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Abstract This paper investigates the state consensus for double-integrator networks under heterogeneous
interaction topologies. For double-integrator networks, the setting of heterogeneous topologies means that
position and velocity information flows are modeled by two different graphs. The corresponding protocol
proposed in this paper is based on edge-event-triggered control. The events based on position information
are irrelevant to velocity information and independent of the events based on velocity information. And for
different edges, the corresponding events are activated independently of each other. Once an event occurs,
the agents connected by the associated edge will sample their corresponding relative state information and
update their corresponding controllers. Furthermore, under the presented event-triggering rules, the state
consensus of double-integrator networks can be achieved by designing appropriate parameters. In addition,
the proposed protocol with the event-triggering rules can effectively improve the system performance and
avoid the occurrence of Zeno behaviors. Finally, a simulation example is worked out to verify the theoretical
analysis.
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1 Introduction

Distributed control of networked systems has drawn great attention of researchers in various fields owing to
its wide applications [1-20]. Therein, consensus problems of multi-agent systems are of great interest, and
they aim to drive all agents to reach a common state with limited and unreliable information transmission
by designing appropriate control laws. The typical consensus model under directed networks was given
by Olfati-Saber and Murray in [21], where they discussed the consensus problems under directed fixed
networks, directed switching networks and undirected fixed networks with communication time-delays,
respectively.

Many existing studies were centred on multi-agent systems with multiple first-order integrators. In
practical engineering applications, the behavior of some agents needs to be modeled by second-order
dynamics [22]

i(t) = vi(t),

1en=11,2,...,n}, 1
b0 —we, 2 } W
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where x;(t), v;(t) are the position and velocity of agent i at time ¢, respectively, and u;(t) is the con-
trol input. In practice, it is hard to guarantee continuous communication and uninterrupted controller
update for agents. Periodic sampled-data models characterize the process of interaction among agents
intermittently [23,24]. Compared with the typical periodic sampled-data control, event-triggered control
is a possible alternative with respect to reducing unnecessary data sampling and redundant controller
update [25-35]. In event-triggered control, an important task is to design event-triggering schemes. As a
topic in event-triggered control, the edge-event-triggered control of multi-agent systems was introduced
in [27], where edge events were defined independently for communication links and when the events of
some edge are activated, the pair of adjacent agents connected by this edge sample the corresponding state
data and update their controllers. In [27], the authors solved the average consensus problem for single-
integrator networks based on hybrid event-time triggered control. The combination of time-triggered
control and event-triggered control effectively eliminates Zeno behaviors. Furthermore, Cao et al. [32]
investigated the average consensus of multiple double-integrator networks based on edge-event-triggered
control, and proposed a corresponding protocol as well as event-detecting rules.

In this paper, we focus on the edge-event-based sampled-data consensus of multiple double-integrator
systems over heterogeneous topologies. In [26,36,37], the centralized event-triggered control was investi-
gated. It relaxes the requirement of continuous controller update. However, it needs global information
to evaluate the triggering condition and requires all agents to update their controllers simultaneously. In
this paper, we consider the decentralized event-triggered control, in which each agent detects the event-
triggering condition only based on the states of its neighbors and its own. And all agents update their
control signals asynchronously. In the event-triggered control studied in [25,26, 31, 33, 36,37], when an
event occurs, the corresponding agent and all its neighbors will update all their controllers accordingly.
Different from that mechanism, we consider a novel mechanism based on edge-event-triggered control,
which designs events for the edges of the communication graph rather than nodes. At event times, only
a pair of adjacent agents exchange information. In the implementation of event-triggered control, an im-
portant issue is to avoid Zeno behaviors. However, many existing results were difficult to achieve the goal
based on continuous monitoring. To overcome the difficulty, we adopt a hybrid time- and event-triggered
mechanism to get rid of the Zeno behaviors. In engineering applications, an agent could be equipped
with multiple sensors. And it is not practical to assume that all these sensors work synchronously.
Therefore, different types of senors for position measurement and for velocity measurement may lie in
different networks, which motivates us to investigate the multi-agent systems with heterogenous topolo-
gies. The system we investigate is more general than the double-integrator networks with homogeneous
topologies [32]. Theoretically, the convergence analysis of system (1) over heterogeneous networks is more
challenging than that over homogeneous networks. In homogeneous networks [32], when some events of
some edge occur, the corresponding agents connected by this edge sample both their relative position
information and relative velocity information, and update position information and velocity information
in their controllers, which leads to energy waste to some extent. However, in the case of heterogeneous
networks, position-based edge events and velocity-based edge events occur independently over different
graphs. Owing to the independence, when events of some edge occur, the agents jointed by this edge only
need to sample the corresponding state information (position information or velocity information) and
update corresponding information in their controllers. For instance, at some event-detecting time, if some
events over position communication graph are activated, the corresponding agents sample their relative
position information and update their position information in controllers. In such a case, the agents do
not need to sample their relative velocity information as required in [32], which reduces communication
costs and controller-updating costs. We propose a protocol for heterogeneous networks and provide the
corresponding event-detecting rules based on edge-event-triggered control, which can effectively reduce
communication costs and controller-updating costs. Furthermore, we give a sufficient condition for state
consensus which is verified by Lyapunov methods.

