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Abstract In this paper, the issue of disturbance observer based resilient control is addressed for Markovian
jump nonlinear systems with multiple disturbances and general uncertain transition rates. The disturbances
are divided into two parts: one has a bounded Hsz norm, and the other is given by an exogenous system. The
general uncertain transition rate matrix is composed of unknown elements and uncertain ones. The uncertain
transition rate only has a known approximate range. First, the disturbance described by the exogenous
system is estimated by a disturbance observer, and its estimation is used for the controller as feedforward
compensation. Subsequently, by using the resilient control method, a composite anti-disturbance resilient
controller is constructed to guarantee stochastic stability with Lo — Lo performance of the closed-loop
systems. Subsequently, the Lyapunov stability method and linear matrix inequality technique are applied to
obtain the controller gain. Finally, an application example is provided to illustrate the effectiveness of the
proposed approach.
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1 Introduction

Markovian jump systems have attracted increasing attention in the past few decades and many useful
results are derived [1-14]. Numerous results are reported for Markovian jump systems with completely
known transition rate matrix [1-3]. However, it is difficult to precisely know the transition rate matrix
in many actual systems. In recent times, many researchers are devoted to the study of the stability and
controller design for Markovian jump systems with partly unknown transition rates [4-10]. In [4-10],
the transition rate is either exactly known or completely unknown. In practice, it is difficult to precisely
estimate the transition rate. Therefore, a more practical situation is that the transition rate can be
completely unknown or its bound is known. This transition rate is referred to as the general uncertain
transition rate. Some useful results are provided for Markovian jump systems with general uncertain
transition rates [11,12,15].

In addition, many kinds of disturbances widely exist in practical system [16-19] and have adverse effects
on the control performance of closed-loop system. To enhance the anti-disturbance ability of the system,
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many control methods are proposed to solve the disturbance problems, such as the disturbance-observer-
based-control (DOBC) method [20-26], adaptive control scheme [27], and H, control theory [28,29].
Among them, the DOBC scheme has been used in numerous fields owing to its strong robustness, ef-
ficiency, and practicability, e.g., airbreathing hypersonic vehicle [30], missile [31] and spacecraft [32]
systems. In the literatures, researchers often consider a single disturbance. Nevertheless, the practi-
cal systems always suffer from multiple disturbances, such as internal noise and external disturbance.
In [33,34], the method of composite hierarchical anti-disturbance control is introduced.

Recently, some meaningful results have been presented for Markovian jump systems with multiple
disturbances via composite hierarchical anti-disturbance control [2,3,35]. However, in the above results,
the authors only consider the case where the controller can be realized exactly. In the realization of the
controller, the existences of round-off errors in numerical arithmetic, parameter drift, aging of controller
devices, finite word length in digital systems, and other factors result in some gain variations of the
controller. Therefore, the resilient controller has been applied to improve the control performance in [19,
36,37]. To the best of our knowledge, for Markovian jump nonlinear systems with multiple disturbances
and general uncertain transition rates, the composite anti-disturbance resilient control problem remains
open.

In this paper, the composite anti-disturbance resilient control problem is addressed for Markovian jump
nonlinear systems with multiple disturbances and uncertain transition rates. For the given systems, the
transition rate matrix is assumed to be generally uncertain, i.e., some elements are unknown, whereas for
the others, only their approximate ranges are known. The disturbances are divided into two types: one is
given by an exogenous system, and the other is assumed to belong to the space Ls[0,00). A disturbance
observer is established to estimate the disturbance generated by the exogenous system, for which the
estimation is introduced to the controller. Subsequently, a composite anti-disturbance resilient control
strategy is applied to attenuate and reject the disturbances and ensure stochastic stability with Lo — L
control performance of the closed-loop systems. Some sufficient conditions for solving the controller gain
are provided by using the linear matrix inequalities method and Lyapunov function technique. Finally,
an application example is provided to illustrate the effectiveness of the proposed approach. Recently,
in [35], a composite anti-disturbance controller is established for Markovian jump nonlinear systems via
a disturbance observer approach. We list the main contributions of our study compared with [35], as
follows.

e Unlike the assumption in [35], the transition rate matrix is assumed to be generally uncertain, and
for some of its elements, only the approximate ranges are known, whereas others are completely unknown.

e In order to deal with the actuator uncertainties, an anti-disturbance resilient controller is designed
to enhance the robust stability of the closed-loop systems.

e Considering that parts of the disturbances belong to Ls[0,00) space, an energy-to-peak control
performance is introduced to reflect the ability of attenuation and rejection of the disturbance.

e Inspired by [1,4], a single link robot arm system is introduced and modeled as a Markovian jump non-
linear systems. For this practical example, we construct a composite anti-disturbance resilient controller
and verify the ability of attenuation and rejection of disturbance. Through simulation, we demonstrate
the effectiveness of our main results.

