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Dear editor,
In 2008, the SPARQL query language was the of-
ficial world wide web consortium (W3C) recom-
mendation for a resource description framework
(RDF) query language [1], which is a database
query language that can retrieve and manipulate
data stored in the RDF format. SPARQL allows a
query to have triple patterns, conjunctions (AND),
disjunctions (UNION), optional patterns (OPT)
and built-in conditions (constraints) that can be
filtered (FILTER).

The official semantics of SPARQL recom-
mended by the W3C is a three-valued semantics
in the built-in conditions [1], wherein each map-
ping is assigned to true, false or error, and error
is assigned to mappings that do not contain all
of the variables occurring in the constraints [2].
The two-valued semantics of SPARQL, called the
two-valued semantics, were introduced by [3] in
2006 wherein each mapping was assigned to either
true or false. As a traditional and important prob-
lem, the expressivity of SPARQL has attracted
considerable attention ever since SPARQL was re-
leased. Although the expressivity of SPARQL un-
der the two-valued semantics is the same as the
expressivity of SPARQL under the three-valued
semantics [4], it is interesting to differentiate the
three-valued semantics and two-valued semantics
of SPARQL patterns; i.e., the two semantics of a
given pattern. Moreover, the primitivity of oper-

ators in SPARQL 1.0 has been previously investi-
gated [4]. Although AND is expressed by OPT and
FILTER, it is still interesting to distinguish OPT
from the other operators, such as AND, under the
two semantics. Moreover, although the expres-
sivity of non-monotonic operators in SPARQL 1.1
such as MINUS, BIND, and VALUES have been
investigated [5], the expressivity of the non-
monotonic fragments persists to be an-open prob-
lem, especially with regards to the further classifi-
cation of the non-monotonic fragments.

In this study, we investigated the expressivity
of different operators in SPARQL 1.0, by con-
ducting a comparison among the expressivity of
AND, OPT, OPT from well-designed patterns, un-
der the two-valued and three-valued semantics via
constraints, monotonicity, weak monotonicity, and
non-optionally monotonicity. We summarize the
main contributions of this study as follows.

• To differentiate between the two patterns se-
mantics, we present two constraints, namely, the
positive and bound constraints. Subsequently, we
introduce two kinds of fragments with the
corresponding constraints, namely, the posi-
tive SPARQL fragment (denoted by SPARQL+)
and the bound SPARQL fragment (denoted by
SPARQLb). We demonstrate that the two se-
mantics are equivalent in SPARQL+, while the
three-valued semantics are slightly stronger than
the two-valued semantics in SPARQLb.
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• To distinguish OPT from AND, we present
the monotonicity of SPARQL, which is defined as
normal [6], and we provide proofs by which OPT
dissatisfies monotonicity, while AND preserves it.
Moreover, we demonstrate that AFU is the max-
imal fragment of SPARQL 1.0 preserving mono-
tonicity under the two semantics.

• To distinguish OPT from patterns and OPT
from well-designed patterns, where OPT is re-
stricted [3], we introduce the non-optionally mono-
tonicity of SPARQL, which extends the weak
monotonicity [7] on non-optional sub-patterns,
and demonstrate thatOU is the maximal fragment
of SPARQL 1.0 preserving the non-optionally
monotonicity under the two semantics. However,
we show that the non-optionally monotonicity fails
in AO and FO.

Two-valued pattern semantics versus-three-

valued pattern semantics. To accurately differen-
tiate the two semantics of SPARQL patterns, we
first introduce two kinds of constraints to be fil-
tered, namely, positive constraints and bound con-
straints. Formally, positive constraint (C+) and
bound constraint (Cb) are defined as follows.

• Constraint in C+ is formulated as follows:

bound(?x) |?x = c |?x =?y | C1 ∨ C2 | C1 ∧ C2.

• Constraint in Cb is constructed as follows:

bound(?x) |?x = c |?x =?y |?x 6= c |?x 6=?y |

C1 ∨ C2 | C1 ∧C2.

Intuitively, C+ is ¬-free and Cb is ¬bound-free.
Now, let F be a fragment of SPARQL. We use
F+ and Fb to denote the sub-fragments of F only
consisting of C+ and Cb, respectively.

We denote SPARQL+ as AFOU+, which is
called the positive SPARQL and SPARQLb as
AFOUb, which is called the bound SPARQL.

The following result states that the two seman-
tics are equivalent in the positive SPARQL.

Proposition 1. The two-valued pattern seman-
tics are equivalent to the three-valued pattern se-
mantics in SPARQL+.

However, the equivalence between the two-
valued pattern semantics and three-valued pattern
semantics does not preserve SPARQLb patterns.

Proposition 2. The two-valued pattern seman-
tics are not equivalent to the three-valued pattern
semantics in SPARQLb.

However, the expressivity of SPARQL under the
two-valued semantics is the same as the expres-
sivity of SPARQL under the three-valued seman-
tics [4, Proposition 17].

Next, we discuss the expressivity of SPARQLb

patterns under the two semantics, since only

¬bound is not allowed in SPARQLb with respect
to SPARQL.

Formally, we should define the meaning of some
fragment F being “expressible” in some fragment
F ′. Here, we will simply interpret that for every
pattern P in fragment F , there exists a pattern Q

in the given fragment F ′, such that for every RDF
graph G, we have [[P ]]G = [[Q]]G.

