offer a better performance in broad practical applications, especially for signal detection by using the
thresholding. Moreover, it is a key factor to evaluate the performance of different TF distributions [9].
Therefore, the quantitative SNR analysis of different TFRs has been an important issue [10, 11].
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Many aspects of noise analysis regarding TFRs have been well discussed [12-14]. To be specific,
extensive noise signal analysis and comparisons between the short-time Fourier transform (STFT), and
Wigner-Ville distribution (WVD) have been performed well [12,13]. The influence of noise to the STFT
and bilinear distributions of Cohen’s class have been presented in terms of output SNR [14]. Furthermore,
other studies on the SNR analysis are regarding the maximal peaks like peak signal-to-noise ratio (PSNR)
or the whole line integrations, i.e., the conventional SNR defined as a ratio of the mean power of the signal
over the mean power of the noise. However, the output SNR, PSNR and conventional SNR cannot work
fine for the non-stationary signals because the SNR definition should be transform-domain dependent
and closely relates to the bandwidth of a signal occupied in that domain [7]. Thus, researchers begin to
focus on a 3 dB SNR analysis of given signals, which is a different definition firstly proposed by Xia [7].
3 dB SNR is quite proper in the joint TF domain under different TFRs as well as in the time domain and
frequency domain alone. The quantitative SNR analyses using 3 dB SNR for the LFM signal, a valuable
kind of non-stationary signals in radar [15], based on different TFRs have been well investigated, such as
the STFT [7,11], the PWVD [16], the local polynomial Fourier transform (LPFT) [10,17] and the linear
canonical transform (LCT) [18].

Besides, a quadratic frequency modulated (QFM) signal is also an important kind of non-stationary
signals, which can be found in nature and engineering applications widely such as radar, sonar, speech [19,
20], and communication field, especially in radar systems. One of its most important applications is in
imaging of inverse synthetic aperture radar (ISAR) for moving targets [19,21]. When the target has a
high maneuvering movement, the received signal of the target can be modeled as QFM signals [21, 22].
The cubic phase of the QFM signal provides crucial dynamic parameters of moving target in the radar
systems. In the real applications, the TFRs-based method of a QFM signal is often used and performances
of analysis results are strongly affected by the noise. So, it is interesting and worthwhile to investigate
the SNR analysis for QFM signals associated with different TFRs to further satisfy the requirement of
practical applications.

In this paper, a quantitative SNR analysis of a QFM signal in the LPFT domain with a Gaussian
window function based on 3 dB SNR has been presented in detail. The rest of the paper is organized
as follows. After briefly reviewing the basic definitions of the LPFT, LCT and 3 dB SNR in Section 2,
the quantitative SNR analysis for QFM signals in the LPFT domain is derived by using three separate
theorems in Section 3. To verify the derived results, a simulation comparison is performed on SNRs in
the LPFT and the LCT domain in Section 4. As a potential application of the aforementioned results,
the parameter estimation performance of QFM signal is provided in Section 5 using the LPFT and the
LCT, respectively. Finally, conclusion is provided in Section 6.

2 Preliminaries

Before deriving the quantitative SNR analysis for a QFM signal, some basic notions are introduced here.

2.1 Local polynomial Fourier transform

The local polynomial Fourier transform (LPFT), as a generalization of the STFT, has been a powerful
analysis tool in many different applications in recent years. The LPFT of a signal z(¢) with a window
function h(t) is defined as [17,23]

(o]

LPFTM (t,w) = / z(t + 7)h* (1)e 0D qr, (1)
—0o0

where

O(r,w) = wr + w172/2 4+ wM,lTM/M!,

w = (’LU,’LUl,...,’Ll}]w_l)7
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the asterisk denotes a complex conjugate value, and M is the order of the LPFT. Here and in what
follows the integral are taken over (—oo, c0) if unspecified. The energy distribution of the LPFT, or the
local polynomial periodogram (LPP), is defined as [17]

LPPM (t,w) = |[LPFTM (t,w)|?. (3)

Since the LPFT can significantly improve the resolution of the TF analysis compared with the STFT, and
is free from cross terms that exist in the WVD, it has been a significant tool to deal with non-stationary
signals whose frequency varies over time. Moreover, the LPFT has been widely used in ISAR imaging
to improve radar images of fast maneuvering targets [10,24], and spread spectrum communications to
achieve improved performance compared with that obtained by the STFT [25]. Various other applications
of the LPFT can also be found in [17].

