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Abstract Restricted coordinate transformation, controllability, observability and topological structures of
dynamic-algebraic Boolean control networks are investigated under an assumption. Specifically, given the
input-state at some point, assume that the subsequent state is certain or does not exist. First, the system
can be expressed in a new form after numbering the elements in admissible set. Then, restricted coordinate
transformation is raised, which allows the dimension of new coordinate frame to be different from that of
the original one. The system after restricted coordinate transformation is derived in the proposed form.
Afterwards, three types of incidence matrices are constructed and the results of controllability, observability
and topological structures are obtained. Finally, two practical examples are shown to demonstrate the theory
in this paper.
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1 Introduction

Since the appearance of systems biology, the research of relationships of genes, proteins or cells in biolog-
ical systems has aroused much attention. In 1969, Kauffman proposed a useful model, Boolean networks
(BNs), to describe connected feedback net of genes [1]. In BNs, the state of a node, which stands for
the activity of a gene, is a Boolean function of the states of some nodes. The study of BNs becomes
flourishing and many great progresses are made [2-5].

Semi-tensor product (STP), presented by Cheng, provides a systematic tool to analyze BNs [6, 7].
Besides, it is applied in other fields [8]. Boolean control networks (BCNs) arise when we introduce
controls (inputs) to BNs. Controllability and observability are hot topics for control systems [9]. By
means of STP, some fundamental problems in BNs and BCNs are addressed, including controllability
and observability [10], realization [11], identification [12], stability and stabilization [13], decoupling
problem [14,15], l;-gain analysis and model reduction [16]. In addition, observability of BCNs is further
researched in [17-19]. Besides, the algorithm to calculate number of fixed points and cycles in BNs is
given in [7]. Ref. [20] shows the structure of cycles in BCNs as compounded cycles. Fixed points and
cycles in input space, state space and input-state space are all considered. Ref. [21] uses a different tool,
incidence matrix, to discuss some problems in BCNs, such as controllability, observability and topological
structures. The results are also generalized to mix-valued BCNs. State space coordinate transformation
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of BNs and BCNs is revealed in [11]. Using it, a BCN can be expressed in another coordinate frame and
some special forms are possible to be realized such as Kalman decomposition.

In view of constraints, singular systems are proposed for different systems, such as singular time delay
systems [22], singular fractional differential systems [23,24], and singular Hamiltonian operators [25].
With some algebraic constraints, dynamic-algebraic Boolean networks (DABNSs) are raised [26]. In fact,
they are a type of singular Boolean networks (SBNs). Ref. [27] studies normalization, solvability, topolog-
ical structures of SBNs. Ref. [28] discusses optimal control of singular Boolean control networks (SBCNs),
while [29] considers function perturbations of singular Boolean networks. Three types of solutions to alge-
braic constraints are posed in [30], under which DABNS satisfying certain conditions can be transformed
into standard BCNs.

For every control system, controllability, observability and topological structures are fundamental
problems [31-34]. In this paper, controllability, observability and topological structures of dynamic-
algebraic Boolean control networks are investigated under a new restricted coordinate transformation.
An essential characteristic of dynamic-algebraic Boolean control networks (DABCNS) is that, given state
and control at time ¢, the state at time ¢t + 1 may be not unique. In this paper, we discuss the special
case that for any state and control at time ¢, the state in time ¢ + 1 is certain, if existing. Based on
this assumption, we investigate restricted coordinate transformations, controllability, observability and
topological structures of DABCNs. Restricted coordinate transformation is presented, which is peculiar
to DABCNSs. Different from coordinate transformation of conventional BNs and BCNs, it can change the
dimension of coordinate frame and in the meantime make the transformed DABCNs equivalent to original
one. Incidence matrix is allowed to act as a significant tool to reach conclusions about controllability,
observability and topological structures of DABCNS.

The rest of this paper is organized as follows. Section 2 introduces some preliminaries and specifies the
system studied in this paper. Section 3 does the preparation work of numbering the elements of some sets
and expressing the system in a new form. Section 4 defines restricted coordinate transformation, gives
equivalent conditions for a mapping to be a restricted coordinate transformation, obtains the system
after a restricted coordinate transformation, and provides an example to show these results. Section 5
derives the necessary and sufficient condition of controllability and the sufficient condition of observability
by exploiting incidence matrix. Section 6 uses incidence matrix to find the number of input-state fixed
points and cycles. Section 7 raises two practical examples to demonstrate the main results obtained in
this paper. Section 8 makes concluding remarks.

2 Dynamic-algebraic boolean control networks

Firstly, some notations used in this paper are listed in the following.
e The i-th column of identify matrix I,, is symbolized by &¢,. Set

A, = {0L, 6%, ...,6"},

and A = As,.

e D:={0,1}.

e Given a matrix M, row;(M) is the i-th row of M, and col;(M) is the i-th column of M. Row(M)
is the set of rows of M, and Col(M) is the set of columns of M.

e Given a matrix M € R, s, if Col(M) C A,, then M is called a logical matrix. L, is the
set of all n x s logical matrices. If a matrix M = [§1,0%2,...,6%] € L,xs, we simply define it as
M = 8,in, iz, . .., is].

e The cardinality (the number of the elements) of a set A is symbolized by |A].

e The (i, 7)-th element of a matrix M is denoted by (M);;.

e For a matrix M, sgn™ (M) is a matrix defined as follows:

17 (M)IJ > 0,

0, otherwise.

