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Abstract For a continuous-time switched linear system, the spectral abscissa is defined as the worst-case
divergence rate under arbitrary switching, which is critical for characterizing the asymptotic performance
of the switched system. In this study, based on the generalized coordinate transformations approach, we
develop a computational scheme that iteratively produces sequences of minimums of matrix set 1 measures,
where the limits of the sequences are upper bound estimates of the spectral abscissa. A simulation example
is presented to illustrate the effectiveness of the proposed scheme.
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1 Introduction

In this study, we focus on the continuous-time switched linear system given by
Z(t) = Ao’(t)x(t)ﬂ Z(t) € Rna (1)

where o(t) is a switching signal that takes values from the index set {1,...,x} and A; € R"*™ are real
constant matrices for i € {1,...,x}.

Interest in the study of switched systems has grown due to their success in various applications [1-3]
and their theoretical importance [4-6] (e.g., see [7-15], and the references therein).

A primary issue that affects switched systems is the guaranteed stability, i.e., asymptotic stability under
arbitrary switching. Remarkable progress has been made in planar switched linear systems where the
“most destabilizing” phase portrait could be constructed to provide verifiable stability criteria [16-18]. For
general switched linear systems of higher order, the common Lyapunov function method played a major
role in stability analysis [10,11,19]. As quadratic Lyapunov functions are not sufficient for characterizing
stability [20], larger candidate functional sets, for instance, the set of piecewise linear/quadratic functions
and/or the set of (sum-of-squares) polynomials, are identified for providing universal common Lyapunov
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functions [14,19], where effective search seems to be an intractable problem. To overcome the limitation of
the common Lyapunov function method, the multiple Lyapunov function approach was proposed [21,22],
which makes the search for a Lyapunov candidate easier and more flexible. However, a constructive and
tractable algorithm is still unavailable in the general case.

Inspired by the achievements in spectral radius analysis for discrete-time switched linear
systems [23,24], some researchers have developed an algebraic approach for quantitatively character-
izing the asymptotic performance to substitute for the qualitative stability scheme. On the other hand,
for continuous-time switched linear systems, by introducing the notion of the spectral abscissa of matrix
sets, it was proved that the spectral abscissa is exactly the worst-case divergence rate, i.e., the top Lya-
punov exponent of the switched system [11]. Tt was established that, for any switched linear system (1),
a positive real number ¢ and a non-negative integer k < n — 1 exist such that

lz (@)l < (1 +*)e?[l2(0)]

for any system solution z(-), where g is the spectral abscissa of the matrix set {41,..., As} [25,26]. The
estimate is tight in the sense that

()]
(L+ tF)ee [2(0)

lim sup >0, for almost all z(0) € R",

t—o0 H

where the superior is taken along all possible switching signals. Therefore, the spectral abscissa is
important for characterizing both the transient and the asymptotic performances of continuous-time
switched linear systems. It was proved that the spectral abscissa is equal to the least common (matrix)
measure of matrix set over all possible matrix measures [27,28]. This equity provides a powerful tool for
computing the spectral abscissa based on the matrix set measure scheme. In addition to this scheme,
several computational algorithms have been proposed to approximate the least common measure of a
matrix set [29,30]. In particular, as shown in Lemma 2, by using proper coordinate transformations,
the least common measure over all possible matrix measures can be approximated by the least common
p1 measure of the transformed matrix set. In our previous study [30], we examined the case of square
transformations by decomposing a non-singular matrix into a multiplication of elementary matrices.
However, this idea cannot be extended to the case of non-square matrix transformations. For a class
of third-order switched linear systems, we also proposed an approach for approximating the spectral
abscissa based on 3 X 4 coordinate transformations [31]. In the present study, we extend this approach
to the case where the generalized transformation matrix is of dimensions n x (n + 1). A key idea here is
that the transformation matrices are properly represented so we can make full use of the free parameters
in the augmented dimension in order to decrease the p; measure step by step. By performing the
transformations iteratively, we obtain sequences of minimums of 11 measures that are convergent, where
the limits are upper bound estimates of the spectral abscissa.

