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Abstract In this paper, we consider robust stability analysis of a networked system with uncertain com-
munication delays. Each of its subsystems can have different dynamics, and interconnections among its
subsystems are arbitrary. It is assumed that there exists an uncertain but constant delay in each com-
munication channel. Using the so called integral quadratic constraint (IQC) technique, a sufficient robust
stability condition is derived utilizing a sparseness assumption of the interconnections, and a set of decou-
pled robustness conditions are further derived which depend only on parameters of each subsystem, the
subsystem connection matrix (SCM) and the selected IQC multipliers. These characteristics result in an
evident improvement of computational efficiency for robustness verification of the networked system with

delay uncertainties, which is illustrated by some numerical results.
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1 Introduction

Over the past decades, considerable research interests have been devoted to the stability analysis and
controller design of large scale networked systems (LSNS) [1-4]. In LSNS, the subsystems interact over
a communication network, so that the entire system exhibits complex dynamical behaviors. Owning to
the distributed nature of LSNS, the information exchanged by these subsystems may be delayed during
transmission. The presence of these network-induced delays can lead to performance deterioration and
even destabilization of the system. The robust stability issue of LSNS with communication delays are,
therefore, of theoretical and practical importance.

One of the challenging problems for robust stability analysis is that computational burden grows rapidly
with the state dimension of the system. This is especially true for LSNS that inherently have a large
system scale. On the other hand, it has also been noticed that some characteristics of the interconnection
structure of LSNS can be potentially utilized to reduce the computational cost [5,6]. The objective of
this paper is to develop more computationally efficient conditions for robust stability analysis of LSNS
with communication delays.

As for robust stability of time-delayed systems, integral quadratic constraints (IQCs) provide a unified
framework for robustness analysis by characterizing the input-output behaviors of different types of
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nonlinearities and uncertainties in a quadratic form (see [7-12]). In these literatures, a library of IQC
multipliers have been presented for linear time invariant (LTT) systems with constant and time-varying
delays. In contrast to the Lyapunov-Krasovskii approach [13,14], the IQC-based approach depends only
on the choice of IQCs describing the uncertainties, which can be easily extended to deal with the LSNS
with combination of various uncertainties.

A major difficulty to analyze the robustness of an uncertain LSNS is the treatment of the interconnec-
tions among the subsystems in an efficient way. Spatially invariant NS were studied in [1,3], which derived
some computationally attractive sufficient conditions through a spatial Laplace transformation. Ref. [15]
considered an NS with cyclic interconnections, and presented an exact IQC-based delay-dependent sta-
bility condition. Identical subsystems connected over a graph with diagonalizable pattern matrix were
considered in [16]. Heterogeneous subsystems connected over arbitrary undirected graphs were investi-
gated in [2,4], which applied dissipativity theory to LSNS and used a family of coupled IQC multipliers
to model the interconnections. Sparsity in the interconnection was explicitly considered in [5,6]. Espe-
cially in [6], a necessary and sufficient condition was derived for the stability of an NS with arbitrary
interconnection structures, and some decoupled sufficient stability conditions were derived by utilizing
the structural properties of the interconnections.

In this paper, we reinvestigate robust stability of the NS adopted in [6] under the IQC framework.
We further assume that the interactions among the subsystems of the NS are arbitrary but with an
uncertain constant delay in each communication channel. By separating the delay operators from the
interconnections, we describe the uncertain NS as a linear fractional transformation (LFT) model.

In order to reduce the computational burden of performing robust stability verification, we first utilize
the sparse structure reflected by the subsystem connection matrix (SCM). Inspired by [5], we employ
a special IQC multiplier to represent the interconnections among the subsystems. Using this IQC in
combination with a set of IQCs for the delay-difference operators, we derive a sufficient robustness
condition for the uncertain NS, which allow us to apply effective sparse solvers to solve the robustness
problem.

Next, we focus on exploiting some structural properties of the interconnections. Based on a general
assumption on the SCM ® and Theorem 2 in [6], we propose some decoupled LMIs as the sufficient
robust stability conditions using IQC analysis, which depend only on parameters of each subsystem, the
SCM @ and the selected IQC multipliers for the delays. Hence, they can be verified for every individual
subsystem independently, which is an attractive property for the robustness analysis of LSNS.

Refs. [17,18] also introduced separate LET channels for delay operators and the interconnections, and
arrived at decoupled conditions for the robustness analysis of an NS with delay uncertainties. Unlike
these studies, which considered the interconnections as uncertainties and conservatively characterized
them with block-diagonal multipliers, in this paper, we concentrate on exploiting the actual structure of
the interconnections.