The outline of this paper is as follows. In Section 2, we introduce some basic definitions in algebraic
graph theory and propose the protocol; in Section 3, the event-detecting rules are presented, and the
consensus problem is solved by Lyapunov methods; Section 4 gives a simulation example to demonstrate
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the effectiveness of the result; finally, we make a brief conclusion of this paper and discuss possible future
studies in Section 5.

Notation. R, R" and R™*" denote the sets of real numbers, n-dimensional real column vectors and
all m x n real matrices, respectively. I and 0 are the n xn identity matrix and a zero vector or matrix with
compatible dimensions, respectively. The set {1,2,3,...,n} is denoted by n. In addition, || A|| represents
the (induced) 2-norm of matrix or vector A and |a| is the absolute value of number a. Ay(A) denotes
the second smallest eigenvalue of real symmetric matrix A. For matrices A, B, A > B means A — B is
positive definite.

2 Preliminaries

Consider the multi-agent system (1) modeled by double-integrator network, which consists of n agents. In
this paper, we investigate the consensus of system (1) in the setting that position information and velocity
information is transmitted over different networks. Assume that there are m, communication channels
in the position communication network and m, communication channels in the velocity communication
network. The two networks are modeled by graph G, and G,, respectively. In G}, and GU7 each vertex
represents an agent and each edge represents a communication channel between agents. G, = {V, E,, A,}
consists of a vertex set V = {V1,Vs,..., Vs }, an edge set E, = {ef, e}, ..., e, } C V%V, and an adJacency
matrix A, = [af;] € R"™". af; > 0 if there is an edge (V;,V;) in G, from V; to V;, otherwise ay; =
Moreover, a}; is called the Welght of edge (V;,Vi). Analogously, G, = {V, E,, A, } consists of the vertex
set V, an edge set B, = {ef,e5,...,ep, } €V xV, and an adjacency matrix A, = [a};] € R"*". In G,
(resp. G), V; is called a neighbor of V;, if a}; > 0 (vesp. af; > 0). And the set of all neighbors of V; in
G, (resp. G,) is denoted by N? (resp. N?). In addition, define edge weight matrix W, of G, (resp. W,
of Gy) as W, = diag(w?, w5, ..., wfnp) (resp. W, = diag(w’f, w3, ..., wy, ), where wh (vesp. wy) is the
weight of edge el), g € my, (vesp. eg, ¢ € my), equal to aj; with eb = (V;,V;) (vesp. af; with e = (V;,V))).

For undirected graph G, a551gn an arbitrary orlentatlon to each edge, and define the 1n(:1dence matrix
Dy = [d};] € R"*™» as

—1, if V; is the tail of the j-th oriented edge in Gy,
dfj =<1, if V; is the head of the j-th oriented edge in G/,

0, otherwise.

Define the Laplacian matrix L, = [I};] € R"*" of graph G|, as

» e
70@']‘; if 4 #]7

P _ e

li; = g ab,, ifi=j.
kEN?

Apparently, L, = DpVVpD;;F holds for undirected graph G,,. Similarly, define the incidence matrix D, =
[d};] € R"*™> and the Laplacian matrix L, = [I};] € R"*" of graph G, and if G, is an undirected graph,
L, = D,W,DY holds as well.