(sgn™ (M))s; = {
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We express that M > 0 if every entry of M is positive.
e For two matrices M € R,,xs and N € R, x5, the Khatri-Rao product of M, N, denoted by M % N,
is a matrix of dimension mn x s subject to

col;(M * N) = col;(M) ® col;(N),

where ® denotes Kronecker product [35].
e Suppose there are two matrices A and B of dimensions m x n and p X ¢, respectively, and the least
common multiple of n and p is t. Then the semi-tensor product of A and B is defined as

Ax B = (A®It/n)(B ®It/p) € Rmt/nxqt/p-

In fact, STP is a generalization of conventional matrix product. Therefore the symbol “x” can be
omitted when no confusion is generated [6].
e Let A, B be two matrices with same dimensions and ¢ a binary operator. Then define AcB as a
matrix satisfying
(AO'B)ij = (A)”O'(B)w

101 110
, B= .
001 101

011
100|

The system studied in this paper is a DABCN with n network nodes, m input nodes and p outputs,

For example, assume

A=

Then

AVB =

which is depicted as follows:

nit+1) = fie(t),u(t), i=12,...7 M)
@j(x(t)vu(t)) :]" j:1a27"'7qa (2)
ys(t) = gs(x(t), u(t)), s=1,2,....p, (3)

where

x(t) = (x1(t), x2(t),...,z,(t)) € D,

u(t) = (ur(t),ua(t), ..., um(t)) € D™,

y(t) == (ya(t), y2(t), ..., yp(t)) € D,

fo=1fo s fr): D" x D™ =D" (1<r<n)

are logical state, logical input, logical output and a vector of logical functions, respectively. And in this
system, (1) are called dynamic equations. Besides,

p;: D" =D, i=1,2,...,q,

pilzt) =1, i=1,2,...,q,
g:=(91,92,-..,Gp) : D" x D" — DP

are logical functions, algebraic constraints and a vector of logical functions, respectively.

For each logical variable z; € D, i = 1,2,...,n, one can equivalently express 0 and 1 as (0,1)" and
(1,0)T respectively. The later form is called vector form, while the former one is scalar form. Define the
vector form of z;, u, and ys as X;, U, and Yy, respectively, i =1,2,...,n,w=1,2,...,m,s=1,2,...,p.
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Via STP, a logical function can be equivalently converted to an algebraic form, where logical variables
appear in vector form [7]. A procedure to transfer algebraic form back to logical form is provided in [10].
Suppose that the algebraic from of system (1)—(3) is

X t+1)=LU@)X (1), (4)
HX(t) = b3, (5)
Y(t) = GU(t)X(1), (6)

where X = xI' X;, X! = x/_X;, U = x",U;, Y = xV_Y;, L € Loryonim, H € Loaxon, G €
£2p><2n+m. . .

We can derive that the solution set of algebraic constraint (5) is X, = {04 |col;(H) = 63, }, which
{(z1,m2,...,2,)| Xy X; € X} is the
)

~(3).

is called admissible set of system (4)—(6). In scalar form, &, =
solution set of (2) and it is called the admissible set of system (1
Given z € X,, write that

Uy = {ulu e D™, Ty, 2o, ..., 2}, st. (f(zu), 2y, g, 7)) € X} (7)

Let
Vo ={(z,u) |z € Xy,u € Uy}, (8)
Oy ={g(z,u)|(z,u) € V, }. 9)

The algebraic constraints determine that u (t) € Upry, t=1,2,.... For x € X, and u € U, define

Ny = {2, 2, ... 2| (2], 2h, ... 2)) = [ (z,u), (2], 2h,...,20) € Xa}.

Note that |N; .| > 0 according to the definition of U,. For some x € X, and u € U,, there may be
|Nzw| # 1. In this paper, we do not discuss this situation. In other words, the results are based on
Assumption 1.
Assumption 1. |N,,| =1, for any x € X, and u € U,.
Remark 1. If Assumption 1 does not hold, then for z(t) € X, and u(t) € U, the state 2(¢t+ 1) may be
not uniquely determined. Thus to define controllability, fixed point and cycles in a meaningful manner is
a challenging problem. In fact, controllability involves for any two states, the system can be controlled
from one to another. Besides, fixed point and cycles are one state or a set of states which the system
would be attracted in after finite period of time. The details about controllability, fixed point and cycles
are raised in Sections 5 and 6.