2 System model and problem formulation

The probability space (£2, F,P) is fixed, and the Markovian jump nonlinear system is considered:
&(t) = A(r)z(t) + F(re) f(x(t), ) + Gro)[u(t) + di ()] + H(re)d2(1), (1)

where z(t) € R™ is the system state, u(t) € R™ represents the control input, and f(z(t),t) € R?
denotes the nonlinear vector function. The disturbance d;(t) € R™ is given by an exogenous system in
Assumption 1. The other do(t) € R? belongs to L2 (0, 00). Symbols A(r,), F(r), G(r,) and H(r;) denote
known matrices with appropriate dimensions. The function {r;} has right continuous trajectories for
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a continuous-time Markovian process, whose values are considered from a finite set S = {1,2,..., N}.
II £ {m;;} is the transition rate matrix given by

e (2)
miih + o(h), if j#14,

P{ripn = jlre Zi}Z{

where h > 0, limp_,9(o(h)/h) = 0 and 7;; denotes the transition rate from mode ¢ at time ¢ to mode j at
time ¢ + h, Tl = 72;\[:1 j;éiﬂij and TCij > 0 when i 7& j

Remark 1. In this paper, the Markovian jump nonlinear system (1) is discussed using the general
uncertain transition rate matrix. For instance, the transition probability-rate matrix that relates the
four operation modes is given as follows:

? Mo + A1g T3+ Agg ?
. ? Tlog + Qoo ? Tlog + Aoy
? ? 7 AatAgg |
Tt + Aar Tz + Ay ? ?

where “?” represents the unknown element, symbols 7t;; and A;; € [—d;;,0:5] (d;; = 0) denote the
estimation value and estimation error of the uncertain transition rate 7r;;, and parameters ﬁij and 0;; are
known. For clarity, we define S = S¥ + Sik i € S, and

Sk — 5] ;; is unknown for j € S},
SF=1{j| 7t;; is known for j € S}.

Moreover, if S¥ # (), it is described as S¥ = {i1,12,... 1}, where I! represents the m-th bound-known

element with the index /" in the i-th row of matrix II.

Therefore, in this study, we aim at designing a composite anti-disturbance controller such that the
closed-loop system has stochastic stability with Lo — L, control performance. Accordingly, some as-
sumptions and lemmas are introduced.

Assumption 1 ([35]). di(¢) is the disturbance in the control input path, which can be expressed as
the following system:

w(t) = W(rdw(t) + M(re)ds(t),

di(t) = V(re)w(t), (3)

where W (r;), M(r¢), V(r¢) are known matrices with appropriate dimensions, and d3(t) € R! belongs to
L1[0, 0).
Remark 2. In (3), the parameters W(r:), M(r¢), and V(r;) are known in advance, but the initial
condition of the system (3) is unknown. This indicates that the disturbances cannot be precisely known
beforehand. In engineering, many kinds of disturbances can be illustrated using the system (3), for
example, unknown constants and harmonics with unknown phase and magnitude [33].
Assumption 2 ([11]). (i) If SF # S, i & SF, then 7t;; + Ai; = 0 (V] € SF);

(ii) If SF # S, i € SF, then 7, + Ay; =0 (V§ € SF,j #4), i + Ay <0, and > jesk i < 0;

(iii) If SF = S, then 7ij + Aij > 0 (Vj € 8,5 #14), i = — D jeg s g a0 G35 = = D21 652 8-
Assumption 3. f(x(t),t) is assumed to satisfy

(i) f(0,2) = 0;

(i) ||f(z1(t),t) = fa2(t),t)|| < || U(z1(t) — 22(t))]|, where U is a known constant matrix.

For simplicity, when r; = 4, i € S, the matrix A(r¢) is denoted by A;; the same setting holds for the
other matrices, e.q., F'(r;) is denoted by F;.
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Lemma 1 ([11,38]). Given any matrix @ and any real number &, the matrix inequality
e(Q@+Q") <e?P+QP Q"

holds for any matrix P > 0.
Lemma 2 ([39]). D, E and F are known matrices. Suppose FTF < I, and then

DFE+ETFT'DT <eDDT + ¢ 'ETE,

for any scalar € > 0.

3 Main results

In this section, the cases of known and unknown nonlinearity function f(x(t),t) are discussed. A distur-
bance observer is built to estimate the disturbance d;(¢) under the two cases, and by using the Lo — L
resilient control method, the composite anti-disturbance resilient controller is designed to guarantee that
the closed-loop systems are stochastically stable with Lo — Lo, control performance.