2.2 Linear canonical transform

The linear canonical transform (LCT) is a three free parameters class of linear integral transforms, which
is defined as [26,27]

LOTA () = / 2O K a(tu)dt, ()
where the kernel function is
i) £,

Ka(t,u) = { Vi2mb (5)
Vdei*3= 5 (t — du), b=0.

Herein, A = (a,b,¢,d) is a real parameter matrix of the LCT satisfying ad — bc = 1. It includes the
classical Fourier transform (FT), the fractional Fourier transform (FRFT), the Fresnel transform, as well
as other transforms as its special cases [27-30]. Many important theories related to the LCT such as
convolution and correlation, sampling theorem and uncertainty principles have been well investigated
in [31-34]. With more degrees of freedom compared with FT and FRFT, the LCT is much more flexible
but with similar computation cost as the conventional FT does. It is widely applied in optics and
engineering under this advantage [26,27]. Considering the local features of non-stationary signals, the
LCT is used with a window function and defined as follows [35]:

LCTA(t,u) = / x(t + 7)h* (1)K a (1, u)dr. (6)

Similar to that in [10], a Gaussian function as the window is used in this paper, which is defined as

/4
n) = (2) 75, as, ™)

T
where « is a parameter that controls the width of the window function. For more details about the

windowed LCT and its special cases, the readers can refer to [35-37].
2.3 3 dB signal-to-noise ratio

The conventional SNR is defined as the ratio of the mean power of the signal over the mean power of
the noise, where the mean is taken over the whole time domain. This definition is not suitable for the
non-stationary signals, especially for narrow bandwidth signals. Hence, a different definition of SNR
named as 3 dB SNR is adopted in this paper, which is firstly introduced by Xia [7]. Considering a signal
2(2) corrupted by an additive noise:

y(Q) = =(Q) + (), (8)
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where () is an original signal, and n(€2) is additive white Gaussian noise (AWGN) with zero mean and
variance 2.  is a variable which can stand for time ¢, frequency w, or the joint time-frequency (t,w).
The 3 dB SNR is defined as [7]

J, |lx(@)2dQ

SNR? 48 —
[x|o?

(9)
Here || denotes the cardinality of the set x and is called as 3 dB bandwidth. Besides, the set x is
x = {Q: |z(Q)* > 0.5 max |z(Q)|?}. (10)

Also the PSNR (defined by the ratio of the peak squared magnitude over the mean noise power) cannot
be valid if signals contain more than one peak value such as the curves in the TF domain [38]. Examples
shown in [7] have illustrated better indication of signal and noise levels in various domains.

3 SNR analysis for the QFM signal

In this section, a 3 dB SNR analysis of QFM signals in terms of the LPFT is provided. Different from the
method in [10] based on the relationship between the LPFT and the WVD, the proposed method in this
paper is mainly explored using some mathematical techniques. With the order increase of the LPFT, the
3 dB bandwidth with M = 3 is more complicated than that of the LPFT when M = 2 in [10]. Based on
the maximum of the LPP derived in Theorem 1, Theorem 2 provides an approximate expression of the
3 dB bandwidth for the QFM signal in the third LPFT domain. With the aforementioned results, 3 dB
SNR for a QFM signal is finally presented in Theorem 3. The specific results are as follows.

Theorem 1. The spectrum of the QFM signal z(t) = Ael(@0ot+ 5+ 5 ) iy the LPFT domain of order
M = 3 reaches a constant finite maximum value for any time ¢ and frequencies w, w1, ws, which is given
by

max LPP? (t,w) = QAQHE, (11)
«

(t,w)

where wsy frequency is independent of time and has value ws = as.
Proof.  Let the order of LPFT be M = 3. Then the LPFT of a QFM signal can be simplified as

LPFT(0,0) = 4 (%) ol 0500
Tt

« / i(a0-tar 452 ) (1R 2 (st 8 g2 (12)

Let

) . (a1 + a;t — wl)T2 n (ag ;wg)Tg,

where (1) is a real function about the variable 7. The maximum of the LPP of signal x(¢) is obtained

1 2
LPP3(t,w) < A2 (%) (/|e‘572 .eJ<P<T>|dr) :2,42\/; (14)

The above inequality becomes an equality and it is satisfied independently of the variable 7 if and only
if

a
o(r) = (ao fait+ =t —w

5 (13

as follows:

2 2

P =757 (15)

e 5T . ple(r) — e 57

ie.,

() = 0. (16)
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According to (13), that means

1
ag + ait + §a2t2 —w =0,

1
5(611 +ast —wy) =0, (17)

1
g(ag - ’LUQ) =0.