In this case, for z € X, and u € Uy, let F(x,u) be the unique element in N, ,. The process to derive

F(z,u) is that, calculate f(x,u) and find the unique (2}, 2}, ..., 2!) € X, determined by (2}, 2},...,2.) =

f(z,u). ! '

According to the discussion above, under Assumption 1, system (1)—(3) is expressed as this form:

{:c(t +1) = F(x(t), u(®)), (10)
y(t) = g(x(t),u(t)), (11)

where z(t) € Xy, u(t) € Uy

3 Numbering the states and input-states

In this section, we number the elements of some sets preparing for the subsequent study. Thereby, an
equivalent form of system (10) and (11) is raised.
For a vector @ = (a1, e, ..., a5) € D%, define a function

dla) = 2571 2572 ... 20T g, (12)
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We can see that the range of d is {1,2,...,2%}. In fact, d(-) is one-to-one. For any 8 € {1,2,...,2},
we can find a = d~1(83) in the following process:

}; Bi=PBic1—a; x2°7', i=1,2,...,s,

where in the second equation [a] is the largest integer which is less than or equal to a [7].
Let | = |X,|. Number the elements of X, so that

X, *{:L'(l :E(2 .. l)}

and the rule of numbering is i < j when d(z(V) < d(z\9)). Let 2(V) = (x() acg), . ,ng)). For i =
1,2,...,0 let \j = |Uyw|. Write A =X + Ao + -+ A\ and it is easy to see that A = |V,|. Number the
elements of V,, so that

V, = { z,u) (1) (, u)(2) ,(x,u)(’\)}

and the rule of numbering is i < j when d((x,u)®) < d((x,u)Y)). Write u = |O,|, and similarly number
that
Oa = {y(l)ay(Q)a e ay(u)}

For any set A whose elements are numbered as A = {a(l), a@, ... alAD 1, let the serial number of an
element a € A be n(a, A). That is, n(a?, A) = i.
Construct an [ x A\ matrix ® as follows:

(®)ij = { L, 2l = F((z,u)"?),

0, otherwise.

And a p x A matrix ¥ is established satisfying

@) — o((z. )0
(‘P)ij:{l, y D = g((z,u)"),

0, otherwise.

According to the construction of matrices above, system (10) and (11) can be written as

{5n<x<t+1>x> g (O u®)V2) (13)

)

53(@/@ :0a) _ \1,5;1((1(15)#(75)) Va) (14)

where z(t) € Xy, u(t) € Uy
Afterwards, this form is employed to investigate restricted coordinate transformation, controllability,
observability, fixed points and cycles of DABCNs.

4 Restricted coordinate transformation

In conventional BCNs, coordinate transformation allows the system to be expressed under new coordinate
frame. In this section, we propose restricted coordinate transformation of DABCNs. It is a generalized
coordinate transformation and sufficient to equivalently transform a system to be depicted under new
coordinate frame.
Suppose that there is a mapping
z = h(z), (15)

where € X,, h : D" — DF. Set
2, = {h(@)lz € X}, Va={(h(z),u)|(z,u) € Va}.

Mapping (15) is called restricted coordinate transformation if h|xy,, which is the restriction of h to
X, is one-to-one. It is easy to be verified that it is a restricted coordinate transformation if and only
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if |Z4] = |Xa]- When n = k and X, = D", a restricted coordinate transformation is a coordinate
transformation [11].
Let n = |Z,], and number the elements of Z, such that

Z, = {z(l),z@),...,z(")}.

The rule of numbering is the same as that of X, and V,. Construct an n x [ matrix H as

1, L) — h(x(j)),
(H)ij = .
0, otherwise.
Then there is
gz Za) = gapee), (16)

According to the definition of restricted coordinate transformation, it is natural that mapping (15) is
a restricted coordinate transformation if and only if H is nonsingular. Furthermore, it is obvious that H
is permutation matrix. Thus H~' = HT.

Now we build a matrix to describe the corresponding relationship between (z,u) and (z,u). Divide
the identity matrix

I)\l 0)\1 ><)\2 e 0)\1 X)\L Jl
Oxoxxni I, - Oxyxn Jo

I)\ _ 2 X A1 2 2 XA A (17)
Oxxa Oxnxas 0 Iy, Ji

For i =1,2,...,1, write h; = n(h(z"), Z,).
Suppose that mapping (15) is restricted coordinate transformation. For j = 1,2,...,7, let hg- =
n(h=(219)), X,). Then it holds that

H =6i[h1,ha, ... hy), H™' =08,k bty -~ hy).

Set K = [JT/1 JT,2 JTZ]T. Theorem 1 is obtained.

Theorem 1. Equality B
5:((h(r),U)7Va) _ Ky;((%ﬂ%‘ﬁ)

holds for restricted coordinate transformation (15) and the matrix K above.
Proof.  Suppose that 2(0 = h(2®), (2P, u®)) = (2,u)®, (2@, u®)) = (2,u)®). Then it is straight-
forward that ¢ = hy, p = hy, t = fz_ll i +s,v= fz_ll An; + 8. Because coly(K) is a unit vector,
it is sufficient to show that (K), = 1. For division (17), in the ¢-th column of identity matrix Iy, the
only one element 1 is located in the block J,. After elementary row transformation, I is converted to
K. In the t-th column of K, the only one element 1 is located in block J, = Jh;. Specifically, it is in the
e A, + 8)-th row. Let v = ! An; + 8, so there is (K), = 1.