Let ty, £ = 0,1,2,..., denote the event-detecting times of all edges in G, and G, with t; ;1 =
trx + h, where h > 0 is the event-detecting period. At these times, each agent checks the edge-event-
triggering conditions shared with its corresponding neighbor, and decides whether to sample the relative
data and to update its controller accordingly. The agents, connected by different edges, follow the
aforementioned procedure independently of each other. Furthermore, let ;n5) (4) OF thpa (1) (resp. toip ()
or tyu (1)) denote the recent event time before or at time ¢ for edge b = (V;,V;) (vesp. ey = (Vi,V;)).
Mathematically, k(9 (t) = max{k|t, < t, an edge event of eb in G, oceurs at ty},q € my, and kU@ () =
max{k|t; <t, an edge event of e, in G, occurs at tx}, ¢ € my. o

Specifically, we adopt the followmg protocol:

ui(t) = Z ap; (2 (troin (1)) — i(tertin (1)) + & Z (0 (ot (1)) — Vilteoaa (1)) (2)
JENY JENY
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where k is to be designed later. Under protocol (2), we consider the state consensus of system (1), that
is, for any initial states 2;(0), vi(0), i € n, ;i (t) = + Y20_  w;(t), vi(t) = = X0 v;(t), i €n as t — oo

3 Consensus based on edge-event-triggered control

For convenience, we introduce variables §;(t) = x;(t) — %Z?Zl xj(t), oi(t) = vi(t) — %Z?Zl v;(t), and
it is clear that system (1) achieves the state consensus if 6;(t) — 0, o;(t) — 0, i € n. We consider the

following Lyapunov function candidate

kaa(Ly) .«
vy - otw) |, 2 2 [5(”], 3)
51 pr| o)

where parameters a, (3 are to be designed, §(t)=[01(t) d2(t) -+ §,(t)]*, and o(t)=[o1(t) o2(t) --- on(t)]T.
Lemma 1. Assume that G, and G, are both connected. The Lyapunov function (3) is positive definite
if B> spxszy > 0. Moreover, V(t) = 0 if and only if 6(t) = o(t) = 0, which implies system (1) achieves
the state consensus.

Proof.  Let
L
BL, + LAZ( o) g %1
re g 81
2

Obviously, 5L, + %(L”)I is invertible. Define

—1
I —% (ﬁLp + LML”)I)

Q= 2
0 1
Then, we have that
BL, + LAZ(L”) I 0
QTPQ = . i %2 (mp . kaAz(Lv)I)l '

Because L, is a real symmetric matrix, it is easy to get that 5L, + %(L”)

I is positive definite
for any «,8 > 0. Because L, is a symmetric real matrix and positive semi-definite, there exists an
invertible matrix ® such that L, = ®~'A®, where A is a diagonal matrix with diagonal elements being

the eigenvalues of L,. Therefore, we have that

1 1
8I — O‘; (BL,, + LA;(L”)I) — ¢! <61 - %2 (m n L&;L”)I) ) ®,

where I — %2(5/\ + %(L")I)_1 is a diagonal matrix. Because 5 > 0 and A is a diagonal matrix with

nonnegative diagonal elements, SA + IWMQ(L”)I > kaAz(L”)I and (%@”)I)’1 > (BA + %(L”)I)*1

hold. Therefore, f > m > 0, which is equivalent to gI > %(m[ ) and can guarantee

BI > %Q(ﬂ/\ + %(L“)I)’l. In conclusion, 8 > ﬁ(h) > (0 can guarantee the positive definiteness of
BL, + %(L“)I and 81 — %(ﬂLP + %(L")I)’l. Furthermore, P is positive definite, and V(¢) = 0 if
and only if [§T oT]T = 0.

Afterwards, we introduce variables y(t) = D) x(t) and z(t) = Dy v(t), where x(t) = [x1(t) x2(t) ---
2 ()], v(t) = [v1(t) v2(t) -+ va()]T, y(t) = [y2(t) y2(t) -+ ym, (O]T € R™, 2(t) = [21(t) 22(t) -
Zm, (1)]T € R™ . From the definitions of D,, D,, for any yg,, (t), ¢1 € my, there exist agents i; and ji,
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such that y,, (t) = @, (t) — 24, (t) with d , = 1 and d} , = —1, which denotes the relative position
information of agents 41 and j; connected by el in G, at time ¢. Similarly, for any z, (1), @2 € my, there
exist agents iz and ja, such that zy, () = vi,(t) — vj, (t) with d},,, = 1 and d},,, = —1, which denotes
the relative velocity information of agents i2 and j» connected by ey, in G, at time ¢. Moreover, we
introduce two vectors as follows: §(t) = [G1(t) G2(t) -+ Gm,()]T and 2(t) = [21(t) 22(t) -+ Zp, (0)]F
with gg, (1) = Yg, (tpran (1))s @1 € Mp and Zg, (1) = 2g, (tpoca2) 1))y G2 € Moy According to the definitions
of typan) () and tpoca)(yy, 1t is easy to understand that gg, (t) represents the sampled relative position
information between agents i; and ji at the recent event time before or at time ¢ for edge b = (Vi,, V), )
in graph G,,. Z,,(t) represents the sampled relative velocity information between agents i, and jo at the
recent event time before or at time ¢ for edge ey, = (Vi,,V;,) of graph G,. Furthermore, we can derive