The rest of this paper is organized as follows. The IQC stability theory is reviewed in Section 2.
Section 3 gives a description of the adopted LSNS and the problem formulation. Section 4 develops some
robust stability conditions of the NS with uncertain communication delays. Some numerical results are
reported in Section 5. Section 6 concludes this paper. The material in this paper was partially presented
in [19].

Notation. Symbol Z. is used to denote the set of nonnegative integers. 5 denotes the set of n
dimensional square summable signals. Notation R1Z2*" is used to denote the space of proper rational
transfer matrix with no poles on the unit circle, while Rh.*" represents the subspace of R1Z2*" consisting
of functions with no poles outside the open unit disk. The transpose and conjugate transpose of a matrix
X is denoted by XT and X*, respectively. The n x n identity and the m X n zero matrix are denoted
by I, and 0™*" respectively, or just I and 0 if dimension is clear from context. 0,, denotes the m
dimensional zero column vector. F,, (*,#) stands for upper LFT. diag{X;|%_,} denotes a block diagonal
matrix, while col{ X;|%,} the vector/matrix stacked by X;|% ;. The Kronecker product is denoted by ®.
Let D, denote the time delay operator: (D,v)(t) = v(t — 7),7 € Z4, where T specifies the delay, and S;
be the “delay-difference” operator (D, — I); i.e., S-(v) :==v(t —T) — v(t).



Wang Z K, et al. Sci China Inf Sci  December 2018 Vol. 61 122201:3

2 Preliminaries

IQCs is a powerful tool in robust stability analysis of uncertain systems [7,8,15]. They are extensively
applied to characterize the uncertainty in the system. More precisely, let A denote a bounded and causal
operator. Two signals w € ¢5* and d € ¢4 related by d = A(w) satisfy the IQC defined by IT if

(e

where 1 and d are Fourier transforms of w and d, respectively. II is a bounded LTT self-adjoint operator
on {5 space, while TI (ej”) is its frequency response function. The time-domain form of (1) is

an(w,d)< >

e |w(t) ' w
Sl b

The operator II is referred to as the multiplier of the quadratic form oy (w, d). Next, we give the following
lemma to describe the IQC framework for analyzing robust stability of discrete uncertain systems, which

dw >0, (1)

IT () l .

w
d

w

I
d

is the discrete-time version of the IQC stability theorem in [8].
Lemma 1. Assume that a discrete uncertain system, w = Gd,d = A(w), where G is a linear time-
invariant transfer function matrix. A is a bounded and causal operator representing the uncertainty in
the system. Then, this uncertain system is robustly stable, if

(i) For every p € [0, 1], the interconnection of G' and pA is well-posed;

(ii) For every p € [0, 1], the IQC defined by II is satisfied by pA;

(iii) There exists € > 0 such that

a@)] G(e*)

(/) < —el, Vw| < (3)

Condition (iii) is a frequency dependent, infinite dimensional LMI. If the operator A satisfies a set of
1QCs defined by Ilx, k = 1,2,...,n, then A also satisfies the IQC defined by II = ZZ:1 AeITg. In this
case, robust stability analysis via IQC approach becomes a search for a suitable operator II that satisfies
the LMI in (iii). When II € RI{"T™* M+ “this can be handled by converting the condition (iii) to a
frequency independent finite dimensional LMI using the Kalma-Yakubovich-Popov (KYP) lemma [20,21].

3 Problem formulation

Consider a networked system 3 consisting of IV linear time invariant dynamic subsystems. Each subsys-
tem X; is described by the following discrete state-space equation:

x(t+1,7) Agy (1) Agy (i) By (0) | |z (t,1)
z (t,14) = | A, (1) Ay (i) B, (3) | [v(t,9)], (4)
y(t,i) Cr (i) Cy (1) Dy(i)] |u(t,i)
in which ¢ = 1,2,..., N. t and 7 stand for the temporal variable and the index number of a subsystem,

respectively. z(t, 1) is the state vector of the i-th subsystem X, at time ¢. z(¢,7)/v(t, ) is the output/input
vector of the 33; to/from other subsystems, which is also called internal output/input vector throughout
this paper. On the contrary, y(¢,i)/u(t, i) is called external output/input vector of the X;.

