Supporting Materials (Appendices A and B)

Appendix A  Preliminaries

1. Petri Nets

A Petrinetis a four-tuple N =(P,T,F,W) where P and T are called the sets of places and transitions,
respectively and they are finite, non-empty, and disjoint sets. F < (P x T) U (T x P) is the set of flow
relation that are graphically denoted by directed arcs connecting places to transitions. The function W:
(P x T)u (T x P)— N assigns each arc a weight. Given x, ye PUT, W(x, y)>0 if (x, y)e F, and W(x, y)=0
otherwise. The preset of a node xe PUT is *x ={ye P UT |(, x) € F'} and the post-set of a node xe PUT is
x*={ye PUT |(x, y) € F}. The incidence matrix of N is a matrix [N]: PxT—Z such that [N](p, H)=Wt,
p)—W(p, t). [N](p, *) (IN](*, t)) denotes the incidence vector with respect to a place p (transition ¢), i.e., a
row (column) in [V].

An ordinary marking p of N is a mapping from P to N. te T is enabled at an ordinary marking u if
Vpe*t, u(p) = W(p, t). An enabled transition ¢ at an ordinary marking u can fire. u[£>y' denotes that the
firing of ¢ at u leads to a new marking 4, where u'(p)=u(p) + [N](p, t), Vpe P. A transition sequence o =
htr.. .t tie T(ie Ni={1,2,...,k}), is feasible from a marking u, if there exists u;+1, i € Nk, such
that w;{t; >uiv1, i€ Ny . We use pi[a>ur+1 to denote the case that gy is reachable from y by firing a. The
set of all reachable markings of N from initial marking x is denoted by R(N, o).

A Petri net (N, wo) is bounded if the token count of each place p does not exceed a finite number Be N*

for any marking u reachable from puy, i.e., u(p) < B. Otherwise, the net is unbounded.
2. o-numbers

We review the related notations of w—numbers defined in [5-7] .

A subset of integers S is called an w-number if 3keN*, n, ge Z such that S={ik + ¢|i > n}. S can be
uniquely expressed as S=w(k, n, q)= kw, + g={ik + qlkeN*, ne Z, 0<q<k, i > n}, where w(k, n, q) or kw,
+ ¢ is called a canonical w-number with k as its base, n as the least bound, and g as the remainder.

A vector x € Z,," is called an w-vector if at least one of its components is an w-number, where Z,, is
the set of integers and w-numbers. Clearly, an w-vector can be viewed as a set of ordinary integer vectors.
A marking u is called an w-marking if it can be represented by an w-vector. An w-marking can be viewed
as a set of ordinary markings.

At an w-marking u, te T is enabled if ¢ is enabled at all ordinary markings of u; ¢ is not enabled at u if
¢ is not enabled at any ordinary marking of y; ¢ is conditionally enabled at u if it is not enabled at some
ordinary markings of x but enabled at any other ordinary markings of u. Note that if 7 is enabled at ¢ and
1>, it holds that ¢ is enabled at u'.



Appendix B Proofs

Property 1: Let Si=o(kV, k2, ..., k™; q1) and S;=0(kiV, kL, ..., k.; q2) be two w-numbers
with the same form. Sic S: iff ¢1-q2= cikitcakot...+ Cukm, €1, €2, ..., cnENL

Proof: (Sufficiency) It is clear that Si=w(kiV, k@, ..., kx\™; g)={iVk+iPkyt ... + ik, + qi| iV,
i@ imeN } and S=a(a®, kO, ..., ka"; g)= Ok +H ket .. + ikt gal {0, i, ..., MeN }.
Since qi-ga=ciki+cakat. . Fcukn, we have SI={([{V+c)l+ (P+e)k + ... + (+en)kntqa| iV, 19, ...,
(MEN }= (i +Okyt .. + ihtqal 121, (P>, ..., i™>cy}. Obviously, SiC Sz holds.
(Necessity) Since Si € S and g1 S1, we have gi€ So= {i{(Vk+iPkot ... + ikyt qo| iV, i, ...,
i™eN . Clearly, 3 ci, ¢, ..., cme N such that q1-go= ciki+cakat. ..+ Ckim. |

Property 2: Let u= (S1, 2, ..., S») be an w-vector. We have y4=A iff 1 is an independent w-vector,
where A={(ai, ay, ..., an)| age Sy (or az=Sg if S, is an integer), Vge {1, 2, ..., n}}.

