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Abstract In this paper, the attitude tracking control problem for a rigid spacecraft in the presence of system
parameter uncertainties and external disturbances is addressed. First, a new nonsingular finite-time sliding
surface is introduced and third-order sliding mode finite-time attitude control law is designed to achieve
precise accurate tracking responses and robustness against inertia uncertainties and external disturbances.
The stability of the closed-loop system is rigorously proved using the Lyapunov stability theory. Then, a new
finite-time extended state observer is established to estimate total disturbances of the system. The extended
stated observer-based sliding mode control technique yields improved disturbance rejection and high-precision
attitude tracking. Moreover, this control law can avoid the unwinding phenomenon and overcome the input
saturation constraint by introducing an auxiliary variable to compensate for the overshooting. A Lyapunov
based analysis is provided to guarantee sufficiently small observation error and stabilization of the closed-loop
system in finite time. Numerical simulations are conducted to verify the effectiveness of the proposed control
method.
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1 Introduction

Attitude control of spacecraft has attracted much interest among researchers over past decades. The
interest is motivated by its main role in many space missions such as satellite surveillance and forma-
tion flying. Because the dynamics of spacecraft are nonlinear, highly coupled and affected by various
disturbances coming from the environment, an attitude controller design is usually difficult. Thus, the
attitude controller designs of spacecraft are very challenging and interesting mathematical problems of
great practical importance.

Various nonlinear control schemes have been proposed to address the attitude tracking control problem
such as adaptive attitude control [1,2], sliding mode control [3,4], optimal control [5,6], output feedback
control [7], LMI-based control [8], backstepping control [9,10], passivity-based control [11], and fuzzy
control [12]. Among these methods, sliding mode control (SMC) has been widely used owing to its
competence for a system with model uncertainties and external disturbances [13]. However, all results
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proposed above only ensure asymptotic stability and convergence in infinite time. The ability of control
methods to provide rapid maneuver performance is highly desirable in many space missions.

Recently, terminal sliding mode control (TSMC) methods using nonlinear sliding surfaces instead of a
linear surface were proposed to obtain convergence of system states in finite time [14,15]. TSMC has been
given by [16,17] for the attitude tracking of a rigid spacecraft. However, a main disadvantage of TSM
control is the singularity problem. To solve this problem, the nonsingular terminal sliding mode control
(NTSMC) [18,19], nonsingular fast terminal sliding mode control (NFTSMC) [20], time-varying sliding
mode [21], and integral sliding mode control (ISMC) [22,23] have been designed to solve the attitude
tracking problem.

All the results mentioned in the above literature have been derived without considering the saturation
input. In practice, when the requested control torque is higher than the maximum value that the actuator
can produce, a performance degradation or system instability may occur [24]. In order to overcome this
drawback, several attitude control approaches with control input saturation have been increasingly taken
into consideration. Wallsgrove and Akella [25] designed a saturated attitude controller by using the
hyperbolic tangent function to prevent actuator saturations, while Boskovic et al. [26] used saturation
functions to design saturated attitude controllers. Hu et al. [27] proposed a method of disturbance
observer based finite-time attitude control design which takes actuator saturation into consideration.

To further enhance the performance of SMC, higher order sliding mode control (HOSMC) has been
developed. The benefit of HOSMC is that it can reduce the chattering while still maintain the disturbance
attenuation ability of SMC. Wide real-life applications have been controlled in a practical implementation
of HOSMC (e.g., electropneumatic actuator [28], electric power system [29], reusable launch vehicle [30],
and hybrid vehicle [31]). Second order sliding mode control (SOSMC) has widely been implemented
to control many practical nonlinear systems [32-34]. In [35], an SOSMC technique has been applied
to an aircraft pitch control system. In [36], a smooth SOSMC law for a missile guidance system has
been developed. A SOSMC law for spacecraft attitude tracking has been developed in [22]. Finite time
convergence is ensured the Lyapunov theory and homogeneity approach. An output feedback SOSMC
scheme that yields chattering attenuation and finite-time stability have been proposed in [37] to deal
with the attitude tracking control problem of a rigid spacecraft. Pukdeboon and his colleagues [38] have
designed SOSMC and third-order sliding mode control (TOSMC) schemes for attitude tracking control
of spacecraft. However, in that work, both control techniques cannot enforce finite-time convergence
of the spacecraft system. Due to the difficulty of proving the finite-time stability, TOSMC designs for
nonlinear spacecraft systems have been rarely studied. The main benefits of TOSMC are that it yields
high accurate outputs and chattering attenuation. Therefore, the TOSMC scheme is a good choice to
apply to develop an attitude tracking controller for a rigid spacecraft.