Notably K is a permutation matrix, so K~1 = KT. After restricted coordinate transformation (15),
system (13) is transformed to

FUGE.Z0) — prgnetHD X _ prpgn((nOmVe) _ prg s (0 V) £ FanGOMOTe) (1)

where (z(t),u(t)) € V. Similarly, system (14) is transformed to
520(0,00) _ ggn(#OuO)Te) _ g TGO To) & Fan(u®) V), (19)
where (2(t),u(t)) € V.

Remark 2. After restricted coordinate transformation, the dimension of new coordinate frame, k, is
not necessarily equal to that of the former one, n. It is different from that of standard BNs [11].
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Example 1 shows the result in this section.
Example 1. Consider the following DABCN:

o+ 1) = u(b)
xa(t + 1) =a1(t) V z3(t),

x1(t) <> x2(t) =0, (20)
z3(t) = 0,

y = x1(t).

From the algebraic constraints we can derive that X, = {(0,1,0),(1,0,0)}. Numbering the elements
we get (1) = (0,1,0), 23 = (1,0,0). Then U,a) = {1}, U,y = {0}. Next, we have

Vo = {(07 1,0, 1)a (170a070)}a (xvu)(l) = (Oa 1,0, 1)7 (:E,’u,)(Q) = (17();070);
Oa = {Oa 1}7 y(l) = 0; y(2) =1

Because

F((z,w)®) = (1,0, f(@@0®)=01), g(@uw?)=0 g(@u)?)=1,

it is trivial that
N(a:,u)(l) = {(1,070)}, N(z,u)@) = {(0,170)}
Thus Assumption 1 holds for the system. With

O =6021], T=d12],

we can express system (20) as form (13) and (14). Consider a restricted coordinate transformation
z = h(z), where x € X, as
h(0,1,0) = (1,0), h(1,0,0) = (0,1).
Then Z, = {(0,1),(1,0)} and after numbering the elements we have z(!) = (0,1), 2 = (1

) :
The transformation is restricted coordinate transformation. Calculate that V, = {(0,1,0),(1,0,1
(z,u) = (0,1,0), (z,u)? = (1,0,1). Establish that

H=1¥5[21], K=421]
The system after restricted coordinate transformation is

5g(z(t+1)72a) _ H(I)KT(S:((z(t),u(t)),Va)

)

5:;(;,@),0&) - \I,KT(;;L((Z(t)m(t)),Va)7

where (z(t),u(t)) € V.

5 Controllability and observability

This section studies the controllability and observability of DABCNs. Controllability of DABCNSs is
defined as follows.
Definition 1. Consider system (10) and (11).

(1) For ), 2 ¢ X,, 2U) is said to be reachable from z(9) at the s-th step (s = 1,2,...), if for
2(0) = 2 we can find a sequence of controls u(t) € Ugry, t =0,1,2,...,5 — 1, such that z(s) = z\),

(2) For @ 20) € X,, 2U) is said to be reachable from z(9), if there exists a positive integer s such
that 2U) is reachable from z(?) at the s-th step.

(3) The system is said to be controllable at @ if any (9 € X, is reachable from z(?.

(4) The system is said to be controllable, if for any () e X,, the system is controllable at z(%).
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Then we define incidence matrix to derive related results. The definition and application of incidence
matrices here are similar to those in [21]. Divide matrix ® as

O =[0) Dy -+ D,

where ®; is of dimension I x \;, i = 1,2,...,1. Suppose that ) = F(z®) u®), (), u®) = (&, u)®).

Then v = Z:;ll Ai +t. Thus (®)g, = 1 and (P5)s+ = 1. We can draw the conclusion that for any

i,j €{1,2,...,1}, relation §] € ®; holds if and only if there exists u € U, such that z0) = F(z(® ).
Construct the [ x [ state incidence matrix I'1 and A X p output incidence matrix I'y as

1, & ed, 1, 0 e,
(T1)ij = { l (T2)ij = { "

0, otherwise, 0, otherwise.

Remark 3. It may happen that U,y =  for some D e X,. If so, it holds that row;(I'y) =
row;(T'y) = 0.

The property in Proposition 1 is used to obtain the final results.
Proposition 1. Given system (10) and (11), z\) is reachable from z(*) at the second step if and only
if (T'%);; > 0, and there are (I'?);; routes for (V) to reach (7).
Proof. (%) = 2221 (T'1)ix(T'1)sj. There exist u(0) € U,y and u(1) € Uy such that (1) = z(¥)
and z(2) = 219 if and only if (I'1);x = 1 and (T';),; = 1. Thus this proposition is clear.

Theorem 2 reveals the necessary and sufficient conditions of controllability.
Theorem 2. Consider system (10) and (11).

(1) 1) is reachable from x(9) at the s-th step if and only if

(Fi)lj > 07

and there are (I');; routes for (¥ to reach 20,
(2) 219 is reachable from () if and only if

-1

Z (I'7); > 0.

s=1
(3) The system is controllable at z(*) if and only if

-1

> rowi(I}) > 0.

s=1

(4) The system is controllable if and only if

-1
> 15 >0.
s=1

Proof. Consider Proposition 1 and the first result is easy to be verified by induction. Via Cayley-
Hamiltan theorem, if (I'j);; =0, s = 1,2,...,1 — 1, then (I'{);; =0, s =1,1+1,.... And the last three
results are obvious.