Assume that the dimensions of the vectors x(t, 1), v(t, 1), u(t, i), z(¢,7) and y(t,i) to be My, Myi, Muy;,

mz; and my;, respectively. Define z(¢, j) and v(¢,¢) as the partitioned vectors z(t, j):= col {zq (t,j)|2§{
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and v(t,q) := col {vp(t, i) ;n:“i'}, respectively. For each distinct pair of subsystems, indexed by 7 and j,

the constraint of each interconnection can be expressed as
vp (t,i) = (D, ,2q) (t,4), Vi#j, 1<i,j<N, (5)

in which D, , is the delay operator that is defined by v,(t,7) = 24(t — 7, j), where the delay duration
T;,p is constant but uncertain. The upper bound of 7; , is denoted by 7;, € Z4 such that 7, € [0, T; ;).
Thus, the subsystems are connected through

v (t) = (Dr02) (1). (6)

Here, z(t)=col {z(t,4)|;} and v(t)=col {v(t,4)|X, }. In addition, D; is the delay operator generated
via Dy, .

D, = diag {diag {D,, |7} |, } . (7)

Ti,plp=1
It is assumed that every row of the SCM ® has only one non-zero element which is equal to one. That
means every single internal input channel of a subsystem is only affected by one internal output channel
of another subsystem, and one internal output channel of a subsystem can affect several input channels
of other subsystems. As argued in [22,23], this assumption does not introduce any restrictions on the
structure of the whole system.

Introduce the vector T(t) and let T(t) = ®z(t). we have that v(t) = (D,7)(t). For the subsystem X,
the internal input vector v(¢,) can be expressed by v(t,i) = (D-,0)(t,i), where D;, = diag {D-, , i}
Based on these relations and (4), the state-space description of subsystem 3; and the interconnections
among the subsystems can be rewritten as

x(t+1,1) Age (1) Ay (1) By (4) x (t,14)
z (t,1) = | Az (i) Az (i) B (i (D7) (t,1) |, (8)

y (t,4) (1) Cy (i) Dy (i) w(t, i)
T(t) =Pz (t). (9)

By doing this, the delay operators are removed from the interconnections into the relevant subsystems
as the delay effects on the internal inputs. In next section, we present some robust stability conditions
of system ¥ with time delay uncertainties under the IQC framework.

4 IQC based robustness analysis with uncertain communication delays

To facilitate the robustness analysis, a model transformation is performed on the original model in order
to separate the delay uncertainties from the nominal LTT subsystems. Specifically, we introduce two
vectors w(t, ) and d(t,7). Let w(t,i) = v(t, i) and d(t,i) = (D5, 0)(t,4) —0(t,4). From (8), we have the
augmented model of the subsystem X; described in the following LFT form:

2+ 1,0 [Aww () Aus (i) Ao (i) Bo ()] [ (8,0)
w (t,1) _ 0 0 I 0 d (t,1) , (10)

2 (t,1) Ay (1) Auy (i) A (3) B. ()| |7(1,1)

y(t,i) Co (i) Cy(i) Cy(i) Du(i)] [u(t,i)
d(tvi) - (Sﬂ'w) (tvi)v (11)

in which §;, is a diagonal delay-difference operator, and it is obvious that S;, = diag {STW ;nz”l} This
results in an LFT formulation of each subsystem with a delay-difference uncertain block, which is widely
utilized in robust control theory (see [24]). Figure 1 shows the transformed LFT model structure of

system 3.
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Figure 1 Transformed LFT model structure of system 3.

By assuming that w(t,i) = 0,i=1,2,..., N in (10), we further describe the system ¥ in the following
form:
w = Gyuad + Guzv,

z = G,qd + G5V,
d=38; (w),

v=>®z,

(12)

where S; = diag {S,, |V, }, G.u = diag{G.4x(i)|’L,} with *=w, z and #=d, . Define the dimensions
of the vectors w, d, v and z as M,,, My, M, and M., respectively, in which M,, = My = M, = Zivzl My
and M, = Zf\il M.

In this study, the input-output behavior of the delay-difference operator is characterized by multiple
IQC multipliers under the LFT representation (10) and (11) of each subsystem, and the IQC stability
theorem can be employed to verify the robustness of system 3 with delay uncertainties.

Assume the delay-difference operator S, , satisfies the IQC defined by II*?, which can be partitioned
as

4P TP
Iy 1o

%P = ) !
1,p* P
H12 H22

(13)

Then, the diagonal delay-difference operators S;, and S; satisfy the IQCs defined by

I = IIiI]IiQ (14)
II75 1T,
and
~ (I I (15)
I, Moz |

in which the (r,¢) blocks of I’ and IT are denoted by II%_ = diag {1z} and 11, = diag {117 |, },
respectively.