Recently, disturbance observer (DO) methods have been introduced to compensate for strong nonlin-
earity, unmodeled dynamics and external disturbances of uncertain systems. Among these disturbance
observers, extended state observer (ESO) is widely employed in various control engineering systems such
as an autonomous underwater vehicle [39] and permanent-magnet synchronous motors [40]. To further
alleviate the chattering in SMC, the combination between sliding mode control and extended state ob-
server is proposed. In [41], a missile guidance law has been presented by using an ESO. In [2,42],
ESO-based SMC methods are proposed to deal with an attitude tracking control problem of rigid space-
craft. In [43], SMC and disturbance observer are applied to systems with mismatched uncertainties.
Yang et al. [44] developed a continuous nonsingular terminal sliding mode controller for systems with
mismatched disturbances. In [45], dynamic SMC and higher-order mismatched disturbance observer are
merged to designed a robust controller for motion control systems. Various disturbance observer designs
for permanent-magnet synchronous motor (PMSM) drives are proposed in [46]. However, these control
schemes study the first-order SMC design which usually provides lower performance when compared with
HOSMC.

In this paper, the finite time attitude tracking control for a rigid spacecraft is examined by combing a
nonsingular sliding mode control with an ESO. The ESO is designed to estimate the total disturbance.
To the best knowledge of the author, there are no application of the ESO-based SMC technique to the
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solution for attitude tracking of spacecraft without unwinding. Then, both adequately small observation
error and stabilization of the closed-loop system are analyzed in finite time.

The main contributions of this paper are:

(1) The main feature of this controller is that it avoids the use of the first and second time derivatives
of the sliding variables. These time derivatives are required in the standard TOSMC design. This is
very significant because the use of time derivatives often induces the noise introduced in the controller.
Moreover, the proposed control scheme is designed based on continuous TOSMC, so it is a very effective
control method to deal with the chattering problem.

(2) A new structure of TOSMC is introduced in this paper. The main limitation of the exist TOSMC
schemes is that the fractional power terms must be selected such that the closed-loop system is in a
homogeneous form. Then, the homogeneous approach is used to prove the finite time stability. Unlike
these TOSMC methods, the fractional power terms used in our proposed control approach can be se-
lected freely. In this paper, an appropriate Lyapunov function that has state variables with an unknown
fractional power is used to prove the finite-time stability of the non-homogeneous closed-loop system.

The paper is organized as follows. Section 2 describes spacecraft attitude dynamics and kinematics
given by [47,48]. The problem formulation is also provided. The proposed SMC scheme with a nonsingular
sliding surface for a spacecraft attitude control system is designed in Section 3. In Section 4, a new ESO
is established such that the observer error dynamics converge to a bounded region containing the origin
in finite time. In Section 5, simulation results are presented to show the performance of the proposed
control method. In Section 6, we present the conclusion.

2 Nonlinear model and problem formulation

2.1 Spacecraft attitude dynamics and kinematics

The unit quaternion is widely used to represent the attitude kinematics of rigid spacecraft owing to its
non-trigonometric expression and non-singular computations [49]. The attitude control system of a rigid
spacecraft consists of kinematic and dynamic equations which can be modeled as [48]

. 1

q= 5(‘1413 + ¢ )w, (1)
1

q4 = 7§qu7 (2)

Jw=—-wJw+u+d, (3)

where Q = [¢7 q4)T € R x R is the unit quaternion vector consisting of the vector part ¢ € R? and the
scalar part g4. They are subject to the constraint ¢¥q + ¢7 = 1. J € R3*? denotes the symmetric inertia
matrix of the spacecraft, w € R? is the angular velocity of the spacecraft, u € R3 represents the control
vector, and d € R3 are external unknown disturbances. I3 is the 3 x 3 identity matrix, and for any vector
a € R?, a skew-symmetric matrix a* is defined by

0 —asz a2
a* = as 0 —aq

—as a1 O

2.2 Relative attitude error dynamics and kinematics

Now the kinematic equation (1) is considered. Let the desired attitude of the spacecraft be Q4 =
[qg qad)T € R3 x R where ¢4 € R3, qug € R, and wy be the desired angular velocity. Then, the desired
attitude motion is generated by

da = = (qaal3 + q; )wa, (4)