3.1 The case of known nonlinearity

The Markovian jump nonlinear system (1) is discussed under Assumptions 1 and 3, and f(z(t),t) is
known. We build the disturbance observer as

o~

w(t) = v(t) — La(t), (4)
i(t) = (Wi + LGiVi) (u(t) — La(t)) + L(Aix(t) + Fi f (x(t), 1) + Giu(t)),

<

where L = L + AL, AL is the variation in observer, and L denotes the observer gain.
Subsequently, the resilient controller can be constructed as follows:

u(t) = —du(t) + Kya(t), (5)

where K; = K; + AK;, c?l(t) is the estimation of d;(t), K; is the controller gain, and AK; denotes the
variation in controller gain.
From [36], we assume that AK; = N;B;(t)D; and AL = RS(t)T, where N;, D; R and T are known
matrices, and B;(t) and S(t) are uncertain matrices satisfying B} (t)B;(t) < I, ST(¢)S(t) < I.
Remark 3. The composite resilient controller is divided into two parts: the first part is the negative of
the estimation of the disturbance d; (), which originates from the disturbance observer (4); the second
part is the classical state feedback resilient control law. It is evident that, with the control scheme (5),
the disturbances dy can be compensated via the first part of the controller, whereas the second plays an
important role in guaranteeing the dynamical system stability and satisfying performance requirement.
We define e, (t) = w(t) — w(t), from (1), (3), (4), and the error dynamics is expressed as

éw(t) = (Wi + LG Vi)ew(t) + M;ds(t) + LH;da(t). (6)

Remark 4. In order to satisfy the performance requirement, the disturbance observer gain is chosen
to guarantee the stability of the following systems:

éw(t) = (Wi 4+ LG;V;)ew(t). (7)
The Lyapunov function Vo (ew(t),i,t) = el (t)Pey(t) is chosen. Let A be the weak infinitesimal gener-
ator of the random process {£(t), r+} [40]; thus, we have

N
AV (ew(t),i,t) = X (t) Pey (t) + el () Péy () + Z Tijen () Pey(t). (8)

j=1
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Noting that Z;V=1 m; =0, AVp(ew(t),,t) can be written as
AV (ew(t),i,t)
= en ()((Wi + LG:Vi)" P + P(W; + LG, Vi))ew(t)
eX(OYWEP 4+ PW; + VIGT LT P + PLG;V; + VUG TT ST (t)RT P + PRS()TG,V;)ew(t).

Hence, AVp(ew(t),i,t) < 0 if
WEP+ PW; + VIGILY P+ PLG,V; + V;* G T ST (t)RT P + PRS(t)TG,V; < 0. (9)

According to Lemma 2 and the Schur complement lemma, defining Y = PL, there exists a real number
a > 0, such that (9) holds under

(WZ.TP +PWi+ VIIGIY T + YGiVi + oV GIT'TG:V; PR ) <0 (10)

* 70[[

Thus, the system (7) is stochastically stable under the condition (10), and the disturbance observer
gain is L = P7'Y.
Remark 5. According to the disturbance estimation error system (7), a method to obtain the observer

gain is presented, in which a common Lyapunov function is chosen. This may lead to some conservatism.
Thus, by combining (1) and (5) with (6), we have

(%) &) = A(D)E() + Fif(E(t), 1) + Hd(D),
2(t) = Criz(t) + Cojen(t) = Ci(t), (11)

where £T(t) = (z(t), ew(t)), fE(E),t) = f(z(t),t), dT(t) = (da(t),ds(t)) and z(t) is the reference output,

with
- A+ GiK; GiVi — H; 0 — F; —
A = " = , Hy= - , Fi= ) sz(Ch CQ»L)

For the system (1) with (3), our task is to design a composite anti-disturbance resilient controller (5),
such that the closed-loop system satisfies the following conditions:

(i) The composite closed-loop system in (X) is stochastically stable under d(t) = 0;

(ii) Under zero initial condition, the following inequality holds:

Iz, <Id®)I3, (12)

where ||z(t)[|3_ = sup;~q E{z"(t)z(t)}, the parameter v > 0 is a prescribed Ly — Lo performance, and
d(t) € L]0, 00).

Now, a sufficient condition is presented to guarantee that the system (X)) is stochastically stable with
Ly — L, performance.
Theorem 1. Given the parameters v > 0 and A > 0, the composite system (11) is stochastically stable
with La — Lo, performance, under the disturbance observer (4) and resilient controller (5), if there exist
matrices P; > 0, i € S, such that the following inequalities hold:

I, PF, PH;
1

* )\21 0 <0, (13)
* * -1
— P, + ’)’716?61' < 0, (14)

where
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Proof. A Lyapunov function candidate is defined as

Valt)i.0) = € WOPEO + 55 [ (W) = 11 0)?) d (15)

where P; > 0,7 € S5, A > 0.
Let A be the weak infinitesimal generator of the random process {(¢),r:} [40]. For each r, = 4,14 € S,
we have

N
AV (a(t),i,1) = €°(t) | PA+ A P+ Y my Py | €0) + 267 (1) PF f(w(0). ) + 267 (1) P Hd (1)

+ %(wT@)UTUx(t) — [T (t), ) f(2(t),1)). (16)

Now, to prove the Ly — L, performance of the composite system, we introduce the following perfor-
mance index:

J(T) = E{V(x(T),z‘,T) 7/ dT(T)d(T)dT}. (17)
0
Under the zero initial condition, based on (16) and (17), we have
J(T)=FE {/0 AV (x(7),1,7) — dT(T)d(T)dT} =F {/0 nT(T)@m(T)dT}, (18)

where n(t) = (£7(t), f(2(t),t), d"(t)), and

0, = * _Fl 0
* * —1
From (13) and (17), we have
BE{V(x(T),i,T)} < E {/O dT(T)d(T)dT}. (19)

According to (11) and (14), we have
v Ol =71 iggE{ZT(t)Z(t)} < E{V(2(t),i,1)}- (20)
Combining (14) with (20) and letting 7' — oo yields

12O 5., < E{yV(@(t),i, )} <7lld®)]3- (21)

Hence, the composite system X satisfies the Lo — L, performance.

Thus, the stochastic stability of the composite system is confirmed under d(t) = 0.

Inspired by [29], as ©; is a negative definite matrix, there exists a constant k& > 0, and for each i € S,
the following equality holds:

PA+ A, P+ YN m;P+U PF; < kI o) 22)
1 < .
Hence, according to Dynkin’s formula, we obtain
t
{ [ € @stos} < BV (0).1.0} < FO)MEO) (23)
0

where M is a positive definite matrix and M > P;, i € S.
Therefore, according to [35], we conclude that the composite system (11) is stochastically stable.
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In Theorem 1, a sufficient condition is provided to guarantee the stochastic stability of a Markovian

jump nonlinear system with Lo

— L performance. Now, considering the case of Markovian jump nonlinear

system with general uncertain transition rates, the condition in Theorem 1 is not solvable. Hence, some
solvable sufficient conditions are further developed such that the Markovian jump nonlinear system is
stochastically stable with Ly — L, performance.

Theorem 2.

Consider the system (1) under Assumptions 1 and 3. Given the parameters v > 0 and

A > 0, the closed-loop system (11) is stochastically stable with Lo — Lo, performance, if there exist

matrices P; > 0, J;; > 0, Vijr >0, S5 > 0,4,

,k € 5, such that the following inequalities hold:

(i) If i € Sk,
Iy, PF, PH
1
# =33l 0] <0,
* * -1
Pi—P;>0, VjeS' j+#i
(ii) It i € SF and 3, gue 705 # 0,
Iy, PF, PH;
1 u
« =l 0| <0, vhes
* * -1
(iii) If i € S} and 3, gue 75 = 0,
I's; PF; PH
1
* * -1

where

Tii=PA+A, P+ Y #y(P—P)

jesk jesk
Toi = PA+ A, P+ Y @ij(P — Po) + U+Z Tiji + (P — POT; (P — P |,
jesk jESEk
- =T _ 1 — 52,
Ty = PA;+ A, Pi+ > (P —P)+ =0+ > l LS5 + (P — P)S; (P — Py)|.
ieSk j#i ieSk j#i
Proof.  First, consider the case where i € Sluk. Note that — Zjesgk ;= Zjesff T, T < 0, 7155
R

Subsequently, using (26), we have

N
PA; + ZiTPi + Z 705 P
=1

Y

>\2U+Z

[” ij + (P = P)Ji; (P = P,)

<SPAA+A P+ Y mPi+ > mP,

jesy

— =T ~
PA; +A; P+ Z (Ttij + Aij)(Py — B).
jeSk

JESHK

(24)

(25)

(26)

20,

(29)
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From Lemma 1, we obtain

> AP -P)< Y l%szij + (P — P)J; (P — P |. (30)

jesk jeSk

According to (29) and (30), we derive

N
Pz'zri-z;rpri-zﬂijpj—i— U

j=1

1
A2
. _7 R 0% . 1—
SPA+A P+ > Ry(P—P)+ Y i+ (P = P)IGH (P = P) | + 35U (31)
jesk jesk

This indicates that the system (11) is stochastically stable with Ly — Lo performance if (25) is true.
Second, consider the case where i € S¥ and > jesue Tij # 0. Note that in this case

Z Tij = — Z TCij, Z m; <0, m; =20, jé€ Szuk (32)

o gk ; k o gk
JES; JjeSY JES;

After some manipulations, we obtain

N
R — — T
PA; + A; P+ E ;i Py = PA; + A; P + g 7 Py + E Tk P

Jj=1 jesk kesyk
> kesu Tk — =T
= _2771 PA; +A; Pi+ Y mi;(P— P |. (33)
]’GS;“ ] jGSf

From (33), Eq. (13) is equivalent to

Vy; PF, PH;

Z uk 70k
S R ) (34)
— 2 jesk Tij A2

‘ * * -1

where Uy; = P A; + Z;FPZ- + Zjesk m,;(P; — Pr) + %U. By using Lemma 1, we obtain

_ _T 1 —
jesk
_ 7 N 1 o .
< PA +4; Pit+ ) (P — Py + 2Vt > 4 Tigk + (B = Po) T, (P = Po) | (35)
jesk jesk