the compact form of system (1) with protocol (2) as follows:

o @)
0= —D,W,ii(t) — kD W, A(t).
Let v(t) = £ 31" | v;(¢), and similar to Lemma 2 of [32], it is easy to get that v(¢) is a constant. And
according to the definitions of §(t), o(t), we can get the equivalent form of system (4)

=] B o o ) o

Next, we design the event-detecting rules in the heterogeneous networks.

<

Rule I. If the following inequalities are not all satisfied for the ¢;-th edge of G, at time ?;, the edge
event of ef of G, occurs:

(I_]‘) when glh (tkfl) 2 0, aylh (tkfl) < Yq (tk) < bg(h (tkfl);

(I-2) when g, (tk—1) <0,  bJq, (tk—1) < Yg (tr) < g, (tr—1);

if the following inequalities are not all satisfied for the go-th edge of G, at time x, the edge event of ey,
of G, occurs:
(I-3) when Z4, (tk—1) 2 0, cZq,(tp1) < 2g, (tr) < dZg, (th—1);

(I-4) when Z4, (tk—1) <0, dZg,(th—1) < 2¢, (tr) < cZg, (tr—1)-

In the above inequalities, 0 < a,c¢ < 1 and b,d > 1.
Rule II. If the following inequalities are not all satisfied for the gi-th edge with g, (t) = @i, (tgpwn (1)) —
zj, (tgrean) (1)) of Gp at time tx, the edge event of el of G, occurs:
l1—a b—1

(1) when G (tr-1) > 0, =G0, (t1-1) < @1, () = i (oo o, ) < s (1)

. b—1 1—a.
(11'2) when Yaqu (tk—l) <0, Tyth (tk—l) <@y (tk) — Liy (tkp('ll)(tk,l)) <- 2 Yqu (tk—l);

if the following inequalities are not all satisfied for the ga-th edge with Zg, (t) =vi, (tgv(a2) (1)) = Vg (Egotan) (1))
of G, at time t;, the edge event of 652 of G, occurs:

1—c. d—1
Zgo (te—1) < 03y (t) — viy (tkv(%)(tk,l)) <

(II-3) when 24, (tg—1) >0, -— Zgo (th—1);

. d—1 . 1—c.
(II-4) when Zg, (tx—1) <0, 5 % (tr—1) < iy (tk) = viy (Boian) 1,_,)) < 5 e (tr—1)-

Before summarizing the conclusion, we introduce two constants

M = —abi Amin(Wy) + BIDp || [Wpllr1 + (e — 61)[|[Wp||bry + wihAY? + wah A% + wshAPY + wy hAD3 (6)
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with
k'Oé()\Q(L'U) + )‘TL(LU))
91 = — )
2X2(Ly)
- h(k+1) L, 1
b= <ﬁ||Dp| IWllrs + (1 T )ﬂmn Aa(Ly)’
0 24+ h(k+1
o= P g
20,k + kho, ko a
wp = 1 + (kﬁ 4 2>\2(Lv))’
2h + 2Bh + 2h% 4+ h3 + 2kh3
w3 = (Oé — 91) 4 ’
ka e}
o ( > " AQ(LU)HQ)( ),
and
N - ¢ <2kﬂ ko — %) Amin(Wy) + 91ra|| W, || + 192)\1/:/” + 193h)\g2 + 194h)\7?2 + 195h2)\7?4, (7)
2 v
with ( )
d+1 d
191 - 2 + )\2(L7j ’
2
9y = ( ( > (1 + k) d +r2)+91d2(1+h+kh),
hd2>\ o, h? + kh?
(_+5+ )(1+h+7)),
5 2
kh91 1 o ka + 2k%a
Us = (5 "7> <2’“5 ho 2<LU>) T
V4 = (k+kh(k+1)) (/\ )+91kz(1+h+k:h)
2
1+h h2 k:+2) kB
Y5 = (04—91) ( 9 + 4 )+7’