DN | =
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, 1
qaa = —§q§wd- (5)

The quaternion error Q. = [¢) que]T € R? xR represents the relative attitude error from the body-fixed
reference frame to the desired reference frame. Using the quaternion multiplication law, the quaternion
error [49] is obtained as

Q. — |Ha9 ~ 410a — a3 9 (6)
=
44qad + ¢  qa

satisfying the constraint
Qe Qe =(q" ¢+ ai) (g3 90+ gia) = 1. (7)
As a result, the relative attitude error can be expressed as [42]

. 1
Ge = §T(Qe)we7

1

§q3w67 (8)

q.4e = -
where T(Q.) = ¢ + quels.

Define the angular velocity error as w. = w — Cwg, where C' denotes the rotation matrix given by
C = (g3, —2qYqe) I3 + 2qeqf — 2queq. Note that ||C|| =1 and C' = —wXC. The first time derivative of
We 18

We =W + w(wad — Cug. (9)

Substituting (9) into (3), the dynamic equation of the error rate can be written as

Jwe = —(we + wp)* J(we +wp) +u+ d+ J(wX Cwyg — Cwy)
= —w Jw+ J(wS Cwyg — Cwq) + u +d. (10)
To consider the inertia uncertainties of the spacecraft system, Assumption 1 is required.
Assumption 1. The inertia matrix in (3) can be described as J = Jy + AJ where Jp is the known
nonsingular constant matrix and AJ denotes the uncertain inertia matrix.
Letting w, = Cwy and substituting J = Jy + AJ into (10), the spacecraft attitude dynamics (10) can
be rewritten as
Jowe = —w™ Jow — Jowr + u +d, (11)
where w, = Cwg — wXCwg and d=d— AJi — w*AJw.
Before describing the controller design in later sections, Assumption 2 is needed.
Assumption 2. Assume that the total uncertainty vector d € C? and satisfies Hd~|| < 1p, where v is a
positive constant.
Remark 1. The unknown external disturbance includes environmental disturbance, solar radiation
and magnetic effects. These factors are all bounded and continuous in practice. The desired angular
velocity and its first time derivative are assumed to be bounded and differentiable. Moreover, the control
inputs are restricted with maximum torques produced by generating devices, so the state variables are
normally bounded and differentiable. Therefore, it is reasonable to suppose that the total disturbance
and its higher order are bounded as given in Assumption 2. The boundedness condition is a common
requirement in many existing spacecraft attitude control results [50-52].

2.3 Problem statement

In this paper, we assume that the quaternion and angular velocity measurements are always available.
Also, the desired angular velocity wg and its first time derivative wy are bounded. The main control
objective is to developed an ESO-based TOSMC approach such that the attitude and angular velocity
errors converge to a small neighborhood about zero in finite time. This can be expressed as

tli_{r%(qe(t),we(t)) €, (12)

where T is a finite time and 2. denotes a small region containing the origin.
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3 Unwinding finite-time attitude control via TOSMC

The main purpose of this section is to present a TOSMC controller design to solve the finite-time attitude
tracking control problem. Using Lyapunov theory analysis, the proposed controller ensures that attitude
tracking and angular velocity errors converge to a desired region in finite time.

Now, we define the auxiliary variable as

z = we + Ksign(qae)ge, (13)

where K > 0 is a diagonal matrix. The first time derivative of z can be obtained as
-1
b= —Jitw Jow — o + Jy tu+ Jytd + iKSign(q@)T(Qe)we. (14)

Now, we define the sliding surface as

t
0
where ¢ is defined as
O; = cli|zi|1+%sign(2i) + oMl + 03i|zi|17%sign(zi), (16)

where v > 1, ¢y, ¢2; and ¢34, ¢ = 1,2, 3 are positive constants satisfying 4ci;c3; > cgi. In (16), e is the
Euler number and A is a positive constant. Therefore, the dynamics of the associate sliding mode can be
obtained as
s _1+l. N Mzl ) _1_l. ) .
Zi = —ciilz| T vsign(z;) — coieM iz — cgilzi]T T vsign(z), (1 =1,2,3). (17)
We now show that the states z; =0 (i = 1,2, 3) of the dynamics (17) converge to zero in finite time.