2 Preliminaries

For a positive integer k, let k = {1,...,k}. Let I, be the n x n identity matrix. A denotes the set of
non-trivial solutions of system (1).

Definition 1. For the switched linear system (1), the spectral abscissa is

o(A) = limsup 2NZOI = nfjz(O)]

t—o0,x(-)EA t ’

where A = {Ay,..., A}

Note that the spectral abscissa in Definition 1 is also referred to as the top Lyapunov exponent or the
largest divergence rate in previous studies [26,32-35].

Let A(A) be the largest real part of the eigenvalues of matrices A;, i = 1,...,k. Clearly, A(A) is a
lower bound of the spectral abscissa, i.e., A(A) < o(A) [36].
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Definition 2 ([37]). For any vector norm v(-) in R™, the induced matrix measure of A € R"*™ is

Az) —
py(A) = limsup v(z +742) = v(z) .
70+, 0£2€R" To(2)

It is well known that for a matrix A = (@;j)nxn, the induced matrix measure of norm ¢;, which denotes
the p1(A) measure for simplicity, is the maximum of the column sum

pr(4) = max by (4), @
where the j-th column sum is defined as
n
Gi(A) =aji+ D lail- (3)
i=1,i#j
The definition of a matrix measure can be extended to a set of matrices A = {A;,..., A.}, which is

defined as Definition 3.

Definition 3 ([11]). For any vector norm v(+) in R™ and a given set of matrices A = {41, Ao, ..., As},
the induced matrix set measure is defined as

fio(A) = max {1 (A1), ..., po(Ar) }-

The least measure is defined as

p(A) = inf 11, (A),

where V is the set of vector norms.
For any norm v, we have the inequality

v(z(t)) < e iy(z(0)), Ya()eA, t=>0.

It follows that i, (A) is an upper bound of the spectral abscissa, i.e., u,(A) > 0(A). Furthermore,
Lemma 1 establishes that the least matrix set measure is exactly the spectral abscissa.

Lemma 1 ([27,28]). For any matrix set A, we have

Lemma 2, which is an extension of Theorem 4.1 given by [38], indicates that the least measure can be
approximated at arbitrary precision by the p; measure of matrices obtained by generalized coordinate
transformations.

Lemma 2 ([30]). For any matrix set A and any € > 0, a natural number r > n, matrix T),x, of rank
n, and r X r matrices H; exist such that

AT=TH;,, 1=1,2,...,K, (4)
and
/_l/l(Hl,.. .,Hﬁ) < /J/*(.A) + €.

Remark 1. As discussed by [38], Lemma 2 requires the identification of a polytope with n linear
constraints that approximates the level set {z : v(z) < €}, where v is a norm that induces a measure near
the least measure and ¢ is a sufficiently small positive real number. Obviously, when the polytope has more
facets, i.e., r is large, the approximation could be more accurate. Therefore, the upper bound estimate
of the spectral abscissa obtained by generalized transformations here is sharper than that obtained by
square transformations.

Lemma 3 is a classic result of the matrix equation, which plays a very important role in this study.



Lin M L, et al. Sci China Inf Sci  January 2019 Vol. 62 012203:4

Lemma 3 ([39,40]). The matrix equation
AnsnYuxm = YaxmPrxm (5)
with A € R™*™ and Y € R™*" can be represented as
Gy =0, (6)

where G =1, @ A~ PT @ I, and y = [Y11, -, Ynls- s Ylms -« Ynm) -

Remark 2. For a given matrix A € R"*", let m =n+1, P = (pij)mxm and Y = (Yij)nxm. According
to Lemma 3, for matrix equation (5), we can obtain a family of mn equations. For these equations, we
treat y;; as constants and then determine whether numbers p;;, 7,5 = 1,...,m exist that satisfy each of
the equations simultaneously. We note that there are m? unknowns but mn equations, so we have m free
independent parameters, which are denoted by p;, 7 =1,...,m, and these mn dependent unknowns p;;
can then be expressed in terms of the remaining independent parameters p;, j = 1,...,m. In particular,
the elements in the same column share the same independent parameter, i.e., p;; are functions of y and
Pj. D1,-..,Pm are free independent parameters that need to be optimized, so we write p = [p1,. .. Pm) T
and P = P(y,p).