Definition 2 and sufficient conditions of observability are given as follows.
Definition 2. (1) For 2z, 20) € &,, i # j, () and 29 are said to be distinct, if when initial states
x(0) are given differently as () and ) respectively, there exists an s € {0,1,...} and we can choose
w(0),u(1),...,u(s) such that y(s) are different.

(2) System (10) and (11) is said to be observable if any two (9, 20) € A,, i # j, are distinct.
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Divide ¥ as
U =[U ¥y -+ Py,

where U; is of dimension pu x X\;, i = 1,2,...,I. We can derive that for any i € {1,2,...,l} and
J€{1,2,...,u}, relation 67 € ®; holds if and only if there exists u € U, such that YY) = gz, u).

Proposition 2. Given z(0) = 2(¥, y(9) and an integer s, there exists a sequence of controls u(t) € Uzt
t=0,1,2,...,s, such that y(s) = y(]) if and only if (I'jT'2);; > 0.
Proof. (T'iT2)s; = >y (T)ix
(T'2)x; > 0 means if z(s ) =
clear.
Theorem 3. Consider system (10) and (11).
(1) % and 2) are distinct if there exists an s € {0,1,...,1 — 1} such that

(T2)wj- (T$)is > 0 means z(*) is reachable from (¥ at the s-th step.
(%), there exists a u(s) € Uy sy such that y(s) = y). Then the result is

row; (sgn™ (T5Ty)) # row; (sgn™ (['5T9)).

(2) System (10) and (11) is observable if for any i, 7 € {1,2,...,1},i # j, thereexistsan s € {0,1,...,l—
1} such that
row; (sgn™ (I';T2)) # row; (sgn™ (T'5Ts)).

Proof.  Suppose that there exists an s € {0,1,...,] — 1} such that
row; (sgn™ (T5T2)) # row;(sgn™ (I'5T2)).

Without loss of generality, assume that (sgn™(I'5T2)); = 1 and (sgnt (I'iT'2))x = 0. Then according to
Proposition 2, for initial state (¥, there exists a sequence of controls u(t), t = 0,1,2,...,s, such that
y(s) = y®)  while y(s) # y®) for initial state z(9) with the same control sequence. Thus the first result
holds. Combine it with Definition 2, and then the second result is trivial.

Theorem 4 is an equivalent expression of Theorem 3.

Theorem 4. Consider system (10) and (11).
(1) % and 20) are distinct if

Vb [row; (sgn™ (T5T2)) Vrow; (sgn™ (T5T2))] # 0
(2) System (10) and (11) is observable if

Niet M= jzi Vazolrows(sgn™ (IT2)) Vrow; (sgnt (T5T2))] # 0

6 Fixed points and cycles

The fixed points and cycles considered in this section are defined in the following.

Definition 3. Let s € {1,2,...,A}. Suppose there is a set of input-states
C = {(x(il)’u(jl))’ (I(i2),u(j2)), o (z(is)’u(js))} cv,

satisfying
plnt1) = F(:c(i”),u(j“)), nw=1,2,...,8—1,

and
2 — F(x(is), u(js)) )

Then we call C' a cycle of length s. Furthermore, when s = 1, we call (:E(“), u(jl)) a fixed point.



Wang S, et al. Sci China Inf Sci  January 2019 Vol. 62 012208:10

Ref. [20] researched fixed points and cycles in input-state space within the framework of STP, so the
inputs and states appear in vector form. The definition here is equivalent to that in [20] and the inputs
and states arise in scalar form. To show the number of fixed points and cycles, we construct A x A
input-state incidence matrix I's as follows. For i € {1,2,...,A}, j € {1,2,...,1}, t € {1,2,...,\,;} and

v= Zi_:ﬁ Ay +t, there is
1, col;(®) = 5,
(F3)i7j = ¢ ) !
0, otherwise.

It comes without doubt that (I's);, = 1 if and only if ) = F((z,u)®), where i, j, v are integers
assigned above. Theorem 5 presents the number of fixed points and cycles of DABCNs.

Theorem 5. Consider system (10) and (11).
(1) The number of fixed points is
N1 = tI‘(F3).

(2) The number of length s cycles, Ny, is inductively determined by

tr(I'3) — D kep(s) KV
S b

N, =

where P(s) is the set of proper factors of s.

The proof is similar to the parallel results in standard BNs without control [7]. Ref. [21] initiates using
input-state incidence matrix to find the number of fixed points and cycles in BCNs. Ref. [20] provides
complete process to find fixed points and cycles in input-state space. For fixed points and cycles in
DABCNSs, the number of them is revealed in Theorem 5.

7 Examples

In this section, two practical examples are presented to demonstrate the above results.

Example 2. BNs are established to simulate the system that the biochemical oscillator regulates the
mitosis and DNA replication of cell cycles [28,36]. Set cyclin as 1, cyclin-dependent kinases (cdk) as xo,
and cdk-activated ubiquitin ligase as z3. In view of environment and human behaviour, we add another
cyclin symbolized by u. The state iteration is expressed as

x1(t+ 1) = —xs(t) V u(t),
Ig(t-i-l) =$1(t), (21)
1= Ig(t) <~ $3(t).