Theorem 1. The zero solution z; = 0 (i = 1,2,3), of the sliding mode dynamics (17) is globally
fixed-time stable and the settling time is given by

T < % (E — arctan <$>> (18)
Proof.  The Lyapunov function candidate is chosen as
Vi = |zl (19)
Its first time derivative is

V= sign(z;)Zz;

Al

. 1. v 1,
= sign(z;) (—cli|zi|1+v sign(z;) — caze Zil 5, — 03i|zi|1 ~ 51gn(zi)>

ES ) _1
= —Cli|2i|1+’Y — CQie)“Zl‘zi — C3i|zi|1 . (20)

For a > 0, one has e(®l#l) > ¢% =1 and it follows that
Vi < il — eonzi — caslzi| VTS
1 X *Clz|zz| T = C2i% — 031|Z2| v
141 1—

1
< —cVp 7 =V =V 7. (21)

It follows that

—dv
dt < L

1+% 1-4
ciVy 7+ Vi eV

1

—avy
1_ 141 1— .
V" (euVy " HeiVitenVy )

.

—~
[\
[\

~—

<
B T
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1 1
Let w =V;", and then dw = %Vll 7dV;. Thus, Eq. (22) becomes

—~vdw
dt <
= 1w + coiw + 3
—~vdw
s TR (23)
= o2 \ 2
cu((w + 22-)% + (746121;3: c”) )
Taking the integral of both sides from 0 to T" and letting V4 (7"), one obtains
1
2 2¢1; V7 (0 .
T < —72 arctan M _ arctan C2; _ . (24)
\% dericsi — Coi V 4cyic3i — Cy; v/ 4ciics — C5;

Obviously, T is bounded by a constant defined by (20). By the concept of fixed-time stability, it can
conclude that z; =0 (i = 1,2,3) are fixed-time stabilized. This completes the proof.
We now consider the spacecraft systems (8) and (11) in the presence of the disturbance d(t). The

proposed control law is designed as
u(t) = Uegq (t) + Us (t)v (25)

where
Ueq = W Jow + Jow, — JoKsign(qae)(qaels + ¢ )we — ClsignH'% (s) — C’Qsignl_% (s) (26)

with v € (0,1) and

us(t) = —JoBysign’(s) *JoﬂQ/ sign”(s(r))dr — J063/ / sign®’~1(s(v))dvdr (27)
with p € (0.5,1). In (26) and (27) for a € (0, 1), the function sign®(s) is defined as

|s1]*sign(s1)
sign®(s) = | |s2|®sign(s2)
|s3|*sign(ss)
Next, the convergence of the system state errors to the origin is analyzed in Theorem 2.

Theorem 2. Consider the spacecraft system in the presence of the disturbance d~(t) If the proposed
controller is defined by (25), then the sliding surface s(t) can be stabilized to a neighborhood of zero in
finite time.

Proof. Differentiating (14) with respect to time and then premultiplying the results by Jy, one can
obtain

1 .
Jos(t) = —w* Jow — Jow, + §J0Ksign(q4e)T(Qe)we + ClsignH% (s) + C’gsignl’% (s) +u+d. (28)

Substituting the control law (25) into (28), one gains

§ = —Pasign’(s) — ﬁg/ sign”(s(7))dr — 53/ / sign?~!(s(v))dvdr. (29)

Let
=— ign® T ign? 1 ( T,
o1 Bg/o sign”(s(7))d +d 53/ / sign (v))dovd (30)

and

g = 763/0 sign®? ! (s(7))dr + dN(t) (31)
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Setting z1 = s, 20 = ¢1, 23 = ¢2 and ¥(t) = d(t), then (29) can be rewritten as in the scalar form
(1=1,2,3) as

215 = —Puilz14|sign(z1i) + 22i,
Zo;j = —Pai|z14| sign(z1i) + z3i, (32)
Z3i = —Bailz1i| P tsign(z1:) + ¥ ().