Hence, Eq. (34) holds under (27), and this implies (13).
Third, consider the case where i € Sf and Zjesfk m;; = 0. Observe that —m;; = Zjesf#i ;5. Thus,
the following holds:

N
Pz'Zz‘JrZ;FPiJrZTQij :Pz'ZiJrZ;FPiJr Z (ﬁij+Aij)(Pj*Pi)~
Jj=1 jeSk j#i

Applying Lemma 1 to (36) yields

P;A; Jrz;rpi + Z (Tt + D) (P — Pi) +
jesk i
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- =T ~ 1— &7 -
< PA; +A; P+ Z mj(Pj—Pi)jLﬁUJr Z stiij(Pj—Pi)sijl(Pj—Pi). (36)

JESEF.j#i JESEF . j#i

This together with (28) yields (13).

Therefore, according to Theorem 1 and the above analysis, we conclude that the composite system (%)
is stochastically stable with Lo — Lo, performance. The proof is completed.

Here, in order to obtain the gains of the disturbance observer and resilient controller, the linear matrix
inequality (LMI) technique is applied to derive the sufficient conditions.

Theorem 3. Consider the system (1) under Assumptions 1 and 3. Given the parameters v > 0 and
A > 0, by designing a disturbance observer and a resilient controller in the forms of (4) and (5), the
closed-loop system (X)) is stochastically stable with Lo — L, performance, if there exist matrices @Q; > 0,
P > O,juj >0, Jgij >0,7€ Szk,Tlijk > 0, Tgijk >0,7€ Slk, ke S;lk, glij > 0, Sgij >0,7€ Slk, and
X, and positive numbers ¢;, i € S, 51 > 0, and B2 > 0, such that the following inequalities hold:

—Py; cL
: 2 <0. (37)
* —’}/I + ChQZClTZ
(i) If i € Sy,

Iy GV F; H; 0 0 0 ZEi

¥ Il 0 Py LH; Py M; Po;R Py R Zy;

* * —%I 0 0 0 0 0
* * * 71+52H1-TTTTHZ- 0 0 0 0 <0 (38)

* * * * -1 0 0 0

* * * * x =1 0 0

* * * * * x  —f2 0O

* * * * * * *  Hg;
Py — Py <0, Vje Sk j#i, (39)
—Q;+Qi<0, VjeS™, j#i (40)

(ii) If i € SF and 37 ;¢ gue 7i; # 0, then, for Vk € S}*

Iy, GiVi  Fi H; 0 0 0 =
* Iy, 0 Py, LH; Py M; PyR PyR =),
* * —%I 0 0 0 0 0
TT _
L Y} (a1)
* * * * -1 0 0 0
* * * * x =1 0 0
% % % % % «  —BoI 0
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(iii) If i € S¥ and > jesk Tij =0,

Iy, GiVi  F; H; 0 0 0 =

« II0,, 0 Py, LH; PoiM; PoiR Py R E;
- TR,

N X « % -1 0 0 0

% * * * * * 7/821 0

where

E1i = (Q:D} QiUT Thig; Ilig; 0 Ilyyyg), Esi = diag(—e;l —A?T Ilgg; Togi io106 Mi1114)s
Z2i =(000 0 10 0), Thsi =(Qi -+ Qi), hei =(Qi = Qp -+ Qi — Qu),
M1 = (5%1@ o ”2m Qz), 210i = (leq} — P - Py — Py;),
IIgg; = —diag ( " Qll e ﬁﬁgan;")a Hgg; = —diag (ZQ” - jmg o 2Qum — 711‘1;”)7
Mio10i = —diag(Jop -+ Jour), i1 = —diag (7T Ty - ﬁ;l;bjmzn),
= (QiDf QU™ Mg My 0 Myy;), B = diag(—e;d —AT gy gy Tioio; M),
E2 = (0000 Ihyp; 0), Mgy = (Qi-+- Qi+ Qi) Mg, = (Qi = Qu -+ Qi = Qur -+ Qi — Qu )i #i5
My, = ( Qi oy 5= Qi - e Qi)l:#’ 10; = (Pyyp — Pak -+ Pain — Pay),

/ ~—1 ~—1 / .
lgg; = —diag ( il Qll C Ty Ql;‘ C Thpm Ql;") ) 1010 = —diag (TQilgk Tt T2il;"k)v

Ir#i
Hllllli —diag (” Tmlk ﬁﬁ;Tm}k e 'ﬁfl;leil;"k)“#ﬁ Elfz = (QiD;F Qz‘UT Hlll8i Hlllgi 0 H'1'11i)7
2y, = diag(—e; 1 —NT I, Mio; 110 MY1q1;), Z2= (000 0 15y, 0), g = (Qi-+ Qi+ Qi)

0

Toi = (Q; — Q- Qi—Qur- Qi— Qum )ir#is Iy, = ( 21 Qi il 5= Qi - ; Qz)l,,#a
7

115, 0; = (Pos;1—Pai -+ Pogyr—Poi - Poym — Poi )i i, 1lgg;=—diag (70 ( it Qzl c T Qe Tfilsz;">l 2’
, ; : >
!