Remark 3. Define A(j), j € T as the j-th column vector of A € R"*"™. Observe that Y, xm =
(Z1)nxn(Z2)nxm, n < m, where Zy = (Y(1),...,Y(n)), and Zy = (I, Zo(n+ 1),...,Z2(m)). If Z; is
invertible, it holds that AY = Y P is equivalent to Z; YAZ\Zy = ZyP. Therefore, the above coordinate
transformation can be treated as a composition of the square transformation AZ; = le, as shown
in [30], and the generalized transformation PZy = ZyP; otherwise, we suppose that rank(Z,) = n — 1.
We can first reduce the n x n system matrix to an (n—1) x (n — 1) system matrix denoted by A and then
solve AY = YP with Y = (Zl)(n_l)x(n_l)(22)(n_1)x(m_1) and rank(Z;) = n — 1, which can be treated
as a combination of square and generalized transformations, as discussed above. Therefore, we focus on
the case where the transformation matrix is of the form Zs.

3 Calculation of the least ;1 measure

Next, we search for a proper generalized transformation matrix 7' € R™*("+1) such that
AT =TP", i=12,...,k,

where T = (I,,,2), z = [z1,...,2,]" € R", 2;,4 € W are unknown scalars that need to be determined, and
we then examine the property of the least ;1; measure of the generalized transformed matrices P;. For
clarity, we focus on the switched systems with two subsystems, i.e., A = {41, A2} with A1 = (aij)nxn,
A2 = (bij)nxn-

By Remark 2, we can verify that the matrices P;* and P5 are

P = Pf(z,p) and Py = Pj(z,q),

where p = [p1,...,pnt1]T € R" g =[q1,...,¢ns1]T € R and p; and ¢; are free parameters of the
elements in the j-th column of matrices P (z,p) and Pj(z,q) for j € n + 1, respectively. Therefore, by
using (2), the problem of obtaining the least p1 measure of the matrices P (z,p) and Py (z,q) can be
mathematically described by
inf ma (P (2.p)), 5 (P (2.))) @
jeENn+1
st. 4T =TP;(z,p),
AT =TPy(z,q).

Note that rank(T) = n, so the largest real part of the eigenvalues of P;(z,p) and P (z,q) is not less
than that of A; and As. Combining this with Theorem 2.11 in [41] indicates that

i (Pr (2, p), P3(2,9)) = A(A). (8)
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Hence, the optimal function value for problem (7) exists. An intrinsic difficulty when trying to solve
problem (7) is the fact that the function p; (P; (z,p), Py (z,q)) is discontinuous and non-convex over the
free parameters pj, ¢;, j € n + 1. To address this problem, we propose an iterative scheme for calculating
the optimal value, as shown in Algorithm 1.

Algorithm 1 Iterative procedure for solving problem (7).

Initiation
Step 1. Find a pair (jy,4) € (7,2), such that py (A1, A2) = ¥j, (Ar,). Let i :=jy and u; := [0, .. 0T e R™.
Recursion
Step 2. Set k := mod(i,n). If k = 0, then k := n. Set

bi(zi) :=1[0,...,2,...,0/T € R", (9)
where the k-th entry is z; and Tj(2;) := (In,u; + bi(2;)) € Rn*(n+1),
Step 3. Solve the following problem

min max {¢; (P} (zi,p)), ¥;(P3(zi,q)} (10)
Zi jen+1

s.t. AlTi(zi) =1T; (ZZ)PiL(ZZ,p),
AoTi(z;) = Ti(2:) Pi(2i,q)
and obtain z; = d;.

Step 4. Update u;+1 := u; + b;(d;), set i := i+ 1, and go to Step 2.