Suppose that II° has a proper rational transfer matrix representation W(¢)T"MW¥(¢), in which ¥ €
Rh%Y X (Moitmos) Moreover, ¢ denotes the variable of Z-transformation, M is a self-adjoint real symmet-

ric matrix. Let ¥({) have the following state-space realization:

ry(t+1) = Agzy(t) + By ww(t) + By qad(t),

(16)
Z\p(t) = C\I/x\p(t) + D\I/ww(t) + D\y,dd(t)
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with zero initial conditions. Thus, w and d satisfy the IQC defined by II° = ¥({)T MW (¢) if and only if

the signal zy = W[ ] satisfies the following time domain quadratic constraint:

Zz\y TMzg(t) > 0. (17)

The classical approach to robust stability analysis of system 3 with uncertainties is to eliminate
the SCM constraint in (9) so as to describe the overall networked system as a lumped one. Define
A,y = diag{A,»(i)|X,} with x, #=x, v, 2. From (10) and (12), we obtain

z(t+1)
w (1)
d(t) = (Sr

Apy Aga
Ave Apa
w) (¢

(t)]
d(t) (18)
);
in which Ay, = Ay + Apo(I — @A) @A, Agg = Agy + Ago(I — @A) @A, Ay, = (I -
DAL,) DA, and Ayg = (I — PA,,) DA,

We define (18) in the input-output form w = Gd,d = S;w where G = Gq + Guz(I — G.7) 1G4 is
the transfer function matrix of the nominal system. Assume that the interconnection (G, S;) is well-posed.
Furthermore, if Theorem 1 in [6] is satisfied, G is internally stable.

According to the condition (iii) of Lemma 1, the NS with constant delay uncertainties is robustly stable
if there exist € > 0, a set of IQC multipliers II; and scalars v > 0,k = 1,2,...,n, such that

n

G(e)]”

Vk 7

k=1

I, (e)) lé(jjw)] < —el, Vw| < (19)

As argued in Section 2, the frequency dependent, infinite dimensional LMI (19) can be equivalently
converted to a finite dimensional LMI using the KYP lemma.

Remark 1. Notice that the matrices A*# with %, #=x, v, z in (18) are usually dense even if the SCM
® is assumed to be sparse. It can be expected that the finite dimensional LMI converted from (19) is
also dense. This implies that computational complexity for verifying the robustness condition based on
the lumped formulation will grow prohibitively with the increment of system size.

It is obvious that it will meet considerably computational difficulties to solve the lumped formulation
of the robustness problem when the NS has a large scale. However, the NS usually has a sparse structure
reflected by the SCM @, which means each subsystem is only connected to a small number of neighbors.
This structural property makes it possible to develop a sparse LMI to reduce the computational effort
in some degree. According to the idea introduced by [5,25], we define the following IQC multiplier to
characterize the interconnections among the subsystems

—oTXx® OTX
Xo -X

e = (20)

where X = 2/ > 0. Using this interconnection constraint in combination with a set of IQCs for the delay
uncertainties, the following sufficient condition is derived for the robustness verification of system 3.

Tu, = col{Tu, 171}, Tus, € Zy, there exist scalars A\, > 0,k =1,2,...,n, X =xI > 0 and P > 0 such
A~ ding { ldiag{A@klz_l} 0

Theorem 1. Consider the system X. If for a given delay margin vector 7, = col{7,,|Y}, in which
i,plp=1
that LMI (22) is satisfied with
N
0 Az (1) i_l}’
N
diag{ } diag{
i=1

Ay ()

B =

J

COl{B\i!k,wm:l}
Ay (i)
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y N
3 R Myi XMgq a
0 I, 0
d XM, N d A N d A N
: Mz g ; i K i 1) |4
Cop — 1ag{ [O (;I’ Am(z)} 1:1} . Dg— [ 1ag{ zou(l) 1:1} lag{ Izv(l)lzzl}] . (21)
M’U
ATPA— P ATPB " cry . Cy"
BTPA BTPB " ;)\k [D{;r] M (7] [Ck Dk} i ZT H¢(X)[C¢ D¢} <0 @)

Then, system X is robustly stable for all the communication delay 7; , € [0, 7y, |-

Proof. Consider the system X formulated by (12). Suppose that the delay-difference operator Sy,
satisfies a collection of IQCs defined by II*? for k = 1,2,...,n such that S, satisfies the IQCs defined by
I, for k = 1,2,...,n where 11, is defined by (15). For each ﬂk, we have

og, (w,d) = /_7; [Z ((j:))] *ﬂk (e) [1;’ ((;j:))]dw > 0. (23)

In addition, the interconnections are modeled by the IQC defined by (20). According to [25], there
exist scalars A\, > 0,k =1,2,...,n and X =zl > 0 such that the following LMI is feasible if and only if
Eq. (19) is feasible.

Gud Guo| [Tiie 0 |Ihax O Guwd Guw
" Gy Gos 0 —dTX®| 0 —0TX||G.y Cus
S| - - ! < —l, (24)
1 r o 2k 0  |Haer O I 0
0 I 0 X0 0  -X 0o I

for e > 0 and for all w € [0,00]. Because the G is internally stable, the LMI (24) becomes a sufficient
condition for the robust stability of system X with uncertain communication delays.