Next, it requires to ensure that the states z1;, z2; and z3; (i = 1,2, 3) converge to the neighborhood of
zero in finite time. The Lyapunov function is selected as

Va(t) = 97 Py, (33)
where 9 = [|z1;|Psign(z1;) z2; 23:]T and
% + B3 + B3 —B2i —Psi
—B3i 0 2
Note that V5 satisfies
Amin (P)[9]1* < Vo < Amax (P) 191, (35)

and Apin (P) and Apax(P) are the minimum and maximum singular values of the matrix P.
The first time derivative of ¥(t) is obtained as

p|?~’1i|p—1 (z2; — Prisign’(z14))
d(t) = 23; — Paisign’ (214) = A9 + By(t), (36)
—Baisign® 1 (z15) + (t)

where
—paBii —pa 0 0
A= | —By 0 1 and B = (0], (37)
—afs; 0 0 1

where o = |z1;/?~! > 0. The characteristic equation of the matrix A is obtained as
G(3) = 5 + papri8® + pafais + pa’ Bi. (38)

If there exist (1, B2i, B3i > 0 and z1; # 0, then G(S) is Hurwitz which implies that the matrix A is
stable. The time derivative of V5 (d(¢)) is

Va(t) = 9T PO + 9T PY
= (A9 + By(t))" PO+ 9T P (A9 + By(t))
=T (ATP + PA) 9+ 29B"0, (39)

where BT = BTP = [—f3; 0 2] and ¢ = max(|1;(t)]), i = 1,2,3. Since A is a Hurwitz matrix, there is a
positive definite matrix ) such that
ATP+PA=—-Q. (40)

Considering [|9]|? = |z1;| + 23, + 23;, it follows that
1
191 = |z1]2 (41)
Using (40) and (41), the inequality is obtained as

Va(t) = —9TQ0 + 20BT9
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~Amin(Q)121° + 20| BI| 19

(Amm )9l = 26181 19]]. (42)
The matrix A can be expressed as
— A=A Ay, (43)
where
po 00 611‘ -1 0
Ai=|0 10| and As= |8y 0 —1|. (44)
0 0« Bz 0 0
It follows that
)\min(Al)Amin(A2) < )\min(AlAQ) == )\min(*A)- (45)

Since A is a diagonal matrix and pa < «, there exists

1

1\~ 1T
]-a |Z11| < <_) 9
P

)\min(Al) = 1
1\ 7"
P, |le| 2 (_) .
p

If |z14] > ( )p T then ||J] > (l) 7°T. One can have
)\min(Q) 2 2pa)\min(A2))\min(P)- (46)
Considering (42) and (46), one has

81 = Amin (Q)[[9]] — 2I| Bl
> 200 min(A2) Amin (P)|21:]° — 2|| B||¢)
= 2|21 |° " Amin (A2) Amin (P)| 21:|” — 2|| B[

2p—1

>2(5) 7 winAe) () = 20 B (47)

With p € (0.5, 1), there exists a constant ¢ such that

2p—1

2 (%) N (48)

Letting 01, = @Amin(A2)Amin(P) — 2||B||z/_1 > 0 and choosing the suitable parameters 31;, B2; and Bs;
such that ¢pAmin (A2)Amin(P) > 2HBH1E7 one obtains

. 61m 1
Vtg—i‘/Q:—AV, 49
2(t) - 1V (49)
where A; = )\5#. Based on concepts of finite-time stability given by [14], ||¢| converges to the
region ||J| < ( )71 in finite time ¢4, defined as
2 1
b < Vi (000) < V3 (9(t) (50)
A1 Ay

If |19 < ( 77T then |zy| < ( E 777 Therefore, there is

)\min(Q) 2 2)\min(A2)>\min(P)~ (51)
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According to (42) and (51), one obtains
82 = Amin(Q) 0] — 2/| Bll¥

> 2Xmin (A2) Amin (P)||9]] = 2| B[ (52)
If , o
Lyt | B¢
- > |9 > =V 53
<P) H || )\min(A2))\min(P) ( )
is satisfied, then there exists
62 > 2)\111111(142))\111111(13)‘1[ - 2”3”’& =0. (54)
It follows that 5
Vo(t) < ———22_VEW(1)) = —AoVE(9(1)), 55
20 €~V 00) = AV 00) (55)
where Ay = \/ﬁ. Then, one obtains
2 1 1
ts2 < Vo2 (U(1) < —=V5* (9(ts1)). (56)
Ao 2
Therefore, ||| is decreased and converges to the region
1Bl
I < 57
|| H )\min(AQ))\min(P) ( )

in finite time t5 = t41 + tso.

Obviously, if the suitable parameters (1;, 82; and f3; are chosen such that Apin(A2)Amin (P) is suffi-
ciently large, then ||| is limited to sufficiently small in finite time. This implies that s; = 2z1; (i = 1,2, 3)
converge to a neighborhood of zero in finite time. The proof is completed.