Remark 4. According to Step 1, the first transformation is performed on the jy-th column, which
satisfies 1 (A1, A2) = max,—1 29, (A,).

Remark 5. As discussed in Proposition 1, in some cases, the procedure could produce a repeated output
so we need to stop the procedure accordingly. Thus, the procedure is stopped in a finite number of steps;
otherwise, let d;(k;) be d; with k = j. Based on Proposition 1, we can verify that the sequence {h;}

obtained by Procedure 1 is convergent if the sequence {d;(k;)} is convergent to 0 for each j € {1,...,n}.
Therefore, in the simulation, for a given optimality tolerance, the procedure is stopped when |d;(k;)| < €,
j=1,...,n, where € is a sufficiently small positive constant.

The procedure is designed such that the minimum of the matrix set measure, i.e., the optimal value
for problem (10), is obtained at each iteration. In order to solve the critical problem (10) in Step 3, we
first state the following two results.

Lemma 4. Let o(p1) =p1+ >, |as +bspi| + >, |ci + =EL|, where ag, bs, ¢;, €; are given constants, z;

zZ1
is a constant with unknown value, z; # 0, and p; is a variable. The problem inf,, cr ¢(p1) can be solved

by selecting p; as non-differentiable points of ¢(p1) or p; = —cc.

Proof. Tt can be seen that ¢(p1) is continuous with a finite number of non-differentiable points for
p1 € R. All the non-differential points of ¢(p1) are p; = —3= and p; = —“*L, denoted by w,. We

E e;
rearrange them in order such that wy; < wg < -+ < wy, . Then, the minimum value of the function ¢(p1)

is obained in the intervals (—oo, w1] U [w1, wp, | U [w, , +00).

For any z; that satisfies |z1| < l_Zzlelibl L it can be seen that ¢(p1) is decreasing when p; € (—oo, w1],

and ¢(p1) is increasing when p; € [wy,,, +00). In particular, if 14 _[bs|sgn(as +bsp1) + ), “Zl‘ sgn(c;+
“PL) = 0, there exist wy, < w;, € {w;}, or w;, = —o0 and w;, € {w;}, or w;, € {w;} and w;, = +o0,
such that p(w;,) = ¢(p1) = e(wi, ), P1 € [wiy, wi,]. By Fermat’s theorem, the set of extreme points of

©(p1) is a subset of {wy,ws,...,wy,, } when py € [wy,wy,]. Therefore, we have
inf o(p1) = min {p(w1),...,p(wn,)}.
p1ER

In addition, for any z; that satisfies |z1]| > %, it follows that o(p1) is increasing when p; €

(=00, w1] U [wy,, +00). In this case, we have

inf - 0.
pllneRso(m) o0
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Therefore, we can obtain inf, cgr @(p1) by selecting p1 = w;, ¢ =1,...,n1 or p; = —o0.
Remark 6. We obtain a similar result for p(p1) = p1 + >, las + bspi| + D, |cip121 + €5l

For the general case where the jy-th column of A with p1(A) = v;,(A) has at least one nonzero off-
diagonal element, we first state a specific result, i.e., the first generalized transformation maintains the
least pp measure as unchanged and it corresponds to infinitely many optimal solutions.
Lemma 5. Suppose that A = (a;j)nxn With p1(A) = 1, (A), jy € 7 and T(21) = (I, bj,(21)) €
R™ (D with bj, (21) in (9). The following problem:

n;ilnul(P(zl,p)) st. AT(z1) = T(z1)P(z1,p) (11)
has infinitely many solutions, where p = [p1, ..., P11t
j-th column of P(z1,p) for j € n+ 1.