Finally, we demonstate that SPARQL is ex-
pressible in SPARQLb.

Proposition 3. SPARQL is expressible in
SPARQLb under the two semantics.

As a result, the expressivity of SPARQLb is the
same as the expressivity of SPARQL under the two
semantics.

Monotonicity of SPARQL. We will use mono-
tonicity to distinguish OPT from other operators
such as AND. Indeed, we know that the OPT
operator is primitive [4]; i.e., each fragment com-
prising of OPT is not expressible in any OPT-free
fragment.

Formally, the monotonicity of SPARQL can be
defined as follows: let P be a pattern in SPARQL.
P is monotonic if [[P ]]G1

⊆ [[P ]]G2
for any G1 and

G2, G1 ⊆ G2. A fragment F is called monotonic
if all patterns in F are monotonic.

Next, we discuss which fragment of SPARQL is
monotonic under the two semantics.

Note that all OPT-free SPARQL patterns are
monotonic under the three-valued semantics [4].

We also conclude that AFU is monotonic under
the two-valued semantics since two semantics are
equivalent [4, Proposition 17].

Proposition 4. AFU is monotonic under the
two-valued semantics.

In general, not all SPARQL patterns are mono-
tonic. We would like to know whether there exists
a monotonic fragment comprising of OPT. Here,
the answer is negative.

Proposition 5. Any fragment consisting of OPT
is non-monotonic under the two semantics.

In conclusion, by Propositions 4 and 5, we can
demonstrate that the monotonicity can be used to
distinguish OPT from other operators.

However, the monotonicity cannot be used to
distinguish SPARQL+ from SPARQLb if OPT is
absent under the two semantics.

Corollary 1. Both OPT-free SPARQL+ and
OPT-free SPARQLb are monotonic under the two
semantics.

Non-optional monotonicity of SPARQL. The
cause of the monotonicity failing in any fragment
comprising of OPT is that the set inclusion rela-
tionship is too strong for OPT in characterizing
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some “non-decreasing”-like property (by Proposi-
tion 5, OPT causes non-monotonicity).

(1) Weak monotonicity of SPARQL. Let µ1

and µ2 be the two mappings. We say that µ1

is subsumed by µ2 [3], written by µ1 ⊑ µ2, if
dom(µ1) ⊆ dom(µ2) and µ1 ∼ µ2.

Let Ω1 and Ω2 be two sets of mappings. We de-
fine Ω1 ⊑ Ω2 if for all µ1 ∈ Ω1, there exists some
µ2 ∈ Ω2 such that µ1 ⊑ µ2 (defined in [3]).

A weak monotonicity to such a “non-
decreasing”-feature for ⊑ in the general variables
is introduced in [7]. Formally, a fragment F is
weakly monotonic if for all F -pattern P , for any
two RDF graphs G1 and G2, G1 ⊆ G2 implies
[[P ]]G1

⊑ [[P ]]G2
[8].

Well-designed patterns are introduced in order
to characterize weak monotonicity [3]. All well-
designed patterns are weakly monotonic [7].

(2) Non-optional monotonicity. Let P be a pat-
tern. We use ∆(P ) to denote the least reduction
of P (defined in [3]).

Formally, given a pattern P , P is called the non-
optionally monotonic if for any two RDF graphs
G1 and G2, G1 ⊆ G2; then, for any mapping µ1 ∈
[[P ]]G1

, there exists some mapping µ2 ∈ [[P ]]G2

such that the following holds: for any mapping
µ ∈ [[∆(P )]]G1

, µ ⊑ µ1 implies µ ⊑ µ2.
Now, we discuss the relationship between weak

monotonicity and non-optionally monotonicity.

Proposition 6. For any pattern P , if P is weak
monotonic then P is non-optionally monotonic un-
der the two semantics, but not vice versa.

Proposition 7. For any pattern P in AFU , P
is monotonic, weak monotonic, and non-optionally
monotonic under the two semantics.

The following result shows that the non-
optionally monotonicity and the weak monotonic-
ity are identical even for well-designed patterns.

Proposition 8. Each well-designed pattern is
weak monotonic and non-optionally monotonic un-
der the two semantics.

(3) Non-optional monotonicity of SPARQL. A
fragment F is non-optionally monotonic if all pat-
terns in F are non-optionally monotonic. We in-
vestigate the non-optionally monotonicity of all
SPARQL fragments.

Next, we show that OU satisfies the non-
optionally monotonicity.

Proposition 9. OU is non-optionally monotonic
under the two semantics.

Now, we would like to know whether the two
fragments AO and FO are non-optionally mono-
tonic. Here, the answer is negative.

Proposition 10. AO and FO are not non-
optionally monotonic under the two semantics.

We introduce the difference operator DIFF for
patterns [6, 9] in order to answer FO with two
classes of constraints.

Proposition 11. Let F be a fragment of
SPARQL. If DIFF is expressible in F , then F is
not non-optionally monotonic under the two se-
mantics.

Now, we demonstrate that OU is the maxi-
mal fragment in SPARQL 1.0 preserving the non-
optionally monotonicity under the two semantics.

Proposition 12. FO+ and FOb are not non-
optionally monotonic under the two semantics.

Conclusion. This study investigated the ex-
pressivity issues of the three-valued and the two-
valued pattern semantics and some interesting
SPARQL 1.0 fragments under the two semantics.
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