4 Nonlinear disturbance observer

In this section, a nonlinear disturbance observer is designed to estimate the total disturbance d. In
practical engineering, the specific information of the total disturbance is difficult to obtain owing to the

complicate structure of disturbance. However, it is reasonable to assume that J, d and d are bounded.
4.1 Extended state observer

In a general way, the system (14) can be written as
i=F+J,'u+G, (58)
where . = z, F = —Jo_leJow — Wy + %Ksign(q4e)T(Qe)we and G = JO_IJ.
We can rewrite (58) with extended states as
T = F(Il) + Jo_lu—l—acg,
$2 = I3,
i3 = hi(t), (59)

where h(t) is the second time derivatives of the total disturbance G. To approximate the compounded
disturbance of the system (58), the proposed extended state observer is designed as

Zy = Zy + F(x1) + Jy 'u — \isign®(Z; — 1),
Zy = Zs — Aosign”(Zy — 1),
Zs = —Assign® 1 (Zy — 1), (60)

where k € (0.5,1), Z1, Z5 and Z3 are the estimates of 21, G and G', respectively. The convergence proof
for the proposed ESO is given in Theorem 3.
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Theorem 3. Considering the proposed ESO (60) and Assumption 2, there exist observer parameters
A1, A2; and Agg, @ = 1,2, 3 such that the observer error states converge to a small region containing the
origin in finite time.

Proof. Let ey = Z1 — 21, ea = Zs — a9 and e3 = Z3 — x3. From the system (59) and the designed ESO
(60), the corresponding observer error dynamics can be written in the scalar form (i = 1,2,3) as

é1; = eg; — Arilexi|"sign(eq;),

€2i = e3i — Agile1i|"sign(eq;),
€3 = —Agilers|** sign(ens) + h(t). (61)
Evidently, the closed-loop system (61) is the same form of the system (32) presented in Theorem 2.
Thus, the stability proof can be analyzed by following the similar process in Theorem 2. This completes

the proof.
Thus, the proposed ESO-based TOSMC is given by

U= Ueqg + Us — JoZa. (62)

One can conclude that if the inertia uncertainties AJ and external disturbance d(t) are twice differen-
tiable. The total disturbance G' can be compensated by the proposed ESO.

Remark 2. Normally, existing ESO results are based on the algorithms presented in [39-41]. These
ESO schemes did not use SMC concepts. In this paper, to improve the robust performance, the new
structure of ESO is introduced by employing TOSMC technique. Compared to those ESO results, our
proposed ESO is more robust against noise that may occur in the observed process.

4.2 Attitude control with input saturation

In practical application, input saturation must be considered because the torques applied to the spacecraft
system cannot be larger than the maximum torques generated by the actuators.
Consider the rigid spacecraft system with actuator constraints

Jowe = —w™ Jow — Jow, + sat(u) + d, (63)

where sat(u) = [sat(u;) sat(uz) sat(usz)]T is the saturated torque produced by the actuators (or thrusters).
The saturation function sat(u;), ¢ = 1,2, 3 is of the form

sat(u;) = sign(u;) min(umax,q, |il), (64)

where Umax,i and Umin i, ¢ = 1,2, 3 are the maximum and minimum output torques. This saturated torque
can be expressed as
sat(u) = u + du, (65)

where du; is given by
Umax,i — Ui, Uj > Umax,is

5ui = 0, Umin,i U < Umax,i, (66)
Umin,i — Ui, Ui < Umin,i-
Substituting (65) into (63), we obtains
Jowe = —w* Jow — Jot, 4 u + du + d. (67)
Considering the dynamic equation (11), let the total disturbance d be defined as

d=d—AJi—w AJw+ du. (68)

Then the stability of the closed-loop system can be analyzed by following the same steps presented in
Theorem 2.
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Remark 3. For a given practical system, the term du cannot be too large. If this term is too big, it
means that the actuator cannot generate sufficiently large control torques to make system stable [53].
According to the controllability of a practical system, it is reasonable that ||du| is always bounded by a
constant.