For any arbitrary value of the time variable, ¢, the frequency values that meet conditions (17) are

Loy
w=a0+a1t+§a2t,

w1 = a1 + ast, (18)

w2 = a2.

The peak of instantaneous energy in the LPFT domain can arrive at the maximum

I(rt{%))cLPPi(t, W) = 2A2\/§, (19)
when all three conditions in (17) are satisfied. However, the main target of attention is in condition we =
asz, because it is the only one that is independent of time and it will be greatly helpful for simplification
in the derivation of the quantitative SNR analysis. Such simplification will avoid the calculation of the
cubic exponential related with the M = 3 order in the LPFT integral, which leads to a transcendental
function related to Airy function [39].

Theorem 2. The 3 dB bandwidth for the QFM signal z(¢) in the LPFT domain, bounded to wy = as,
is a surface whose base contour is delimited by a line f(w,w;) = AQ\/T[/—OL inscribed in a rectangular
area whose limits are related to the window parameter « and the QFM phase ¢(t) by the following
relationship:

(20)

{Xw ={w: o) —vValn2 <w < @) + Valn2},
Xun = {w1 : §(t) = VBa <wi < ¢(t) +v3a},

where ¢ and ¢ are the time derivatives of p(t) = agt + %tQ + %ﬁ, the phase of the QFM signal.

Proof.  Letting wy = a2 in (12) and given that the function under the integral sign is continuous on
the domain of application, the continuity theorem for improper integrals [40] determines that the LPFT
of our interest becomes

1

. _ o\ 1 ay 42, a,3 _atj(wy—aj—agt) 2 .. _ag,2
LPFTi(t; 'UJ) |w2=a2 =A (_> e'](aot+ > At ) /e[ 2 T —i(w—ao—axt 5t )T]dT
T

1 a2 ,2\2
a\ 1 aj 42, as .3 27T _ (w—ag—ayt—Ft?)
A (_)4 oilaot+ G2+ 33 17) \/ e lafi(wi—ar-aznl (21)
i

a+jlw — a1 — ast)

and
2/ (woapart=F 2?2
34 o A2, /71 - | 2latiCwr—a1—azt)l
LPP2 (£,10) |wy—ay= | i (22)
\/O‘ + L(wy — a1 — ast)?
Let
m = w; — a1 — ast,
(w—ag —ayt — 91°)° (23)
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then
e Z2lati(wi—ai—azd)] | = eaﬂ'm‘ =e otglwi-er-aat® (24)
and
(w—ag—ayt—2t?)2

2A2\/7T[ T atl ~(wp—ay—agt)?

LPPi(tv 117) |w2=a2: (25)
\/04 + é(wl —a; — ast)?
Also, we have the following relationships for the phase ¢(t) of the QFM signal.
_ a1 9 3
Plt) = aot + -2 + 3't
; dy 9
go(t) ar =ao+ a1t + ?t (26)
.. d? %)
G(t) = 12 = ay + ast.
By means of which, we can rewrite (25) as
) _ <1w(—¢>2 =
24 . at S (wyp—¢
LPPS (1) |y — YT . (27)

a+ 4 (w —¢)?
We can denote by x the concentrated domain for which the 3 dB bandwidth condition is fulfilled

X = {(t, @) lw=ay: LPPL(t, @) [,,5,,> 0.5 max LPP3(t,w)}

wo2=as =

- {@vw) luwsas? LPPE(t, ) iy, > 0.5 2A2¢§ } ' (28)

LPP3(t, ) 3 4B in (28) represents a surface given by

_ (w #)?
242 atL(w;—9)2
LPP? (1, @) |3 48— 2ATVT-cC —2A2,/ (29)

w2:a2
\/ @ + w1

whose maximum is attained when w = ¢ and w; = ¢. The equal sign in (29) determines the equation of
the boundary line C' at the bottom of the surface (see Figure 1). By setting the coordinates for points
Py and P» in (29) we can straightforward determine the limits of 6 and d; as

0 |p=Valn2,
e (30)
81 |p,= V3a,
and based on the symmetry of the surface contour we arrive to the following concentrated domain:
Xw = {w: (t) = Valn2 <w < () + Valn2}, 1)
Yo, = {w1 : 3(t) — V3a <wy < @(t) + V3a}.

