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Abstract The alternating direction method with multipliers (ADMM) is one of the most powerful and suc-
cessful methods for solving various composite problems. The convergence of the conventional ADMM (i.e.,
2-block) for convex objective functions has been stated for a long time, and its convergence for nonconvex
objective functions has, however, been established very recently. The multi-block ADMM, a natural exten-
sion of ADMM, is a widely used scheme and has also been found very useful in solving various nonconvex
optimization problems. It is thus expected to establish the convergence of the multi-block ADMM under
nonconvex frameworks. In this paper, we first justify the convergence of 3-block Bregman ADMM. We next
extend these results to the N-block case (N > 3), which underlines the feasibility of multi-block ADMM
applications in nonconvex settings. Finally, we present a simulation study and a real-world application to
support the correctness of the obtained theoretical assertions.
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1 Introduction

Many problems arising in the fields of signal & image processing and machine learning involve finding a
minimizer of the sum of N (N > 2) functions with linear equality constraint [1]. If N = 2, the problem
then consists of solving

min f(x)+g(y) s.t. Az + By =0, (1)

where A € R™*™ and B € R™*"2 are given matrices, f : R™ — R and ¢ : R™ — R are proper lower
semicontinuous functions. Because of its separable structure, problem (1) can be efficiently solved by
ADMM, namely, through the procedure:

xk""l — aI‘g min La(mgyk)pk))
rER™1

ykJrl = arg min La(karl;yvpk)a (2)
yER™2

PP = pF 4+ a(AzFH 4+ Byk ),
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where « is a penalty parameter and
@
La(z,y,p) := f(2) + 9(y) + (p, Az + By) + 5 | Az + Byl|*

is the associated augmented Lagrangian function with multiplier p. So far, various variants of the con-
ventional ADMM have been suggested. Among such varieties, Bregman ADMM (BADMM) is designed
to improve the performance of procedure (2) [2]. More specifically, BADMM takes the following iterative

form:
phtl — arg zrélﬂg}ll La(l’, yk’pk) + A¢(CL’, I'k)a
yk+1 = arg yrélﬂigz La(xk"‘l’ yapk) + A¢ (y7 yk)a (3)

PFHL = pF 4 a (At 4 By,

where Ay and Ay, are the Bregman distance with respect to functions ¢ and v, respectively. ADMM was
introduced in the early 1970s, and its convergence properties for convex objective functions have been
extensively studied [3,4]. It has been shown that ADMM can converge at a sublinear rate of O(1/k) [5],
and O(1/k?) for the accelerated version [6]. The convergence of BADMM for convex objective functions
has been examined in [2].

Recently, there has been an increasing interest in the study of ADMM for nonconvex objective functions.
On one hand, the ADMM algorithm is highly successful in solving various nonconvex examples ranging
from nonnegative matrix factorization, distributed matrix factorization, distributed clustering, sparse
zero variance discriminant analysis, tensor decomposition, to matrix completion (see [7-9]). On the other
hand, the convergence analysis of nonconvex ADMM is generally very difficult, due to the failure of
the Fejér monotonicity of iterates. Very recently, the convergence of ADMM as well as BADMM for
nonconvex objective functions has been established in [10-12].

We now consider the 3-block composite optimization problem:

min f(z) 4+ g(y) + h(z) st. Az + By+Cz =0, (4)

where A € R™*™ B € R™*"™2 and C' € R™*" are given matrices, f : R™ — R, g : R”> — R are proper
lower semicontinuous functions, and h : R™ — R is a continuously differentiable function. To solve this
problem, it is thus natural to extend (2) to the following form:

E+1 . E ko k
2Tl = arg min L, (z, y*, 25, pf),
rzeER™1
B+l _ ; k41 k ok
y + - arg min LO((I + 7?],2 ap )7
®)
k+1 : k1, k41 k
28l = arg min Ly (28T, y* L 2 pb),

z€R™3
pk—i-l :pk —i—a(Aka"l +Byk+1 + C’zk+1),

where the augmented Lagrangian function L, : R™ x R™ x R™ x R™ — R is defined by
Lalw,,7p) = [(@) + 9() + h(=) + (p, Az + By + C2) + 5| Az + By + Oz (6)

However, as shown in [13], the 3-block ADMM (5) does not necessarily converge in general even under
the convex frameworks. To guarantee its global convergence, some restrictive conditions are required;
for example, the strong convexity condition of all objective functions [14], or at least one function being
strongly convex [15,16].

The purpose of the present study is to examine convergence of ADMM with N blocks for non-
convex objective functions. Following the idea of (3), we first propose 3-block BADMM for solving
problem (4), and establish its global convergence for some nonconvex functions. Next, we extend the
convergence result to the N-block case (N > 3), which underlines the feasibility of multi-block ADMM
applications in nonconvex settings. Finally we present a simulation study and a real-world application
to support the correctness of the obtained theoretical assertions.
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2 Preliminaries

In what follows, R™ will stand for the n-dimensional Euclidean space,

(z,y) =2ty = Z%‘yu z]] = v/ {z, z),

i=1
where z,y € R™ and T stands for the transpose operation. For convenience, we fix the following notations:

uf = (2% g, 2R, Wb = (@R gk R k), wf = (aF gk, 2 R 2,

lwll = (2l + lyl? + 1217 + )2, llwlly = =l + [yl + 2] + 2]l
2.1 Subdifferentials

Given a function f : R" — R, we denote by domf the domain of f, namely, domf := {& € R" : f(x) <
+oo}. A function f is said to be proper if domf # (; lower semicontinuous at xq if liminf, ., f(z) >
fxo). If f is lower semicontinuous at every point of its domain of definition, then it is simply called a
lower semicontinuous function.
Definition 1. Let f: R"™ — R be a proper lower semi-continuous function.