5 Simulations

Numerical simulations have been conducted to demonstrate the performance of the proposed ESO-based
TOSMC scheme and the fast terminal sliding mode control (FTSMC) law in [20]. Consider the spacecraft
system with the nominal inertia matrix

20 1.2 0.9
J=11217 14| kg-m? (69)
0914 15
and the uncertain inertia
AJ = diag (sin(0.1¢), 2sin(0.2t), 3sin(0.3t)) kg - m?. (70)

Suppose that attitude control problem is considered with the periodic disturbances provided by
d(t) = 0.1 [sin(0.1¢) sin(0.2¢) sin(0.3t)]. (71)

The desired angular velocity is assumed to be

wq(t) = 0.05 [sin (17[—(;0) sin (%) sin <%)] rad/s. (72)

Numerical simulations are performed by using the initial quaternion and angular velocities chosen as
Q(0) = [-0.2 0.4 0.7 — 0.5568]" and w(0) = [-0.04 — 0.12 0.05]" rad/s. Also, the initial desired
quaternion is selected as Q4(0) = [0 0 0 — 1]T. The limitation of output torques are umax; = 2.5 and
Unmim,i = —2.5 N-m, i = 1,2, 3.

For the FTSMC in [20], the attitude tracking motion is considered with the focus on the following
parameters: k; = 1.5, ks = 0.1, v = 0.8, « = 0.7, 8 = 0.1, A = 0.0005 and n = 0.00001. On the other
hand, the control parameters of the ESO-based TOSMC are selected as K = 0.813, 81 = 5l3, B2 = 313,
B3 = 0.213, p = 0.75, A = 1.0, ¢c1; = 0.2, co; = 0.1 and ¢3; = 0.2, i = 1,2,3. For the proposed observer
(60), the parameters are chosen as k = 0.8, A\j; =5, A\y; =7 and A\3; = 1, i = 1,2,3. Tt should be noted
that all control parameters for the ESO-based TOSMC method must be chosen such that the condition
GAmin(A2)Amin (P) > 2||B||¢ and the simulation results are satisfied. In other words, control parameters
are reassigned until the condition and satisfied simulation results are achieved.

From Figures 1(a)—(c), one can see that the proposed ESO-based TOSMC scheme achieves faster
stabilization of attitude tracking errors to zero. As shown in Figure 1(d) when the ESO-based TOSMC is
applied, the scalar quaternion converges to ¢z = —1 quicker than one of the FTSMC method. Both the
FTSMC in [20] and proposed controller avoid the occurrence of unwinding phenomenon. Figures 2(a)—(c)
show that the proposed controller is able to drive angular velocity tracking errors to zero with faster
convergence rate than the FTSMC in [20]. From Figures 3(a)—(c), it can be seen that the sliding variables
under the FTSMC in [20] and proposed controller approach the sliding manifold s; = 0 (i = 1,2,3) in
finite time.

As shown in Figures 4(a)—(c), control signals obtained by the ESO-based TOSMC scheme have less
variation when compared with the FTSMC [20]. As shown in Figures 5(a)—(c), the disturbances estimated
by the proposed ESO can track the true values in finite time. In the final steady state, the tracking errors
of FTSMC are ||q.| < 2.81 x 1075 and [Jwe| < 2.93 x 107> and |[|s|| < 3.54 x 1075 with sampling time
h = 0.005. On the other hand, the steady state tracking accuracy attained by the ESO-based TOSMC
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scheme is listed as |ge| < 5.56 x 1077, |lwe] < 6.86 x 1077, and ||s]| < 9.3 x 10~7 with sampling time
h = 0.005.

Evidently, the proposed control method achieves less variation of control signals and higher accuracy
than the existing attitude controller. These simulation results verify the superiority of the designed
controller for solving the attitude tracking control problem of a rigid spacecraft.

6 Conclusion

The ESO-based TOSMC scheme has been proposed for the attitude tracking control problem of a rigid
spacecraft with inertia uncertainties, external disturbances and saturation input. First, a finite-time
controller is designed based on TOSMC with nonsingular sliding surface to achieve precise accurate
tracking responses and robust performance. This controller not only makes the attitude errors converge to
the region containing the origin in finite time but also prevent the unwinding phenomenon. Then, a finite-
time extended stated observer is constructed to estimate total disturbances of the system. The ESO-based
TOSMC technique yields improved disturbance rejection and precise attitude tracking. The Lyapunov
stability theory is employed to prove that the overall closed-loop system is finite-time stable. Numerical
simulations on attitude control of a spacecraft model have been conducted to verify the effectiveness of
the proposed controller.
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