where r1 = max{l — a,b — 1}, 7o = max{l — ¢,d — 1}, and )\ﬁ”, ALw, )\YLV‘), AWVo o xdi s \dz - \Dy
D2 A\Ds - \Ds denote the largest eigenvalues of matrices Ly, Ly, Wy, W, W, DTD oWy, W, DEYD, W,
Wy DTD Wy DTD W,, W,D}D,W,D}YD,W,, W, DTD w,DYD,w,, W,D¥ D Wy DTD v Wy, respec-
tlvely
Theorem 1. Suppose that position topology G, and velocity topology G, are both connected. If for
given parameter k and the common event-detecting period h, there exist constants «, 3, a, b, ¢, d with
0<a,c<1,b,d>1, such that

ka(Aa(Ly) + ALv)

2kB — ka —

> 0,
(67 8)

) (

Xo(Ly)

M,N <0,

then multi-agent system (1) achieves the state consensus by protocol (2) under Rule T or II.

Proof. Consider the Lyapunov function (3), and by Lemma 1, we know that matrix P is positive
definite. The derivative of V' (¢) is given by

kaXa(Ly) . « .
L — 7 =1

v 2ot |7 2 M

1 gr| Lo
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~ 67 o] oty + I Sl (T[] [0 o i
%1 gr|\0o] o] [D,W, kD,W,| |2(2)

=2B6"L,y0 + kars(Ly)6 o + aocto — ay" Wi — 280 DWW, — kad™ D, W, 2 — 2kB2T W, 2.
According to the property of undirected graph [38]
STL,0 oTL,o

=Na(ly) | min T = (L),

min
§40,1T5=0 5T6

Based on L, = DprDp , L, = D,W, D} and the inequality 22"y < 2Tz + yTy, we further get that

QA2 v Ly ~ (A2 v Ly ~
V(t) < 280" DWy(y — §) + i (AQ(ALQ()Li a )yTWp(y —9) — <a k (AQ(ALQ();) a )> y Wi
ka « R ka R . « N
+ <7 + )\2(L”)) 2TW, (2 = 2) — 7(2T — 2w,z — <2kﬂ — ka — )\Q(LU)> 2TW,z. (9)

From (4), for any ¢ € [tg,tr41), it is easy to get that

(t) = v(ty) — ' DyWyi — kh' Dy W2,
B2 B2 (10)
z(t) = x(t) + h'v(ty) — TD”W”Q - kTD@WU,%,

where h' =t — t;. Furthermore, considering y(t) = D, x(t) and z(t) = D} v(t), we have

2(t) = 2(t) — W' Dy D,W,i — kh' DY D, W, 2, (11)
and
o h/2 T . k.h/2 T )
y(t) = y(tk) + h Dp 'U(tk) — TDP Dpry — TDP DUW’UZ' (12)
Equivalently, based on D} v(ty) = D} (v(ty) —T) = D} o(t).), (12) yields that
o h/2 T kth T
y(t) = y(tn) + W' D} o(tr) = 5-DF DyWoj — =Dy D, W, 2. (13)

Moreover, under Rule I or II, the following inequalities hold [32]:

{amq(tk” < Jyq(te)| < 0[gq(te)] and yq(te)gq(te) >0, q € My, (14)
c|Zq(te)] < |2q(tr)] < d|24(tk)| and zq(te)Zq(tk) > 0, g € my.
Also, we obtain that
< ly(tx) < ;
{ () = 3@ < ralla @) as)
0 < [lz(tx) — 2@)[ < r2ll2@)]-
(

Then we substitute (11) and (13) into (9). By utilizing the Holder inequality and the inequality
22Ty < 2Tz + yTy, and by (14) and (15), we can get the following inequalities:

(16)
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Figure 1 Position topology. Figure 2 Velocity topology.

In addition, we have

9w < A9,
2w,z < AVe T3,
9" WDy DWW, < AT,
2TW,DIYD,W, 2 < X257 3, an
9" WD,y D,W, Dy DyWyi < AP,
2TW,DYD,W,DID W, 2 < \P22T3
g W,D) DyW, DY DyWyi < A9,
YW, DY D,W, D) D, W, 2 < AD427 2.
Therefore,
V< MiTg+NzTz<o0. (18)