Proof: (Sufficiency) The proof is trivial.

(Necessity) By contradiction, suppose that 4 is not an independent w-vector. Hence, 3x, ye {1, 2, ...,
n} and x#y such that S is not independent of . Let Si={iVka+iPkot ... + iPkuitq.| iV, i?, ..., iMeN}
and S,={iVk+i®Phkyot ... + i"ktq,| i, i@, ..., i™eN }. According to Definition 7, Jje {1, 2, ..., m}
such that ky;* k,20. Now, let i’=c >1 andVh#j, i=0. In this case, a,= cky+ q» and a,=ck,;+q,. This means
when a,=cky+q.€ S., a, cannot be equal to any number in S, except ck,+q,. Hence, u#A, which obviously
contradicts the fact y=A. Therefore, « is an independent w-vector. |

Note that A is a set consisting of ordinary vectors, which results from an arbitrary combination of n

components that are either an element in a set represented by an w-number or an integer.

Property 3: Let 11=(S11, S12, ..., S1x) and @2=(S21, S22, ..., S2,) be two independent w-vectors. ui C u»
iffSl,-g Sz,' or SU = SZ[ or Su (S Szi, Vie {1, 2, ceey n}
Proof: Straightforward from Property 2. ]

Property 4: Let 11=(S11, S12, -+, Six, - .-, S1x) and (o=(S21, S22, ..., S2x, ..., S2n) be two w-vectors with
the same form. u; C w0 iff there exists Cixw=(c1, C2, ..., cm) EN™ such that V xe {1, 2, ..., n},

D) gx - g'=Crxm® (kx1, kia, ..., kem) " if St=0(ha ™, k@, ..., ka™; gx) and Sa=@(kaV, ka®, ..., ken™;
g') are w-numbers with the same form, and

2) Si,= Soy if S1y and Sy, are both integers.

Proof: Clearly, the sets represented by x; and u, are accordingly as follows.

=(S11, S12, +ovy Sixs o5 Sin)

={L1xm* Kt Qixn| Lxme N™}, and

10=(S21, S22, oy S2xy ooy S20)

=L Kt Qo | Iixm€eN™},

where
L =@, 1® ..., i),
kll k21 knl
Ko = k12 kzz an 20
mxn . . . . p)
klm kZm e knm



OQrven =(q1, 92, -, qn),

Ova'=(q1', q2', ..., qx"), and

ko€N, qv, ¢'€Z,V x€ {1,2, ...,n},Vye{l,2, ..., m}.

(Sufficiency) We can know that there exists Cix,=(c1, ¢2, ..., cm) €N™, such that V xe {1, 2, ..., n},
G @'= Crxm* (kx1, kx2, ..., kon)”. Hence, we have

=(S11, S12, -y Sixy o5 Sin)

={Lism* Kt Q1xn| Lixme N}

={(Lixm+Crxm ) Kt Qrn’ | €N}

Obviously, 11 < i holds.

(Necessity) It is clear that Qix,€ 1. Since ui C f, we have Qixx€ to. Hence, 3 11x,€N™, such that
Ovn= Lixm*Kxnt Q1% In more detail, there exists /ix, e N™ such that V xe {1, 2, ..., n}, ¢x- ¢x= lixm *
(kx1, k2, ..., kun)T. That is to say, there exists Cixn=(c1, C2, ..., cn) EN" such that V xe {1, 2, ..., n}, g
@x'=Crxm ® (kx1, k2, ..., k)T if S1yand Sy, are two w-numbers with the same form and Si,= Sy, if they are

both integers. ]

In the following, we prove Theorems 1-3. Before that, we present some necessary results.

Property 5: Let po, 111, to, ..., i be a sequence of markings corresponding to a path starting from the
root node of NRT. w-numbers with the same dimension in each coordinate of wo, u1, i, ..., and u, have
the same form.

Proof: By Algorithm 1, once a new w-element o is introduced into a component of a marking, the
base related to ¥’ can never be changed in the corresponding component of any marking that is generated
subsequently in the same path. Hence, the conclusion holds. ]

Property 6: Let uo, w1, o, ..., tx be a sequence of markings corresponding to a path starting from the
root node of NRT. u; c u; if u>u;, where i, je {0, 1,2, ..., n} and j>i.