And it is shown in Figure 1 in [28]. From the algebraic constraints we can derive that X, = {(0,0,0),
(0,1,1),(1,0,0),(1,1,1)}. Number the elements that () = (0,0,0), 2 = (0,1,1), 2 = (1,0,0),
z® = (1,1,1). Afterwards, we have

V. ={(0,0,0,0), (0,0,0,1), (0,1,1,0), (0,1,1,1), (1,0,0,0), (1,0,0,1),(1,1,1,0), (1,1,1,1)},
(Zau)(l) = (0,0,0,0), (Zau)@) = (0,0,0, 1)a (Zau)(S) = (07 1a 170)a (:L',’u,)(4) = (07 1; 17 1);
(z,u)® = (1,0,0,0), (z,u)® =(1,0,0,1), (z,u)" =(1,1,1,0), (z,u)® =(1,1,1,1).

Calculate that

f((xau)(l)) = (170)a f((ac,u)@)) = (LO)? f((xvu)(g)) = (an)v f((xau)(‘l)) = (170)5
f((ac,u)(5)) = (17 1), f((xau)(&) = (L 1)7 f((xvu)W)) = (Oa 1)7 f((I,U)(8)) = (17 1).

Next, we verify whether Assumption 1 holds.

N(m,u)(U - {(17()’0)}7 N(m,u)(2> = {(1,0,0)}, N(;c,u)(3) - {(Oalal)}a N(;c,u)(4) - {(17();0)}7
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N(m,u)(5> = {(17 L 1)}7 N(m,u)(‘” - {(L 1, 1)}a N(;c,u)(7) - {(Oa 1, 1)}a N(;c,u)(s) - {(17 1, 1)}
Therefore Assumption 1 holds for the system. Thus
D =0433134424].
Hence we can express the system as

SrEEHDXe) _ gan(((t)u(®). Vi),

where x(t) € Xy, u(t) € Uy ). The incidence matrix

0010
1010
I =
0001
0101
And we can see that
0001 0101 0112
0011 0102 1123
r= , Tt = , Di4+Ti+T8 =

0101 1111 1213
1111 1122 2334

According to Theorem 2, (M) is not reachable from z(*). The system is not controllable. Next, we

obtain that ~ _
00001100

00001100
11000000
00001100
00000011
00000011
00110000
100000011

I's

According to Theorem 5, the number of fixed points, N7, and the numbers of length s (s =2,3,...,8)
cycles, Ny, are gotten:

Ny =1, N =0, N3=2, Ny=6, N;s=6, Ng=7, N;y=18, Ng=33.

Example 3. The decomposition of logic circuit is widely studied [37-39]. The decomposition of a
programmable logic array (PLA) into two cascaded PLAs is investigated in [40]. Ref. [41] demonstrates
that any logical function can be implemented by an AND-OR two-level circuit, and it is usually realized as
PLAs. Figure 1 represents a case of PLA. If we consider (S, 1) as a vector of logical variable, the value
(1, 1) never appears [40]. It can be verified that the logic circuit in Figure 2 constitutes a BCN if we let
the clock “CLK” run according to the discrete time t. Here u(t) is the logical input, 5(t) := (Bo(¢), 51(t))
is the logical state, and y(t) is the logical output. The BN is expressed as

Bo(t 4+ 1) = (Bo(t) A Br(t)) V u(t),
Br(t+1) ==(Bo(t) V Bi(t) Vult)),
1 ==(Bo(t) A Bi(t)),

y(t) = Bo(t) — Bi(D).
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AND
/array
Xy
X, T i E
Fe=-r==m-n Bu
| .
OR *
array

Figure 1 PLA leads to state constraint.

_‘
]
]
!
T
|

Foo
oo

I B X)) e .
b0 Lot i
u(t) : i
_—CD
Register
— o> ()
CLK
Register

Figure 2 Logic circuit with feedback path.

From the algebraic constraints we can derive that X, = {(0,0), (0,1), (1,0)}. Number the elements
that 3 = (0,0), 3@ = (0,1), 3 = (1,0). Next, we have

V. = {(0,0,0), (0,0,1), (0,1,0), (0,1,1), (1,0,0), (1,0,1)},
(8,u)V = (0,0,0), (8,u)¥ =1(0,0,1), (8,u)® =(0,1,0),
(B,w)Y =(0,1,1), (B,w)” =(1,0,0), (8,w)® =(1,0,1),
0, =1{0,1}, yM =0, y?@ =1.

Then it is obtained that
Niwo ={0,1)}, Ngwe ={(1,0)}, Nguye ={(0,0)},
Newyw ={(1,0)}, Ngwye ={0,0)}, Nguye ={(1,0)},

so Assumption 1 holds for the system. In the similar process to that in Example 2, we can get
O =065231313], T=02222211].

Hence we can express the system as

GBI X _ gsn(BOMOLV)  gn(u(e).00) = gs7(BOMO)Ve),
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where ((t) € X, u(t) € Ug). The conclusion about controllability, fixed points and cycles can be drawn
via the same method as in Example 2. Consider the problem on observability.