Suppose that any II), can be factorized as a proper rational TFM representation I, = @EM WUk, It is
worth mentioning, in order to reduce the conservatism of the IQC descriptions, M, in the selected IIj, is
the function of the given delay margin vector T,. According to (16), we define a state-space realization
of Uy, as (A\i/k’ [B\i/k,w B\i/k,d]7 Cy, - [D\ifk,w D\i/k,d]) for k =1,2,...,n. Define the dimension of the vector
zg, (t) to be my and My = Shey myg, . The state-space realization for the TFM \i/k[G;’d Géﬁ] for
k=1,2,...,nis (4, B,Cy, D), the parameters of which are defined in (21). Then, the KYP Lemma
can be applied to demonstrate the equivalence of inequalities (22) and (24).

Remark 2. Note that in (21) the matrix A and all sub-blocks of other matrix parameters are block
diagonal, and the SCM @ is usually sparse. Meanwhile, we can normalize the scalar x such that x = 1, and
then the left hand side of inequality (22) depends linearly on the matrix P and scalars \g, k = 1,2,...,n.
When the IQC multipliers are selected, it is possible to use available efficient solvers for this sparse semi-
definite programming, such as that developed in [26]. It is expected that the computational complexity for
verifying the above condition is usually lower than that of the condition based on the lumped formulation.

Remark 3. Note that the LMI in (24) is equivalent to the LMI in (19), which means that using the
IQC multiplier (20) to model the interconnections does not change the conservativeness of the robustness
analysis. This is because the LMI in (24) cannot be obtained directly by applying Lemma 1 to the
networked uncertain system (12) with S; and ® as uncertainties. In fact, the IQC of the interconnections
does not satisfy the condition (ii) in Lemma 1 because —®T X ® # 0. By Theorem 2 and Corollary 1
in [25], the condition (24) is derived by reformulating (19), which proves the condition (ii) in Lemma 1
is not required for this special case.

When the NS has a very large scale, numerical difficulties may still arise in verifying the condition in
Theorem 1. To overcome these difficulties, we further develop a set of distributed robustness conditions
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for the robustness analysis of the NS with delay uncertainties by investigating the structural properties
of the SCM @ in the remaining part of this section.
Taking the Z-transformation on both sides of (10), we have that

Cz (¢, 14) Aga (1) Ago (1) Agy (1) Bz (i) | | (C,4)
w(Gi | _| 0 0 - I 0 d(¢.1) (25)
z (¢, 1) Azo (1) Az (i) Azo (i) B. (i) ] |0(¢4)
y(C.) Co (i) Co (i) Cy(i) Dy (i)] Lu(C,i)

From (11) and (25), straightforward algebraic manipulations show that

lz (¢, )
y(C,1)

Gzﬁ (Ca Z) GZU (Ca Z)‘|

Gyo (¢,1) Gy (¢,1) 1 ’ (26)

[u(C,4)

where

(27)

Define Gy = diag{G.x((,i)|N,} with x, #=z, y, D, u. Then,

700
L(Q] | 2

Moreover, from (9), we have that 7({)=®z({), which can be substituted into the above equation such
that y(¢) = [Gyu(¢) + Gyw(¢) (I — ®G.5(C)) " ®G.u(¢)]u(¢). Then, the stability of system 3 can be
verified by the following lemma that is presented in [6].

Gy (C) Gyu (C)

Lemma 2. Assume that system ¥ is well-posed. Then, system 3 is stable if and only if
(I =G (O #0, V[(| =1 (29)

From Lemma 2, it is obvious that inequality (29) must be verified for each complex number ¢ with
|| > 1, which is generally hard to realize through straightforward computations. Meanwhile, the large
dimension of LSNS will make the computations prohibitively costly even when the SCM @ is usually
sparse. In order to tackle these difficulties, some structural properties of the SCM @ are investigated.

Define M, ; as M, ; = 22:1 My with M, o = 0, in which x = v, 2. Let ¢} denote the M, dimensional
row vector with its k-th column element being 1 and all other elements being zero. In addition, let
j(i),i =1,2,..., M, denote the position of the non-zero element of the i-th row of the SCM ®. Then,
from the assumptions on this matrix, we have that ® = col{ej(i)b]\i”l}. Let m(i) stand for the number
of subsystems that is directly affected by the i-th element of the vector z(t). Let ¥;,5 = 1,2,...,N
denote diag{\/m(i)hﬂfj\'}z,jilﬂ}. Note that efe, = diag {0;571, 1,0;{4;4“}. Straightforward algebraic
manipulations show that

dT® = col” {ej(i) |£‘i“1} col {ej(i) |£‘i“1}
— diag {m(i)|%; }
= diag {¥3|1L, } . (30)

Based on the properties of the SCM @, the following sufficient stability condition of system 3 is given,
which is proposed in [6].
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Lemma 3. System X is stable if | £;G.5((,7)]|co < 1 is satisfied for each subsystem.