" _ : 1" ~—1q ~—173q
HlOlOi — _dla'g(SQil,} . 5'2”: . 5’2”:” )l:?é“ Hlllli = dlag (7'[ Slzll “e- T[il,} Slil} . T[ilznslil;”)lr#i s

My = AiQi + QA + iGN N/ G} + GiXi + X' G — Z i Qi
jeSk

N . 52,
Ilo9; = P2iWij + Py, LG, V; +WiTP2i —i—‘/;TGZTLTPQ’l;—I—BlV;TGzTTTTGﬂ/Z + Z <7TijP2j —ﬂijpgi + fjgm),
jesk
02
Iy, = Qi + QA + G NN G + G X, + X[G] + Wiif(QQz Thiik) — Z 70 Qs
JESE j#i
52,
;= PoiWyj+ Po; LGV, + W, Py + VP GE LY P+ 51 VP GE T TG,V + Z (ﬁij&j — T Pa + fT%jk) ;
jesk
_ 62 - N
Hlllli = AzQz -+ QiA;r —+ EszNzN;rG;r + Gle + XzTG;r + ﬂzzf(2Qz — Slu) — Z nijQia

JESF j#i
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02
115y, = PoiWij+ Po; LG Vi+ Wi Poy+ V' G LT P+ 81 VI GT T TG Vi + Z (ﬁijPQj—ﬁijPQri-fS%j),
jESk i
Iy, = —diag(2Qp — Ty -~ 2Qur — Trazk -+~ 2Qup — Tarp i )iy 45
Mgy, = —diag(2Ql% - gmg 2Qur — Syar - 2Qum — guz;ﬁ)z;#-
Moreover, the controller gains are given by K; = X;Q; L
Proof.  First, if i € S, according to Lemma 1 and letting € = 1, we have Ilgg; > fdiag(Qlljile;,
. _ _ _ -1
..,Ql;ﬂjlel;n). We define A; = diag(Q,", ..., Ql:_,} ), Qi = Pl Xi = KiQi, Ji; = Jy,;. Pre-
multiplying and post-multiplying (38) with the term Ilgg; replaced by the element of —diag(Qlljile;,
..,Ql;rj;-},n@l;n), simultancously using diag{ Q; ' T T T I 1 11 A; I I}, we have

yy; PGV PuF; PuH; 0 0 0 Eyi

* Iy 0  PLH; PyiM; Py R PR =
* * —%I 0 0 0 0 0
* * *Z -1 0 0 0 0 <0, (44)
* * * * -1 0 0 0
* * * * x =B 0 0
* * * * * x*  —fP2I 0
* * * * * * % D

where
My = Py A+ AT P + ¢, P, GiN;NF G Py + PLGL K, + KNG Py — Z i Pri,
jeSk
Elz‘ = (D;F Ut ﬁlSi ﬁlQi 0 ﬁllli)v ﬁlsi = (I,...,I), ﬁ19i = (Pull *Pu,-u,Pu;" — Py )a
E3i = diag( —e;T —A2T Tlss; Mog; mio10; Mit11i )y e = (I,..., T ), Togi = —diag( Jritrs s T )-
According to Lemma 2, we obtain

Ty GiVi F; H; 0
* Yo 0 PoLH; PyH,

1
* * _Fl 0 0 <0, (45)
* * * —I 0
* * * * -7
where
Y1 = Pudi + Al Py + PG K, + K'G} P, + Pi;G;N;B;(t)D; + D} B (t)N;" P1; + — 32 UTU

~ ~ 03
+ 3 Py — R Pu) + Y (IJJUJ' + (P — Pry)Jy (P — Pli)>7
jeSk jesk
Tai = PoWij + PouLGiVi + Wi Py + V'GFL Py + Y (RiPoj — i Pai)
jesk

+ Z( Jaij + (Poj — Pai)J3: 3 (Paj — PQZ-)>.

jESE
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Let P, = ("1 PO ) and Jy; = (7 J: ). We obtain (25) and (27) from (39) and (40).

Subsequently, if i € SF and Z e gui T #0,o0r i€ SFand Z e g Thij = 0, following similar steps as
the case (i), we can derive (27) from (41) and (42), and (28) from (43) Thus, by using Schur complement,
(24) could be deduced if (37) holds. Hence, according to Theorem 2, we conclude that the composite

system (11) is stochastically stable with Ly — Lo, performance.
3.2 The case of unknown nonlinearity

In this subsection, we suppose that Assumptions 1 and 3 hold, and the nonlinear function f(xz(t),t) is
unknown; thus the disturbance observer is designed as [35]

)

1(t) = Viw(t),
w(t) = v(t) — Lx(t), (46)
(t) = (Wi + LG:Vi)(v(t) — La(t)) + L(Aix(t) + Giu(t)).