Furthermore, V(t) = 0 suggests that j(t) = 0, 2(t) = 0, which leads to d(t) = 0, o(t) = 0 by (11), (13),
(14), the last inequality in (16), and the deﬁnitions of 6(t) and o(t). Thus, system (1) with protocol (2)
achieves the state consensus, that is, ;(t) — - Z _, x;(t) and v;(t) — %Z?Zl vi(t), i €nast— oo.
Remark 1. Here we show the existence of M, N. In (6) and (7), set a = b = ¢ = d = 1. Then
r1 = rg = 0. Moreover, set k = ko, o = g and 8 = By such that the first and the second inequalities in
(8) hold. Then, it is clear that M and N are the functions of h and monotone increasing. Based on this,
M = —Amin(W,) (g — %@jm) < 0and N = —Apin(W3,)(2k0B0 — koo — ;%) < 0 hold with
h = 0. Therefore, there exists some h = hyax such that M (hpax) = 0 and N (hmax) = 0. Because of the
monotonicity of M and N, there exist appropriate parameters satisfying (8) with any h € (0, hmax)-

Remark 2. In this paper, we adopt the hybrid event- and time-triggered mechanism which can effec-
tively avoid the Zeno behaviors. The event-triggered control is based on periodic event detections, that
is, every two neighboring event detections are performed discontinuously and separated by a fixed time
interval h. Event-triggering conditions are checked at the event-detecting times. Furthermore, the events
of each edge occur at some event-detecting times. Therefore, the inter-event time intervals are equal to
or greater than h with h > 0.

4 Simulation

In this section, in order to verify the correctness of the theoretical result in Section 3, we present a
numerical simulation.

Considering system (1) under protocol (2), we suppose that the position communication topology
and velocity communication topology are modeled as Figures 1 and 2, respectively, which are both
connected. Obviously, system (1) consists of 5 agents, and the position communication graph and velocity
communication graph consist of 4 and 6 communication channels, weighted with 1, 1, 1, 1, 1, 3, 2, 2, 5,
5, respectively.
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Figure 5 (Color online) Edge-event times in velocity Figure 6 (Color online) Event numbers counted up every
graph under Rule I. 0.18 s under Rule I.

For system (1) with initial states x(0) = [2 4 6 8 10]T, v(0) =[5 32 —4 —1]T, we choose the event-
detecting period h = 0.002, parameter k = 1 in protocol (2) and parameters a = 0.9, b = 1.1, ¢ = 0.8,
d = 1.2 in rules. Simulation results are presented in Figures 3-10. Figures 3 and 7 show that system
(1) achieves the state consensus under Rules I and II, respectively. Figures 4 and 5 give the event times
under Rule I based on position information in G}, and velocity information in G, respectively. About
9000 event detections were performed for each edge. Consequently, there are 27, 104, 114, 29 events in
G, and 57, 100, 126, 56, 73, 137 events in G, respectively. Similarly under Rule II, there are 609, 677,
1117, 668 events in G, and 57, 100, 126, 56, 73, 137 events in G, respectively. The corresponding event
times are depicted in Figures 8 and 9, respectively. In addition, we count up the event numbers every
0.18 s for each edge, which are shown in Figures 6 and 10 under Rules I and II, respectively. It is clear
that by Rules I and II, the event numbers are greatly reduced. Compare Figure 6 with Figure 10, and
we can find that event numbers under Rule I appear to be less than those under Rule II. However, from
Rule II, we know that at each event-detecting time, the corresponding agent does not require the state
information of the corresponding neighbor, so that the system avoids unnecessary information exchanges.
By the simulation, we can verify such a conclusion that based on edge-event-triggered control, systems
can greatly reduce communication costs and controller-updating costs.
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Figure 7 (Color online) State trajectories under Rule II. Figure 8 (Color online) Edge-event times in position

graph under Rule II.
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Figure 9 (Color online) Edge-event times in velocity Figure 10 (Color online) Event numbers counted up ev-
graph under Rule II. ery 0.18 s under Rule II.

5 Conclusion

In this paper, we solved the state consensus problems of double-integrator multi-agent systems based
on edge-event-triggered control under heterogeneous networks. We proposed the corresponding protocol
based on periodic event detections and designed the event-detecting rules as well. Furthermore, by
Lyapunov methods, we presented sufficient conditions for the state consensus. Moreover, we also gave
a simulation example to test the validity of theoretical results and showed the advantages of reduced
controller-updating costs and communication costs. Our future work will focus on the design of event-
triggering conditions to improve the system performance and on the asynchronous consensus of double-
integrator systems under heterogeneous networks with or without time delays and the edge-event-triggered
control of heterogeneous multi-agent systems [39].
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