011 01
I'i=1]101|, I'e=1]01
101 10
Calculate that
11 22
My = |11, Ty= |22
11 22

There exists an integer 0 such that
row (sgn™ (I'%Ty)) # rows(sgn™ (I9T,)).

According to Theorem 3, (1) and B®) are distinct. Similarly, 5 and ) are distinct. But the
sufficient condition where (1) and 32 are distinct does not hold. Thus we cannot judge whether the
system is observable via Theorem 3.

8 Conclusion

DABCNSs have been investigated under Assumption 1. In this case, given (z(t), u(t)) € V,, the state x(t+
1) is uniquely determined. Next, restricted coordinate transformation has been proposed. It is obviously a
generalization of coordinate transformation of conventional BNs and BCNs. The necessary and sufficient
condition for a mapping to be a restricted coordinate transformation has been discussed. The system
after restricted coordinate transformation has been expressed in an equivalent new form. Different from
the coordinate transformation in standard BNs and BCNs, the dimension of coordinate frame may be
changed. Incidence matrices are introduced to derive the equivalent condition of controllability and
sufficient condition of observability. Furthermore, they have been used to obtain the number of input-
state fixed points and cycles. Considering merely admissible input-states makes incidence matrices to be
properly established and applied.

When Assumption 1 does not hold, given a state and an input at time ¢, the state at time ¢ + 1 is
uncertain. In this case, how to define controllability, observability, fixed points and cycles becomes a
challenging problem. It is beyond the scope of the discussion in this paper and deserves further study.

Acknowledgements This work was supported by National Natural Science Foundation of China (Grant No. 61773371).

References

1 Kauffman S A. Metabolic stability and epigenesis in randomly constructed genetic nets. J Theory Biol, 1969, 22:
437467

2 Akutsu T, Miyano S, Kuhara S. Inferring qualitative relations in genetic networks and metabolic pathways. Bioinfor-
matics, 2000, 16: 727-734

3 Albert R, Barabédsi A L. Dynamics of complex systems: scaling laws for the period of Boolean networks. Phys Rev
Lett, 2000, 84: 5660-5663

4 Zhang S Q, Ching W K, Chen X, et al. Generating probabilistic Boolean networks from a prescribed stationary
distribution. Inf Sci, 2010, 180: 2560-2570

5 Zhao Q C. A remark on “scalar equations for synchronous Boolean networks with biological applications” by C. Farrow,
J. Heidel, J. Maloney, and J. Rogers. IEEE Trans Neural Netw, 2005, 16: 1715-1716

6 Cheng D Z. Semi-tensor product of matrices and its application to Morgen’s problem. Sci China Ser F-Inf Sci, 2001,
44: 195-212

7 Cheng D Z, Qi H S. A linear representation of dynamics of Boolean networks. IEEE Trans Autom Control, 2010, 55:
2251-2258

8 Zhao J T, Chen Z Q, Liu Z X. Modeling and analysis of colored petri net based on the semi-tensor product of matrices.
Sci China Inf Sci, 2018, 61: 010205


https://doi.org/10.1016/0022-5193(69)90015-0
https://doi.org/10.1093/bioinformatics/16.8.727
https://doi.org/10.1103/PhysRevLett.84.5660
https://doi.org/10.1016/j.ins.2010.03.014
https://doi.org/10.1109/TNN.2005.857944
https://doi.org/10.1109/TAC.2010.2043294
https://doi.org/10.1007/s11432-017-9283-7

10
11
12
13

14
15

16

17

18

19

20

21

22

23

24

25

26

27

28

29
30

31

32

33

34

35

36

37

38

39

40

41

Wang S, et al. Sci China Inf Sci  January 2019 Vol. 62 012208:14

Liu G J, Jiang C J. Observable liveness of Petri nets with controllable and observable transitions. Sci China Inf Sci,
2017, 60: 118102

Cheng D Z, Qi H S. Controllability and observability of Boolean control networks. Automatica, 2009, 45: 1659-1667
Cheng D Z, Li Z Q, Qi H S. Realization of Boolean control networks. Automatica, 2010, 46: 62—-69

Cheng D Z, Zhao Y. Identification of Boolean control networks. Automatica, 2011, 47: 702-710

Cheng D Z, Qi H S, Li Z Q, et al. Stability and stabilization of Boolean networks. Int J Robust Nonlinear Control,
2011, 21: 134-156

Cheng D Z. Disturbance decoupling of Boolean control networks. IEEE Trans Autom Control, 2011, 56: 2-10

Liu Y, Li B W, Lu J Q, et al. Pinning control for the disturbance decoupling problem of Boolean networks. IEEE
Trans Autom Control, 2017, 62: 65956601

Meng M, Lam J, Feng J E, et al. [1-gain analysis and model reduction problem for Boolean control networks. Inf Sci,
2016, 348: 68-83

Cheng D Z, Qi H S, Liu T, et al. A note on observability of Boolean control networks. Syst Control Lett, 2016, 87:
76-82

Zhang K Z, Zhang L J. Observability of Boolean control networks: a unified approach based on the theories of finite
automata. IEEE Trans Autom Control, 2014, 61: 6854-6861