and p; are free parameters of the elements in the

Proof.  Obviously, p1(P(0,p)) = u1(A). If z; # 0, then according to Lemma 3, the expression of
the generalized transformed matrix, P(z1,p), can be obtained. If |z1] > 1, it can be verified that
S las 21| — D oh_s |as,;,| > 0 since at least one a5, # 0, (s # js) exists. i1 (P(21,p)) < 15, (A), so
this also implies that

|21 (aju,ju — Prt1)| + Prny1 — a5 < 0,

which is simply impossible. Therefore, the feasible region is {z; : 21| < 1}. From Lemma 4 and |z;1| < 1,
it follows that

pilrngj(P(zl,p)) =¢;(4), j=1,...,n

By combining this with p;(A) = ;,(A), we have

min /i1 (P(z1,p)) = pa(A).
21750
Therefore, the problem has infinitely many solutions {z; : |z1] < 1}.
In the following, an iterative optimization procedure, presented as Algorithm 2, is proposed to solve
the problem

min max {¢;(Py(z;,p)), ¥;(Pa(zi,q))}, i€N" (12)

Zi jentl
s.t. A1T(2z;) = Ti(2) P (i, p),

where T;(2;) = (In, ¢+ b;(z;)) with b;(2;) in (9), and ¢ = [c1,...,c,]T where ¢; are real constants, j € 7.

We note that v;(z;) is non-convex, so in Step 5, we cannot directly find the decreasing direction as
the searching direction. Each function 4;(P.(2;)), 7 € 2, j € n + 1, j # i may have jumps, and thus the
maximum function 7;(z;) may be discontinuous so we need to obtain all of its non-differentiable points.
Remark 7. The function v;(z;) in successive iterations is shown in Figure 1, where we assume that
n =3, By = {2,3} and By = {1,2,3}. Tt follows that By = {1,4} and By = {4}. After identifying the free
parameters pi, p4, g4, problem (12) is transformed into min,, max{v(Py(2)), ¥a(P1(2)), Ya(Pa(2:))}.
After Steps 2 and 3, we obtain the discontinuous point w and the initial point yo because 7;(yo) < 7:(0),
as shown in Figure 1. According to Figure 1, 14(P1(y0)) = vi(yo), and we find the pair (jo,70) = (4,1)
in Step 4. After Step 5, we obtain the set W; and y; can then be found accordingly. ro = 1, so we
have B; = {1}, i.e., the function v4(P;(2;)) is not considered in the following iterations. The stopping
condition in Step 6 is not satisfied, and thus we loop to Step 4. As shown in Figure 1, we find the current
pair (jo,70) = (4,2) in Step 4 because 7;(y1) = Y4(Py(y1)). Similarly, according to Step 5, we obtain
y2. Hence, By = ), which combined with B; = {1} implies that the procedure stops. Therefore, we can
find the optimal solution, ys, = argming cry; v, yz,w} vi(ys) = y2, and the corresponding optimal value,

Yi(y2)-
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Algorithm 2 Iterative procedure for solving problem (12).

Step 1. Set r := 1. Let B1 := {j : ¥;(41) < MA)} and Bz := {j : ¥;(A2) < A(A)}. Set Bi := n+ 1\B; and
Bo:=n+ 1\Ba.
Step 2. Get

V5 (Py(2)) = inf;(Pr(zi,p), J€ B,

and
¥ (Pa(2) = info;(Pa(2i,9)), € B2
J
for z; € R. Let v;(2;) := max,, ¢p, s,eB, {¥s1 (P1(2:)), sy (P2(2:))}. Define the discontinuous points of ~;(z;) as ws. Let
w = arg miny; (ws).
Step 3. Set
Bs := {c|3(4,1) € (B;,2), such that ¢ is a nondifferentiable point of 1, (P;(2;)), and ¥;(P,(c)) = vi(c)},
and
Ba = {c[31 €3, such that ¥, (Fi()) = 0,441 (Fi(e)) > 0, and 11 (P(e)) = 7 (0)}.
Let co := argmincep,un, vi(c). If 4:(0) < vi(co), then set yo := 0; otherwise, set yo := co.
Recursion
Step 4. Find a (jo,70) € (By,2), such that wjo(ﬁm(yr,l)) =% (yr—1)-
Step5. Obain the set

Wr = {’U|3(8,l) € (Bl7§)= (Sal) 7£ (jO,TO), such that %’o (pro (U)) = ws(pl(v)) = ’Yi(U)}- (13)