Note that Lemma 3 is a decoupled stability condition by using the structural properties of SCM.
Therefore, it can be verified independently for each subsystem and its computational complexity increases
only linearly with the growth of subsystem number N. For an NS, this characteristic is quite attractive
in the system analysis and synthesis. However, it is worth pointing out that there exist uncertain time
delays in the TFM G.5((,4). Therefore, Lemma 3 cannot be used directly to verify the robustness of
system 3.

Definition 1. A quadratic functional op(z,v) is defined as
< 0] [Mpay 10
z pi11 pi2

op (Zv U) = ' '
2 [ (t) v(t)

A system has robust performance with respect to op over a set of uncertainties if the system is well-posed,

—o |Vt

[Z(t)] . (31)

Hp 1o 1Ip22

internally stable and op(z,v) < 0 is satisfied.
The following result is obtained for robust stability of system ¥ with delay uncertainties.

Theorem 2. Consider the system X. If for a given delay margin vector Ty, = col{Ty, ,[,=1}, Tu., € Z+,

there exist scalars A\i > 0,k = 1,2,...,n and a positive definite matrix P > 0, such that LMI (33) is
satisfied for all 4 = 1,2,..., N with

i _diag{A‘I’km:l} 0 i col{ By, alji—1 } i col{ By, wli—1}
A — R B = , BQ = )
i 0 Ay (7) Ay (i) Ay ()
i _ _C\yk Qv XM . [Dua o [,
S VR R N S T O
o oM AL (i) 4 5 Ay (4) . Ay (i)
Ct = , — , 1= , 32
G 0 0 G 0 Go I (32)
(4" pAi —p AP A" PB;] [ oi"
B{"PA B{"PB B{"PB,| +> M |Di," | M (T)|Ci D, Di,]
iTpgi iT iT = i T
| By PA' By PBI By PB;| ' |Dj,
. 10 o .
+ |, " ci, s, DL, <o. (33)
; 1T 0 7]‘ 1
Dg,
Then, system X is robustly stable for all the communication delay 7; , € [0, Ty, |-
Proof. Define a TFM é(z) Its state-space realization is described as
x(t+1,1) Ape (1) Ago(i)  Azp(i) x(t, 1)
w(t,i) | = 0 0 1 d(t,i) |, (34)
z(t, ) YA (i) 2iAL,(1) ;AL (3) | |O(t,9)
d(t,i) = (Srw) (t,1). (35)
The input-output form of this interconnected system is represented by
) i -~ d ) i
[w@ UL z_)] |
(¢, 1) (¢, ) (36)

d (Ca Z) = Snw (Ca Z) :
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Vi b—

d(i) w(i)

G(i)

Wi) ————— — (i)

Figure 2 Stability analysis structure under the IQC framework.

Define an upper LFT with respect to S, as F,,(G(i),S-,) with

Fu (@(z‘),sﬂ.) = XAz (i) + 5 [Azx(i) Aw(i)} lClI S ]

L))

From (26) and (37), we have that 3;,G.5(C,i) = Fu(G(i),Ss,). Then, the inequality [|[2;G.o(C, )]0 < 1
in Lemma 3 is satisfied if and only if the inequality || F,(G(i), Sy, )]s < 1 is satisfied.

Because z = Fo (G(i),S,.)0, || FulG (i), Sy, )||lso < 1 means the induced £y gain from T to z is less than
1 for a given delay vector 7;, which corresponds to the following IQC description:

Ayw (i) Ago(7)
0 0

Ay (7) .

J (37)

op(z,0) =Y (|2(t,0)]* = [B(t,4)]?) < 0. (38)

t=0

Assume that S, satisfies a collection of IQCs defined by II} for k = 1,2,...,n. For each I} =
U (O)Y MWy (C), we have

where M}, in the selected Il is the function of the given delay margin vector Ty, . This IQC description
essentially replaces the original relation d(i) = S, (w(7)), which is shown in Figure 2. Let

H = {(z,w,ﬁ, d) € E?”Hm” : lw] = é(z) lj } )

Then, we need op(z,7) < 0 satisfies for all (z,w,7,d) € H such that o (w,d) > 0,k =1,2,...,n.
This is clearly the case if there exist scalars A\ > 0,k = 1,2,...,n such that o(z,w,7,d) = op(z,7) +
Sorey Akoqpi (w,d) < 0. Then, the condition (iii) of Lemma 1 is satisfied if for k =1,2,...,n such that