.

The composite resilient controller is constructed in the same form as (5). We define e, (t) = w(t) —w(t),
and subsequently, we express the error system as

éw(t) = (Wz + EGZVYZ)ew(t) + Mid3(t) + LHidQ(t). (47)
Combining (1) and (5) with (47), the composite system can be expressed as

(B) €)= Ai(t)Et) + Faf (), )+F'd(t),
z(t) = Cra(t) + Caiew(t) = CiE(D), (48)
where £(t) = (xT(t), el (t)Y, d(t) = (d3 (t),ds ()T, fi(E(t),t) = f(z(t),t) and z(t) is reference output,

with
— A + G K; G;V; — H; 0 — F; _
A = " _ , Hi=| _ , Fi=1| _ |, Ci=[Cu, Col.

Now, we present a sufficient condition by using the LMI technique, such that the augmented system
in (') satisfies the conditions (i) and (ii).

By comparing the system matrices in (11) and (48) and following similar arguments for Theorem 3,
we can directly obtain Corollary 1.
Corollary 1. Consider system (1) under Assumptions 1 and 3. Given the parameters v > 0 and A > 0,
by designing a disturbance observer and a resilient controller in the forms of (4) and (5), the closed-loop
system (X) is stochastically stable with Ly — Lo, performance, if there exist matrices Q; > 0, Pa; > 0,
711’]’ >0, JQiJ’ >0,5 € Szk, Tlijk > 0, TQijk; >0,75 € Szk, ke SUk Slij > 0, Sgij >0, € Szk and X;, and
positive numbers g;, ¢ € S, such that the following inequalities hold:

P R
? <o (49)
* —’}/I + CliQiCu
(i) If i € S,
I GV F H; 0 0 0 Ey
x Ilog; PzzLF Py, LH; Py M; Py R Po; R 2y,
* * —FI 0 0 0 0 0
* * * fIJrﬂgHiTTTTHi 0 0 0 0 <0 (50)
* * * * -1 0 0 0
* * * * x =1 0 0
* * * * * x  —02I 0
* * * * * * *
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Py — Py <0, VjeS™, j#i, (51)
—Q;+Qi <0, VjeS™, j#i (52)

(ii) If i € S¥ and > jegue Tij # 0, then, for Vk € Sk

Iy Givi  F H; 0 0 0 =,
* HIQQi Py LF; Py, LH; Py;M; Py;R PR EI%
. *%I 0 0O 0 0 0
_ ToTgy.
e S ) (53)
% * * I 0 0 0
T * * ¥  —fI 0 0
* * * * * x  —fBol 0
* * * >k * * % Egz
- Qi+ Qr <0; (54)

(iii) If i € S} and 3, gue 75 = 0,

Yy, Givi  F; H; 0 0 0 =Y
« 114, P, LF; Py, LH; Py M; Py,R PyR =5,
* * —%I 0 0 0 0 0
* * x  —I+BHIT'TH;, 0 0 0 0 <0. (55)
* * * * -1 0 0 0
* * * * x =01 0 0
* * * * * x  —f2I 0
* * * * * * * =X

The corresponding matrices are given in Theorem 3. Moreover, the controller gains are given by
K = X,Q; .

4 Application example

In this section, we demonstrate the effectiveness of the proposed control method using a single link robot
arm system inspired by [1,4,41],

. mgl . D . 1 1

a(t) = — = sin(a(t)) = Za(t) + Slu(t) + di (1)) + Sda(t), (56)
where « is the angle position of the arm, u(t) denotes the control input, and do(t) represents the external
disturbance. The disturbance d; (¢) can be described by the exogenous system (3). Parameters [, D, g, m,
and J denote the arm length, viscous friction, gravity acceleration, payload mass, and inertia moment,
respectively. The values of some important parameters are given as D = 1,1 = 0.1, and ¢ = 9.8.

Remark 6. When the single link robot arm functions under different environmental conditions and
with changing payload, it can be modeled as a Markovian jump system [1,4].

Let x1(t) = a(t) and x5(t) = &(t); the reference output is chosen as 2% (t) = (21(t), 2(t)). Thus, the
single link robot arm system (56) is modeled as a Markovian jump system with four modes

0 1 0 0 0
ity=( D]+ | mg sin<x1<t>>+< J>[u<t>+d1<t>1+<

) dy (1), (57)
J; J; ‘

K2
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2(t) = (21 (t) 22(1))". (58)

Mode 1:

0 —2.0 —0.8
Jl = 33, mi = 047 ‘/1 = (20 18), N1 = 097 W1 = 2.0 0 5 M1 = s D1 = (—04 10)

Mode 2:
0 2.0 2.8
Jo =21, my=0.9, Vo = (1.9 —0.5), No =20, W2< ) ),Mg< ),D =(-0.2 1.3).
Mode 3:
0 —1.0 1.0
Jgi]., m3:0.7, ‘/3:(714 70), N3:1.0, W3: < ), M3: ( 1), D3:(03 09)
Mode 4:
0 1.0
J4:3,m4=O.4,V4:(1.0—0.2),N4:2, W4=< ),M4:<