Note that the concentrated domain y is not an exhaustive domain because we have constrained it to
be bounded to wy = as. That means that one supreme domain Xsup(t, w) D x exists

Xsup = {(t, @) : LPP2(¢,w) > 0.5 max LPP3(t,w)}, (32)

that fulfills the condition in (32) where ws is a free variable.
We have found this way the boundaries of a region in the frequency domain w,wy,ws = ao inside the
3 dB bandwidth limits for any time ¢ of the QFM signal. Eq. (31) defines these limits.
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P (p+5.¢

wy

w

of the 3 dB surface and Py is the position of the

Figure 1 Geometry of the problem. Points P; and P> determine the limits of the rectangular area enclosing the baseline
maximum.
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w
(d)
Figure 2 (Color online) Examples of LPP 3 dB bandwidth for different input parameters of the QFM signal. (a) t = 0,
A=1,a0 =0.5,a1 = —2,aa=—-1l,a=1;(b) t =2,A=2,a0 =1l,a1 =4,a2 = =2, =2; (¢) t =10,A =4,a0 = 3.5,a1 =

Based on (31), Figure 2 presents four examples of the LPP? (¢, w) |3 95,  using different values of the
optional parameters of the QFM signal.
Theorem 3.

The 3 dB SNR in the LPFT domain for the QFM signal z(t) is determined by the
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parameter o when the SNR; is given. The relationship between SNR} S8, and « is
3 dB [Tt
Proof.  Eq. (18) establishes that the LPPi cannot vanished when ¢ tends to infinity, because for any

value of —oo < t < oo there are values of w, wy, we that satisfy the required conditions to reach the upper
limit. However, we can calculate the average power of the 3 dB LPP3 for any tlme position ¢. In general,

the average value of an arbitrary continuous signal f(x) is given by f(x f f(z)dz. Consequently,
the average power of the signal LPP? (¢, w) f’mdfm at time ¢ is by the followmg deﬁn1t1on:
L . ) *%
— 1 2 1 legg2/moe orElns
LPP? (t,w) |3 48, = VT © dwdwy, (34)

x ) wo=asz
(t,w)Ex X | Jon, IXwl JiL, la + é(w1 — $)2

and the limits of integrations are defined as per (31). That means, |y.,| = 2valn2, |xu,| = 2v/3a,
L1 = ¢(t) —Valn2, Ly = ¢(t) + Valn2, LL; = ¢(t) — /3, LLy = ¢(t) + v/3a, and leads to
(w—¢)?2

1 LL2 1 L2 2A2 . _a+é(w1—¢)2
LPP? (t,w) |3 9B, = VT dwdw. (35)

x Y wo=a
(t,w)ex [Xw, | LL; [Xwl L, la + é(UH — )2
(w )
Let us consider first the integral I = sz L.e 7 dw, where we have called m = /o + l(w — P)2.

Valn2

By making u = “—2, then dw = m - du and I becomes I = f \/7 e~ du. This integral does not

m
have an algebraic representatlon and requires to be evaluated by means of the error function, defined as
erf(z) = (1/ym) [~ e e~*"dz and then we write

1

I*/E aln2 2 valn2

e “du = /7 | erf . (36)
—1Van2 a+é(w17¢)2

Substituting this result in (35) we get

A2 G+V3a aln2
LPP3 ( ) 3dB  _ 7/ orf dwy. (37)
(t, w)ex wa=az 2av3aln?2 Ji—/3a a+ i(wl — )2
By the change of variable, u = wy — ¢, the integral in (37) becomes
- - 1 2
LPPS (t U}) 3dB __ V o ln du. (38)

A27'[ V3a
(2, - = erf | —————
(t,w)egg( wa=as 20v/3a1n 2 /\/§a [ + éuQ

An approximated solution to integral (38) can be found by subdividing the span of integration in
sub-intervals Au and summing up the elemental results. That is