T

= w(t

p ) (1) = D" 20, (O Miza, (1) > 0, (39)
t=0

Gua(i) Guoli) I, . 0

Hzﬁ,k 0 éwd(i) éwﬁ(l)

. o . I =~ . ~7 .
G.a(i) G.5(7) 0 0 0 || Goai) G.5(2) < el (40)
I 0 I, 0|, 0 I 0
I 0O 0o 0 -—I 0 I

By realizing the TEM W[ Cwa® Gwr® ] for k = 1,2,...,n, we derive an extended system
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ze(t+1,1) Al Bi B% ze(t, i)
2y, (t,i) | = |CL Dy, Dj_ ||dti) |, (41)
2(t,i) Cé Dg, D, | | o(t,i)

where z. := [z x¢]|T with z and 2y denoting the state vectors of subsystem X; and diag{U|?_,},
respectively. Define the dimension of the vector zy(t) as My. The parameters of the extended system
above are defined in (32).

An application of the KYP lemma now shows that the inequality (40) is satisfied if and only if Eq. (33)

is satisfied. Thus, ||2;G,5((,7)|lee < 1 is satisfied for each subsystem of 3. This proves Theorem 2.

Remark 4. Note that the robust stability condition in Theorem 2 is completely determined by the SCM
®, the parameters of the i-th subsystem and II%,0 < k < n. Therefore, it can be verified independently
for each subsystem.

From the result in Theorem 2, we derive a decouped LMI-based condition for the robustness verification
of the NS with delay uncertainties, which has lower computational complexity than Theorem 1. However,
there is a trade-off between the computational complexity and the degree of conservatism. To be more
specific, the condition in Theorem 2 is conservative in part because it is based on Lemma 3. As discussed
in [6], it is obvious that using the maximum singular value 7(X;G.5((,7)) to bound the spectral radius
p(®G5(C)) is only sufficient, but its conservatism is still not clear. Another reason of conservatism in
Theorem 2 is the selected IQC multipliers that model the delay uncertainties. To reduce this conservatism,
we need to develop more compact IQCs to bound the delay operators.

5 Numerical simulations

To illustrate properties of the obtained robustness verification conditions, two numerical examples are
reported in this section. The first is to demonstrate the computation efficiency of Theorems 1 and 2,
while the second is to compare Theorems 1 and 2 with the existing method in terms of the degree of
conservatism. All the simulations are performed with a personal computer with an Intel(R) Core(TM)
i5-2400 CPU.

5.1 Numerical Example 1

In this subsection, we perform multiple numerical simulations to evaluate computational efficiency of
Theorems 1 and 2. Some typical results are provided here. In these simulations, let mgy; = my; =
m,; = 2 and every parameter of the subsystems is independently and randomly generated according to
a continuous uniform distribution over the interval [—0.5,0.5]. Additionally, each row of the SCM & is
generated randomly and independently, in which the non-zero element is selected according to a discrete
uniform distribution over all the possible locations.

Three methods are utilized in checking the robust stability of the generated system with constant delay
uncertainties. One is based on existing lumped formulations, while the others are based on Theorems 1
and 2.

For all the three IQC-based robustness conditions, We choose two IQC multipliers from [10] to char-
acterize the associated delay-difference operators S;, which are

_— 0] (Tu+1)X; 0 HIn 0]7 @)
I, I, 0 —X1| |1, I,
R o] [7;2)(2 0 H(1—g—1)ln 0]7 (@3)
0 I, 0 —-Xo 0 I,

where X1 = X{' >0 and Xy = XJ > 0. 7, is the upper bound of delay duration.
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Table 1 Computation time for robust stability verification

Subsystem Average CPU time (s) Standard deviation (s)

number N LMI (lumped) Theorem 1 Theorem 2 LMI (lumped) Theorem 1 Theorem 2
2 0.0184 0.0343 0.0330 0.0316 0.0076 0.0389
4 0.1539 0.1834 0.0607 0.0472 0.0293 0.0395
6 0.6426 0.7331 0.0911 0.0982 0.0921 0.0413
8 1.9633 1.7141 0.1207 0.3007 0.2309 0.0430
10 5.1660 4.0375 0.1692 0.4497 0.5571 0.0532
12 12.5412 8.6380 0.1964 1.1057 1.0417 0.0551
14 25.8146 16.3217 0.2293 1.8817 1.2748 0.0579
16 53.4153 26.5453 0.2654 1.8952 1.3492 0.0598
18 90.0755 41.5946 0.2952 0.8409 1.5985 0.0623
20 148.5057 60.6832 0.3255 1.5072 1.5344 0.0610
30 1164.2107 247.0348 0.4883 15.8555 6.5307 0.0669

In order to utilize the sparsity in inequality (22), we use the sparse solvers DSDP [26] to verify the
condition in Theorem 1, while the other two conditions are checked using Matlab LMI toolbox. For
each subsystem number, one hundred computations are conducted for each condition. According to
the computations, both the average and standard deviation of computation time are calculated for their
robust stability verification. Table 1 reports some representative results when N is increased from 2 to 30,
and Figure 3 illustrates the averaged computation time required to verify the aforementioned conditions
for each value of N.