The transition rate matrix II is given as

—0.7+ Agq 0.1+ Ao ? ?
m— 0.3+ Agy ? ? 0.2 + Aoy
? 0.4+ Ass ? 024+ Az |’

024+ A4 034+ A4 0.3+ Ay3 —0.8+ Ay

and 511 = 005 512 = 002 521 = 001 524 = 002 532 = 002 534 0.0 2 541 = 001 542 = 002
ds3 = 0.01, 644 = 0.03. The uncertain matrices B;(t) are chosen as B ( ) = sin(¢) and S(¢) is chosen
as S(t) = cos(t), i € 1,2,3,4. The external disturbance is d2(t) = e~ *sin(t)
d3(t) = e tsin(t).

Thus, we confirm that the composite anti-disturbance resilient control methods for the nonlinear func-
tions are known and unknown.

and uncertain variation is

4.1 The case of known nonlinear function

Based on (6), we obtain L = (7 ~2*"") and from Theorem 3, we obtain

Ky = (—3.4647 —0.5687), Ko = (—4.6521 —1.2711),
K3 =(-10.1173 —2.4719), Ki=(-3.7536 —0.8171).

The simulation results are shown in Figure 1. In Figure 1(a), under the designed composite anti-
disturbance resilient controller, the closed-loop system shows good control performance when suffering
from the above multiple disturbances. In Figure 1(b), the control input is shown. The switching signal
is presented in Figure 1(c). We can observe from Figure 1(d) that the disturbance d;(t) is efficiently
estimated using a disturbance observer.

4.2 The case of unknown nonlinear function
According to (47), we obtain L' = (|, ~72%""). By using Corollary 1, we obtain

K| = (—4.4407 —1.4418), K} = (—-4.1981 —1.5704),
Kj = (—7.5673 —2.8038), K= (—5.3893 —1.7894).
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Figure 1 (Color online) Curves of simulation trajectories with known nonlinearity function. (a) System states; (b) control
input; (c) switching signal; (d) disturbances and disturbance estimation.

The corresponding simulation results are presented in Figure 2. The state trajectories of the closed-
loop system are given in Figure 2(a), which demonstrates that the composite anti-disturbance resilient
control method is feasible in spite of existing multiple disturbances. The control input is shown in
Figure 2(b). The switching signal is shown in Figure 2(c). In Figure 2(d), the exogenous disturbances
dy (t) is estimated effectively using the proposed disturbance observer.

4.3 Comparison between the proposed method and the conventional Ls— L, control scheme

In order to show the superiority of the proposed method, we compare the proposed algorithm with the
conventional Lo — L, control scheme. From Figure 3, we can observe that, in contrast to the conventional
Ls — Lo, control, our approach can achieve smaller overshoots and better rejection and attenuation of
multiple disturbances.

Remark 7. In this study, the single link robot arm system (56) is modelled as a Markovian jump
nonlinear system. Compared with the existing literatures, the disturbance of the single link robot arm
system (56) has been divided into two kinds, which promotes the anti-disturbance ability of the system.
Further, the transition rate matrix is generally uncertain, which makes the model suitable to describe a
wide range of practical systems. Using the designed composite anti-disturbance resilient controller, we
achieve a satisfactory attenuation level.

Remark 8. The system parameters of a single link robot arm are chosen according to [1,4]. With the aid
of the MATLAB software, the controller gains are solved via LMI Toolbox. The SIMULINK simulation
model of the single link robot arm is established, which is based on the S-function. In addition, the
simulation results are presented.

5 Conclusion

We have investigated the composite anti-disturbance resilient control problem for Markovian jump nonlin-
ear systems with general uncertain transition rates and multiple disturbances. Two cases of disturbances
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Figure 2 (Color online) Curves of simulation trajectories with unknown nonlinearity function. (a) System states;
(b) control input; (c) switching signal; (d) disturbances and disturbance estimation.
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Figure 3 (Color online) Curves of z(¢). (a) Composite anti-disturbance resilient control; (b) the conventional control.

are fully considered and some sufficient conditions have been established for verifying the stochastic sta-
bility while ensuring the Lo — L, performance of the closed-loop system. A composite anti-disturbance
resilient controller has been designed by solving a set of convex optimization conditions. All the con-
ditions have been transformed into the form of linear matrix inequalities for the sake of calculation.
Finally, we have modeled the single link robot arm system as a Markovian jump nonlinear system and
studied its composite anti-disturbance resilient control problem, which verifies the effectiveness of the
main algorithm in this paper.

In the future, in order to obtain less conservative results, the uncertain transition rate of polytoptic type
will be considered [10,15] and the composite anti-disturbance controller will be designed for Markovian
jump systems.
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