2 u:+\/§a
LPPS (fa) P08 = AT Y et _valn? ) A, (39)

(t,m)ex ST 200Baln2 S [+ Lu2

where Au = 2/3a/N, for N + 1 subintervals of integration. Table 1 summarizes the results for the
examples in Figure 2.
One important experimental finding is that

LPP3 (t, 0) 3dB )66 - ma}){LPPi(t,lD) = 1.32A21 / g. (40)

wo=az
(t:m)Ex (tw
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Table 1 Numerical results for LPP2 (¢, @) |3, 9B, examples in Figure 2

wo=as
Example t A ag a1l as a Py P P Average Avg/Py
1 0 1 0.5 —2 -1 1 3.54 1.77 1.77 2.34 0.66
11 2 2 1 4 —2 2 10.03 5.01 5.01 6.63 0.66
11T 10 4 3.5 1 —1.5 1.5 46.31 23.16 23.16 30.62 0.66
v —100 8 —1 0.5 2 3 130.99 65.49 65.49 86.60 0.66

The mean power of noise 7(¢) in the LPFT domain is

2
= 0'2.

(t w)Ex

By defining SNR; as the SNR in time domain, that is given by A%/02, then the SNR? 9B of a QFM signal
in the LPFT domain when wy = a2 can be approximated as

LPP? (t,w) [3 4B

Wwo=az
- (t,w)ex ~ Tt
SNR? S5 = ——— >~ 1.32,/ —SNR;. (41)
LPPn (t, ) o
(t,w)ex

It can be seen from (41) that the SNR of QFM signal z(¢) in the LPFT domain is related to the window
function parameter o and is independent of the other variables. The SNR is inversely proportional to the
window function parameter, i.e., SNR will increase when « is smaller. Especially when a < (1.32)%7 =
5.47, the SNR in the LPFT domain performs better than that in the time domain. When « limits to
0, SNR approaches toward infinity. However, the window function has to keep stationary feature in the
local domain, so it cannot achieve infinity. As a result, it has been found that the LPFT indeed improve
the SNR of the QFM signal.

4 Simulation results

In this section, simulation experiments are performed to verify above derived theorems, and analysis
results of 3 dB SNR in the LPFT domain are graphically compared with that in the LCT domain. To
illustrate the simulation process, the following example is considered.

A single QFM signal with parameters ap = 3, a; = —2, and as = 0.5 is given as follows:
a(t) = Bt (42)
The SNR in the time domain is given as SNR; = —3 dB. We know that the instantaneous energy of

z(t) arrives maximum varying with w;. But, the theoretical result in Theorem 3 shows that it has no
relationship with other parameters except for Gaussian window parameter o under a given SNR;. In
order to verify the above theorems, we use the 3rd order LPFT whose parameters are (wy,ws) to deal
with z(t).

Firstly, the influence of the LPFT parameters and window parameter to the SNR in the LPFT domain
is given in Figure 3. Figure 3(a) shows that the relationship between w; and SNR%F(}I?T under wy = ag,
where the sampling interval of ¢t and w is 10 and 40, respectively. Five solid blue color lines means how
SNR%F(}?T varies with w; when a equals to 0.5, 0.75, 1, 1.25, and 1.5, respectively. The red lines represent
the theoretical value in Theorem 3, i.e., SNR} S5 = 1.32\/§SNRt, under different a. It concludes that
the simulation results almost coincide with the theoretical values, which further states that SNR? obr has
no relationship with wy. Besides, from Figure 3(a), it is clearly to see that SNR} PFT increases with the
decrease of . This relationship between o and SNRLPFT is then shown in Figure 3(b) and simulation
experiment fits the theoretical results well for a € (0,6). In other words, it is an inverse function between
o and SNR} S5, In addition, when o < 5.5, the line of SNRY S8, is above of SNR;. That is to say,
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5.0 . . . . . . . 12 . .
4.5¢ —— =0.5 1 10 o SNRiE:
a0l —— a=0.75 | Theoretical
. —— a=1 )
35 —— a=1.25 | 8
~7 —e—a=1.5 =
2 3.0} —— Theoretical - S 6F
& 2.5t 24
Z > Z 41
2.0t v
= =Y
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1.0¢ ol
0.5} ) X:5.5
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2.5