Proof: Since u>u;, we know that u; and u; are w-markings with the same form or both ordinary
markings. According to the construction algorithm of NRT, it can be concluded that u;  u; since
otherwise a new superscript has to be introduced into u;. ]

Lemma 1 [r1]: In any infinite directed tree where each node has only a finite number of direct

successors, there exists an infinite path leading from the root.

Theorem 1 (Finiteness): The NRT of an unbounded PN is finite.

Proof: By contradiction, suppose that there exists an infinite NRT. Due to Lemma 1, there exists an
infinite path xo, x1, x2, ... from the root node xo. Accordingly, we have an infinite sequence of makings,
denoted as u[xo], u[x1], u[x2], ....

Consider the first coordinate of u[xo], u[xi], u[xz], ..., denoted as u[xo](p1), ulx11(p1), ulx21(p1), -...
Clearly, it is impossible to introduce infinite superscripts during constructing NRT. Hence, there exists
ulxz](p1) in ulxo]l(p1), ulx11(p1), u[x2](P1), ..., which is an w-number with the maximal dimension. Besides,
it is easy to know that u[x,](p1), u[Xa+1](P1), u[Xa+2](p1), ... is an infinite sequence of w-numbers with the
same dimension. According to Property 5, u[x.](p1), u[xa+11(p1), u[xar2](p1), ... is an infinite sequence of
w-numbers with the same form. Hence, an infinite nondecreasing subsequence can be definitely found
in ulxq](p1), ulxar1](P1), u[xa2](P1), -... In other words, we can find an infinite node subsequence of xo,

X1, X2, ..., denoted as xo', x1', x2', ... such that u[xo'|(p1)<u[x1'](p1)< u[x2'](p1)< .... Now, consider the



second coordinate of u[xo'], u[x1'], u[x2'], ..., denoted as u[x¢'|(p2), u[x1'l(p2), u[x2'1(p2), .... Similarly, we
can also find an infinite node subsequence of x¢', xi', x2, ..., denoted as x¢", x;", x2", ..., such that
u[xo"1(p2)< u[x1"](p2)<ul[x2"](p2)< .... Finally, we can definitely find an infinite node subsequence of xo,
X1, X2, ..., denoted as xo", x1°, x2°, ... such that u[xo"]<u[x;"]<u[x,"]< .... But by construction, it must be
an infinite strictly increasing subsequence, i.e., u[xo"]<u[x;"]<u[x,"]< ..., since otherwise a node would
be a duplicate one with no successors. Besides, Vu[x;" 1>u[x;"], u[x;"Jzu[x;'], since otherwise a node would
be a w-duplicate one with no successors. However, this contradicts Property 6. Therefore, the NRT of an

unbounded net is finite. [

Theorem 2 (Reachability): The NRT of an unbounded PN consists of only but all reachable markings
from its initial marking.

Proof: According to the construction algorithm for NRT, it is easy to conclude that the reachable
marking set is contained in NRT. In what follows, we have to prove that any marking in NRT belongs to
the reachable marking set.

First, consider the direct successors of the root node. Obviously, the marking sets that correspond to
these direct successors are contained in the reachable marking set. Next, consider the director successors
of a node with the marking set being contained in the reachable marking set. Similarly, it is easy to see
that the marking sets of these director successors are also contained in the reachable marking set. As a

result, we can conclude that any marking in NRT belongs to the reachable marking set. ]

Theorem 3 (Deadlock-checking): An unbounded PN has deadlocks iff'its NRT contains terminal nodes
or full conditional nodes.

Proof: (Sufficiency) It is clear that a terminal node or a full conditional node definitely contains a dead
marking. Hence, we can see that there is a dead marking in the NRT. By Theorem 2, the dead marking
is reachable in the unbounded PN. As a result, the unbounded PN has deadlocks.

(Necessity) Since the unbounded PN has deadlocks, we can see that there is a dead marking in the
NRT according to Theorem 2. Clearly, dead markings are only contained in terminal nodes or full

conditional nodes in the NRT. As a result, the NRT contains terminal nodes or full conditional nodes. m
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