Zhu Q X, Liu Y, Lu J Q, et al. Observability of Boolean control networks. Sci China Inf Sci, 2018, 61: 092201
Cheng D Z. Input-state approach to Boolean networks. IEEE Trans Neural Netw, 2009, 20: 512-521

Zhao Y, Qi H S, Cheng D Z. Input-state incidence matrix of Boolean control networks and its applications. Syst
Control Lett, 2010, 59: 767-774

Liu G B, Xu SY, Wei Y L, et al. New insight into reachable set estimation for uncertain singular time-delay systems.
Appl Math Comput, 2018, 320: 769-780

Liu L S, Li H D, Wu Y H, et al. Existence and uniqueness of positive solutions for singular fractional differential
systems with coupled integral boundary conditions. J Nonlinear Sci Appl, 2017, 10: 243-262

Liu LS, Sun F L, Zhang X G, et al. Bifurcation analysis for a singular differential system with two parameters via to
topological degree theory. Nonlinear Anal Model Control, 2017, 22: 31-50

Zheng Z W, Kong Q K. Friedrichs extensions for singular Hamiltonian operators with intermediate deficiency indices.
J Math Anal Appl, 2018, 461: 1672-1685

Cheng D Z, Zhao Y, Xu X R. Mix-valued logic and its applications. J Shandong Univ (Natl Sci), 2011, 46: 32-44
Feng J E, Yao J, Cui P. Singular Boolean networks: semi-tensor product approach. Sci China Inf Sci, 2013, 56: 112203
Meng M, Feng J E. Optimal control problem of singular Boolean control networks. Int J Control Autom Syst, 2015,
13: 266-273

Liu Y, Li B W, Chen H W, et al. Function perturbations on singular Boolean networks. Automatica, 2017, 84: 36—42
Qiao Y P, Qi H S, Cheng D Z. Partition-based solutions of static logical networks with applications. IEEE Trans
Neural Netw Learn Syst, 2018, 29: 1252-1262

Guo Y X. Nontrivial periodic solutions of nonlinear functional differential systems with feedback control. Turkish J
Math, 2010, 34: 35

Ma C Q, Li T, Zhang J F. Consensus control for leader-following multi-agent systems with measurement noises. J
Syst Sci Complex, 2010, 23: 35-49

Qin HY, Liu J W, Zuo X, et al. Approximate controllability and optimal controls of fractional evolution systems in
abstract spaces. Adv Diff Equ, 2014, 2014: 322

Sun W W, Peng L H. Observer-based robust adaptive control for uncertain stochastic Hamiltonian systems with state
and input delays. Nonlinear Anal Model Control, 2014, 19: 626-645

Khatri C G, Rao C R. Solutions to some functional equations and their applications to characterization of probability
distributions. Indian J Stat Ser A, 1968, 30: 167-180

Heidel J, Maloney J, Farrow C, et al. Finding cycles in synchronous Boolean networks with applications to biochemical
systems. Int J Bifurcation Chaos, 2003, 13: 535-552

Ashenhurst R L. The decomposition of switching functions. In: Proceedings of an International Symposium on the
Theory of Switching, 1957. 74-116

Curtis H A. A New Approach to the Design of Switching Circuits. New York: Van Nostrand Reinhold, 1962

Sasao T, Butler J T. On Bi-Decompositions of Logic Functions. Technical Report, DTIC Document, 1997

Sasao T. Application of multiple-valued logic to a serial decomposition of plas. In: Proceedings of the 19th International
Symposium on Multiple-Valued Logic, 1989. 264-271

Muroga S. Logic Design and Switching Theory. New York: Wiley, 1979


https://doi.org/10.1007/s11432-016-0241-y
https://doi.org/10.1016/j.automatica.2009.03.006
https://doi.org/10.1016/j.automatica.2009.10.036
https://doi.org/10.1016/j.automatica.2011.01.083
https://doi.org/10.1002/rnc.1581
https://doi.org/10.1109/TAC.2010.2050161
https://doi.org/10.1109/TAC.2017.2715181
https://doi.org/10.1016/j.ins.2016.02.010
https://doi.org/10.1016/j.sysconle.2015.11.004
https://doi.org/10.1007/s11432-017-9135-4
https://doi.org/10.1109/TNN.2008.2011359
https://doi.org/10.1016/j.sysconle.2010.09.002
https://doi.org/10.1016/j.jmaa.2017.12.042
https://doi.org/10.1007/s11432-012-4666-8
https://doi.org/10.1007/s12555-014-0032-5
https://doi.org/10.1016/j.automatica.2017.06.035
https://doi.org/10.1109/TNNLS.2017.2669972
https://doi.org/10.1007/s11424-010-9273-4
https://doi.org/10.1186/1687-1847-2014-322
https://doi.org/10.15388/NA.2014.4.8
https://doi.org/10.1142/S0218127403006765

	Introduction
	Dynamic-algebraic boolean control networks
	Numbering the states and input-states
	Restricted coordinate transformation
	Controllability and observability
	Fixed points and cycles
	Examples
	Conclusion