Find y, := argmingyew, ¥j,(Pro(v)) and obain the index, (jo,70), of the function t;,(Pry(2:)). If ro = 1, then set
31 = 31\{j0}; otherwise, BQ = BQ\{]o}

Step 6. If there is only one element in By U Ba, set ys, := arg ming e (yo,...,yrw} vi(ys) and then STOP; otherwise, set
r:=7r+ 1, and go to Step 4.

v, (=)
v,(P)(z))
v, (p,(2))

Column sums
=

>
>

0 w Y, e Yo &
Figure 1 (Color online) The function +;(2;) in successive iterations.
Theorem 1. Algorithm 2 finds the optimal value, h;, and the corresponding optimal solution, d;, to

problem (12) in a finite number of steps.
Proof. Similarly as discussed in (8), we have

Hence, each minimum of the matrix set measure, h;, i = 1,2.. ., satisfies h; > A(A) > 1;(4;) for any
(4,1) € (By,2). Therefore, problem (12) is transformed into
min max {1/)51 (Pl(ziap))awsz (PQ(ZHQ))} (15)

Zi  s1€B1,52€82
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As discussed in Lemma 4, we can identify the free parameters p,, and qs,, s1 € By, sa € Bo such
that the corresponding column sums v, (P1(zi,p)) and ¢s, (P2(2;,q)) are minimized for any z; € R,
respectively. Then, we have

wm(pl (Zz)) = ;il)glfw81(P1(zivp))a

and
Uy (Pa(2)) = zﬂf Vs, (Pa(2i5q))-

We can verify that each function ¢;(P,(2)), (j,1) € (Bi,2) may have discontinuous points on z; € R.
Then, problem (15) is equivalent to

min  max {wsl(Pl(zi)),ws2 (152(21-))}. (16)

Zi s1€B1,52€B

By checking the rules in Steps 4 and 5, we obtain y,., which satisfies (13). Next, the function ¢, (P, (%))
is not considered in subsequent iterations. Therefore, after a maximum of 2n + 1 steps, only one function
remains, so we can obtain ys, = argming cgy,....y..w} Vi(¥s). Obviously, the points g, that satisfy v;(7s) =
0 and 7/ (gs) > 0 can only be found in By. The set of all the non-differentiable points of v;(z;) and the
points in By, which are denoted by g, is a subset of U, W, U Bs U B4 U {w;}, which further implies that
Yi(Yso) = min;v;(g;). The maximum function 7;(z;) is lower semi-continuous on [min; ¢;, max; ;] and
vi(w;) # £00, so the following equality holds true:

min;(z;) = %i(Yso), 2 € {mlinﬂz,mlaxz]z]-

In addition, it can be seen that +;(z;) is decreasing when z; € (—oo, min; g;], while it is increasing when

z; € [max; g, +00). Therefore, we have y,, = argmin., v;(2;), which completes the proof.
Remark 8. We note that for a given positive number 4, the transformation matrix T;(z;) in Algorithm 1
is determined according to Step 2. Therefore, for a given matrix set A and any fixed i-th transformation,
problem (10) is exactly problem (12). Hence, it follows that problem (10) is solved exactly by Algorithm 2
for each non-negative integer 1.

By setting P (z;,p) and P2(2;,q) as equal to the matrices P{(z;,p) and Pi(z;,q), i =0,1,2,...in (12),
respectively, problem (10) can be solved as discussed in Theorem 1, and the minimum of the matrix set
measure is obtained. Hence, Algorithm 1 generalizes a sequence of minimums of matrix set measures {h;}
in successive iterations. In the following, we analyze the convergence property of the previous optimal
sequence.

Proposition 1. If we suppose that {h;} is a sequence generated by Algorithm 1, it holds that Algorithm
1 terminates finitely at some number ¢* such that d;» = -+ = dj+4yn,—1 = 0 or the sequence {h;} is
convergent.