20t
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3 dB SNR (dB)
=

05¢
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()

Figure 3 (Color online) (a) The relation between SNR$ $E.. and LPFT parameter w1; (b) the relation between SNR S8,
and Gaussian window parameter «; (c) the relation between SNRilgil?T and w2 — ag.

under this condition, the performance of a QFM signal in the LPFT domain is much better than that in
the time domain. Next, the relationship between wy and SNR; S is demonstrated in Figure 3(c). Here,
three curve lines stand for SNR%SE’T varying with wy when w; equals to —4, —2, and 0, respectively.
From these results, we conclude that SNR? S5 is increasing when wsy limits to ap for different values of
wy, and it reaches maximum when wy = as, independent to wy. It satisfies with the constraint condition
in corresponding theorems well.

Besides, it is well-known that the LCT is a powerful tool to analyze non-stationary signals encountered
in many realistic situations. The 3 dB SNR analysis in the corresponding domain have verified quan-
titatively that the LCT can achieve a better level than time domain, STFT domain and WVD domain
for the same signal [18]. In order to verify the performance of a QFM signal corrupted with noise in the
LCT and LPFT domain, a ratio between SNR} S8 and SNR} 42 is under consideration. According to
the definition of the LCT, the mean power has nothing to do with the parameter d [18], which states
that only (a,b) effects the SNR. For the sake of simplicity, we fixed d, for example, d = 1. By giving
different values a,b (Herein, let the ratio of a,b be a constant denoted as k), SNR%@? can be obtained
in the same way as SNR%SFBT. The process is stated as follows. First of all, the LCT of a QFM signal is
obtained under some given parameters (a,b) and Gaussian window. Then, the 3 dB bandwidth of signal
is gained by the maximum of spectrum in the LCT domain under the definition in (9). Lastly, according
to 3 dB mean power of the signal and noise, the 3 dB LCT-typed SNR of a QFM signal is carried out
via numerical experiment. By using the same Gaussian window function with parameter a = 0.25, the
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Figure 4 (Color online) The ratio between SNR? ¢E.. and SNR$ &8 versus a/b

ratio between SNR? 5. and SNR? 42 is given by
LPP? (t, o)
) SNR%SI?T (t,0)Ex1
Ratio = SNRC B T o . (43)
LCT |[LCTZ|2(t, u)
(tvu)€X2

Figure 4 shows three different plots in which how Ratio varies with the LCT parameters (a,b). Even
though SNR%@? is much different when the (a, b) is not the same, but Ratio is always larger than 1. That
is to say, SNR%SI?T is always greater than SNR%@? , which quantitatively verifies that the QFM signal
z(t) has an improvement on time-frequency energy concentration ability in the LPFT domain than that
of the LCT domain.

5 Application

In this section, we give a parameter estimation application to show the performance of the LPFT and
the LCT for a QFM signal under noise environment. As mentioned in Theorem 1, for a QFM signal,
the LPFT arrives the maximum under the condition in (18). For the sake of simplicity, we consider the
LPFT when t = 0, then the principle of parameter estimation of a given QFM signal can be stated as
follows:

{a9,a1,a9} = arg max LPP3(0,w). (44)

w, w1, w2
It means that by searching the peak of the LPP in the whole three-dimension space of w, w1, ws, param-
eters of a given QFM signal can be estimated in accordance to the position information of the its peak.
Herein, the global search method in the whole three-dimension space is used to locate the peak of the
LPP.
In this experiment, the model of a QFM signal are sampled as

w(n) = WymHm+me®) g < < N -1, (45)

where r, [, m represent the constant frequency, first chirp rate and second chirp rate, respectively. N
means the length of signal z(n). A signal z:(n) corrupted with noise is given as

y(n) =z(n) +n(n), 0<n<N -1 (46)

where 7(n) denotes the white Gaussian noise. It is noted that LPP varies over w, wy, ws. The simulation
results are then presented in the w — w; plane, w — ws plane, and w; — we plane, respectively.
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Figure 5 (Color online) LPP of a QFM signal in the noise environment y(n) in (a) w — w1 plane under optimal wy = 18,
(b) w — wa plane under optimal wi = 45, and (c¢) w1 — w2 plane under optimal w = 12.