As is shown in Figure 3, the condition in Theorem 2 is more efficient than the other two conditions when
the subsystem number is large. It appears that the computation time of Theorem 2 increases linearly with
the subsystem number, while the existing condition based on the lumped formulation increases almost
exponentially. With the increment of the subsystem number IV, the condition in Theorem 1 is also more
efficient than the existing condition based on the lumped formulation, which demonstrates the advantage
of the sparse formulation. On the other hand, when IV is small to a certain degree, the condition based
on the lumped formulation is more computationally efficient than the conditions in Theorems 1 and 2.
This is not a surprise, noting that the dimension of inequality (22) is generally larger than that of the
condition based on the lumped formulation, and inequality (33) is checked for every subsystem in the
verification of Theorem 2. In the simulation process, we chose N to be larger than 30 to conduct the
verifications of the three methods. However, it was impossible to compute the solutions for the condition
based on the lumped formulation or that in Theorem 1 because of the memory limit, while the verification
of Theorem 2 worked normally. Owning to the low computational complexity of the condition in Theorem
2, it allows us to compute the solution even for larger N.

5.2 Numerical Example 2

In this numerical example, we compare the degree of conservatism associated with the proposed conditions
in Theorems 1 and 2, with the existing condition based on the lumped formulation of the IQC analysis.
The NS consists of two subsystems whose state space model-like representations are given below.

ct+1,0)] fo7 —021] [zt
2(t,1) | =105 0 of [v(t1)], (44)
y(t,1) 10 of|u@1)

ct+1,2)]  [os —03 1] [2(t2)]
2t,2) | =103 0 o |vt2)]. (45)
y (t,2) 10 0f|u@t2)
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T T T T T T T T T T T T T /*
10°F =79

— —@ — The lumped formulation _

—@— Theorem 1 P

——+&— Theorem 2

Computation time (s)

1 072 1 1 1 1 1 1 1 1 1 1 1 1 1
2 4 6 8 10 12 14 16 18 20 22 24 26 28 30
Subsystem number N

Figure 3 Averaged computation time of the robustness verifications.

These subsystems are connected through

D, 0]fo1
wo- ([ 21 1) "

There are two delay operators in the interconnections between the two subsystems. Assume that
the delay durations 7 and 79 vary independently, and we still employ the IQC defined by II; + Il to
characterize the relevant delay-difference operators S, and S;,. Three robustness verification methods,
the condition based on the lumped formulation, Theorems 1, and Theorem 2, are applied to this system.
The objective of these verifications is to estimate the stability region with 71 and 7 as parameters such
that the NS given in (44)—(46) is robustly stable for all the delays 71 and 7o that belong to this region.
The estimated stability boundary for each method is plotted as a function of delays 71 and 75 in Figure 4.

In Figure 4, the curve of Theorem 1 is almost identical to that of the lumped formulation, and the
difference may be caused by unavoidable errors due to numerical calculations. Thus, for this particular
example the condition in Theorem 1 is no more conservative than that based on the lumped formulation.
Evidently, utilizing the decoupled condition in Theorem 2 renders the most conservative results. However,
the robustness verification of Theorem 2 requires less computational time than those of the other two
methods as shown in Figure 3 when the NS has a very large scale.

6 Conclusion

This paper investigates robust stability of a networked system with uncertain communication delays. A
distinct feature of the problem we consider is that the dynamic properties of each subsystem are without
any constraint, and interconnections among the subsystems are arbitrary but with an uncertain constant
delay in each communication channel. By employing a set of IQCs to bound the delay uncertainties
and the interconnections, a sparse LMI is derived as a sufficient condition for the robust stability of the
NS. Furthermore, some sufficient robustness conditions are derived which depend only on parameters
of each subsystem, the SCM and the selected IQC multipliers. Numerical experiments demonstrate the
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— & - Theorem 1
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Figure 4 Estimated boundary for the stability region in 71-72 plain.

conditions we propose can improve the computational efficiency for the robustness verification in different

degrees.
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