Proof. Note that

{5 (70, p) i 05 (0,)) | = .
JjEN+1 Pj aj

Theorem 1 shows that h; < h;_1; thus, the sequence {h;} is decreasing. By combining this with (14),
we can deduce that the sequence {h;} is convergent.

In addition, if there is a natural number ¢* such that d;+ = -+ = dj» 4,1 = 0, we can find h;+_1 =
hi*+n—1, which implies that the sequence reaches its minimum, so Algorithm 1 terminates.
Remark 9. As discussed in Lemma 5, the optimal solutions to problem (10) with ¢ = jy are {z; : |2;| <
1}. These solutions are designed to ensure the maximum flexibility when selecting d;, and the finiteness
of the solutions to problem (10) with i > jy if h; # ¥;(As), (4,8) € (Bs,2). It should be noted that
different choices of dj, may induce different limits for the sequence {h;}.
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Remark 10. Proposition 1 provides an upper bound estimate of the spectral abscissa. We note that
each maximum function ~;(z;) in Algorithm 2 is non-convex and it may even be discontinuous, so the
optimal solution to problem (11) that satisfies h; 11 < a'h; where o' is any positive step size may not
exist. Therefore, the formulation used to characterize the relationship between h; 11 — h* and h; — h* is
still missing, where h* is the limit of sequence {h;}. Hence, it is not possible to estimate the convergence
rate for {h;}.

Remark 11. The objective function of problem (7) is non-convex, and thus the convergence of the
previous sequence {h;} to the global optimum is not guaranteed. Considering that the objective function
is discontinuous and non-convex over the free independent parameters, designing an algorithm to achieve
the global minimum is a challenging issue.

4 Numerical example

We consider the third-order switched linear system (1) with

—2.5534 0.8706 1.8128
A = 2.0876 —4.7910 2.9792
—0.9865 1.6241 —5.5000

and

—3.833 —2.4284 2.1042
Ay = | 0.5480 —5.7010 0.6131
1.0578 1.0753 —3.8557

According to the procedures presented in [30], the least 1 measures obtained by elementary transfor-
mations of types II and III are —0.5179 and —1.5197, respectively.

In addition, we can see that A(A) = —1.7763 and p;1(A1, A2) = ¢¥1(A1) = 0.5207. 2(A1) < A(A),
P1(A2) < MA) and a(A2) < A(A), so we have By = {1,3,4}, By = {3,4}. Therefore, problem (7)
is equivalent to

inf max (i, (P (2,0), Y (P (5,0}
Z s1€B1,52€82

By Lemma 5, in this example, we choose d; = 1 and then h; = 0.5207. Then, we solve the problem (12),
where by(22) in (9) and ¢ = [1,0,0]T. By applying Algorithm 2, we find that dy = 0.5200 and hy =
—1.2701. After repeating the process, we obtain the sequence {h;} and the corresponding {d;}. We find
that dio = di3 = d14 = 0. By Proposition 1, Algorithm 1 terminates with ¢ = 12, which also shows that
the least j11 measure is obtained, i.e., u1(Pj2, PJ?) = —1.6354, and this is clearly more accurate than
that obtained by the elementary coordinate transformations. Therefore, the spectral abscissa lies in the
interval [—1.7763, —1.6354]. This result establishes the stability of this system as well as indicating that
the largest divergence rate for this system is less than —1.6354. The generalized coordinate transformation
matrix is

1.0000 0 0 1.1511
Ty = 0 1.0000 O 0.7169
0 0  1.0000 —0.2218

5 Conclusion

In this study, we presented a computational scheme for approximating the spectral abscissa for continuous-
time switched linear systems. The scheme is based on the generalized coordinate transformation method,
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where the free parameters in the n x (n + 1) transformation matrix were utilized to decrease the g,
measure of the transformed system. We proposed detailed procedures to obtain decreasing sequences of
the minimums of matrix set p; measures in an iterative manner. The limits of the sequences are upper

bound estimates of the spectral abscissa. We also presented a numerical simulation to illustrate the

performance of the procedures.
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