Following the method in (44), we show the results of parameter estimation for signal y(n) in Figure 5.
The SNR in the time domain here is —10 dB. The parameters of the QFM signal are (r,1,m) = (12,45, 18)
and N = 67. Based on the relationship between LPFT-related 3 dB SNR and Gaussian window parameter
in Figure 3(b), we choose o = 0.5 to achieve better local performance. As shown in Figures 5(a)—(c), a
peak can be detected clearly through a global search in the three-dimension space. Figure 5(a) shows
that under the optimal parameter wy = 18, the peak of LPP is located in (w,wy) = (12,45). Figure 5(b)
shows that under the optimal parameter wq = 45, the peak of LPP is located in (w,ws) = (12,18).
Figure 5(c) shows that under the optimal parameter w = 12, the peak of LPP is located in (w;,ws) =
(45,18). Tt is indicated that the parameters of the signal z(n) can be estimated exactly based the LPFT.

In the following, we use the LCT to process the same noisy QFM signal y(n) used by the LPFT. In
Figure 6, the LCT spectrum is plotted in the LCT frequency u and parameter-ratio k = a/b plane. In
Figure 6, no peak can be detected from the LCT spectrum. To make it clearly, we project it into the u
axis in Figure 7(a) and parameter-ratio k axis in Figure 7(b), respectively. Compared with the results
related to the LPFT, it is hard to estimate the parameters of the given QFM signal by searching the
peak directly like the LPFT. Such observations are expected because the use of the LPFT can further
improve the SNR more effectively than those of the LCT, just indicated by our previous analysis.

Furthermore, another experiment is carried out to show the accuracy of the LPFT-based method via
the comparison between the estimated results in terms of mean square error (MSE) and the Cramer-Rao
lower bound (CRLB) through Monte-Carlo simulation. In this experiment, the parameters of the QFM
signal are ag = 12.3, a1 = 45.2, a2 = 18.1. The length of discrete signal and window parameter are same
as above. The scope of the input SNR varies from —15 to 15 dB with a step of 2 dB. For each SNR
the Monte-Carlo runs 100 independent experiments. Figure 8 shows the final estimated consequences
compared with the CRLB, respectively. The overall trend of the MSEs of different parameters is to
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Figure 7 (Color online) LCT of a QFM signal in the noise environment y(n) projected in (a) LCT-frequency u axis, (b)
parameter-ratio k axis.

decrease with increasing SNR, whereas under some SNR environment, the MSEs tend to stable and are
above the CRLB, respectively.

It is noted that the computational burden of the LPFT-based method is increased through a global
search. It can be reduced by several approaches: on the one hand, fast algorithms of the LPFT can
be considered in the real applications [17]; one the other hand, optimization algorithms can be used to
replace the global research and further reduce the computational complexity of parameter estimation.
In summary, since the noise widely exists in most areas of real world, the quantitative SNR, analysis is
an important research issue. It is not only a useful measure to evaluate the performance of different TF
distributions, but also offers a significant guidance purpose under real requirements.

6 Conclusion

In this paper, a quantitative SNR analysis of a QFM signal in the LPFT domain with Gaussian window
function has been carried out. Because the conventional SNR definition cannot explain the relationship
with bandwidth, 3 dB SNR given by Xia are utilized. In order to do so, three valuable theorems are
proposed and well proofed. Theorem 1 shows the peak value of instantaneous energy is maximum under
wy = az when the QFM signal is transformed by 3rd order LPFT. Theorem 2 analyzes the 3 dB bandwidth
of QFM signal in the LPFT domain and some specific examples are given. The quantitative SNR analysis
is derived in Theorem 3. We ultimately show that the 3 dB SNR based on the LPFT with Gaussian
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Figure 8 (Color online) MSEs of the parameter estimations via LPFT-based method. (a) Constant frequency ao; (b)
first chirp rate a1; (c) second chirp rate az.

window is closely related with window parameter under a given time-related SNR, independent with other
variables. And a comparison between the performance of the LPFT and LCT is given in simulations as
well. This work is significantly in practical application to show the TFRs’ characteristics in terms of
SNR. In the future, we will further focus on how to improve the accuracy of parameter estimation and
reduce the computation load via LPFT-based method.
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