(i) Given z € domf, the Fréchet subdifferential of f at x, written by 5f(ac), is the set of all elements
u € R™ which satisfy

L F) — f @)~ Gy — )
RS le =l

= 0.

(ii) The limiting subdifferential, or simply subdifferential, of f at x, written by df(x), is defined as
of(z) = {u eR™: Ik = 2, f(a) > f(a),uF € Df(a) = u k — oo} .

(iii) A stationary point of f is a point z* in the domain of f satisfying 0 € 9 f(z*).

(iv) f is said to be L-Lipschitz continuous if || f(z) — f(y)|| < L|jz — y||, for any x,y € domf.
Definition 2. An element w* := (z*,y*, z*, p*) is called a stationary point of the Lagrangian function
L, defined as in (6) if it satisfies

{ATP* € —6f($*), BTp* € _ag(y*)v (7)
C'p* = —Vh(z*), Az* + By* + Cz* = 0.

The existence of proper lower semicontinuous functions and properties of subdifferential can be seen
from [17]. We particularly collect some basic properties of the subdifferential.
Proposition 1. Let f: R™ — R and g : R™ — R be proper lower semi-continuous functions. Then the
following holds:

(1) of (x) C Of(z) for each x € R™. Moreover, the first set is closed and convex, while the second is
closed, and not necessarily convex.

(i) Let (u*,2*) be sequences such that z*¥ — =z u* — u, f(z¥) — f(z) and u* € 9f(2*). Then
u € of(x).

(iii) Fermat’s rule: if g € R™ is a local minimizer of f, then z( is a stationary point of f, that is,
0 € df (o).

(iv) If f is continuously differentiable function, then O(f + g)(z) = Vf(z) + dg(x).

2.2 Kurdyka-Lojasiewicz inequality

The Kurdyka-Lojasiewicz (K-L) inequality was first introduced by Lojasiewicz [18] for real analytic
functions, and then was extended by Kurdyka [19] to smooth functions whose graph belongs to an
o-minimal structure.
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Definition 3 (K-L inequality). A function f : R™ — R is said to have the K-L property at & if there
exists n > 0,0 > 0, ¢ € 4, such that for all x € O(Z,6) N{z : f(Z) < f(z) < f(&)+n},

' (f(x) = £(2))dist(0,0f (x)) > 1,

where dist(Z, df(z)) := inf{||Z —y|| : y € df(z)}, and o7, stands for the class of functions ¢ : [0,7) — Rt
with the properties: (i) ¢ is continuous on [0,7); (ii) ¢ is smooth concave on (0,7); (iii) ¢(0) = 0, ¢'(z) >
0,Vz € (0,n).

Let @ be a proper lower semicontinuous function, and a,b be two fixed positive constants. In the
sequel, we consider a sequence {z*} satisfying the following conditions:

(H1) For each k € N, ®(2**1) < ®(aF) — a||z* — 2F+1|%

(H2) For each k € N, dist(0, 0®(x**+1)) < bljaF — 2P+

(H3) There exists a subsequence {z¥/} converging to & such that ®(z*i) — ®(7) as j — oo.
Lemma 1 ([20]). Let {z*} be a sequence that satisfies HI-H3. If ® has the K-L property, then the
sequence {xk} converges to T, which is a stationary point of ®. Moreover, the sequence {xk} has a finite
length, i.e., Y po, [[zF T — 2¥||y < occ.

Typical functions satisfying the K-L inequality include strongly convex functions, real analytic func-
tions, semi-algebraic functions and subanalytic functions.

A differentiable function f is called convex if the following inequality holds for all =,y in its domain:

fly) = f(2) +(Vf(x),y —x);

p-strongly convex with p > 0 if the following inequality holds for all z,y in its domain:
p
F(y) = f(2) + (VF(x),y —2) + Slly — =l (8)

A subset C' C R"™ is said to be semi-algebraic if it can be written as
T S
C= U ﬂ{ac eR":g;;(x) =0,h; (x) <0},
j=1i=1

where g; j,hi; : R® — R are real polynomial functions. Then a function f : R" — R is called semi-
algebraic if its graph G(f) := {(z,y) € R"*!: f(x) = y} is a semi-algebraic subset in R"*1. For example,
the L, norm |||, := (32, |2:|7)1/ with 0 < ¢ < 1, the sup-norm ||z[|o := max; |z;|, the Euclidean norm
lzll, [[Ax — b[|Z, || Az — b]| and [|[Az — ||« are all semi-algebraic functions for any matrix A.

A real function on R is said to be analytic if it possesses derivatives of all orders and agrees with its
Taylor series in a neighborhood of every point. For a real function f on R", it is said to be analytic if
the function of one variable g(t) := f(z + ty) is analytic for any x,y € R™. Tt is readily seen that real
polynomial functions such as quadratic functions ||Azx — b||? are analytic. Moreover, the e-smoothed L,
norm ||z|c,q := >, (22 4+ )/ with 0 < ¢ < 1 and the logistic loss function log(1 + e~*) are all examples
for real analytic functions. A subset C' C R™ is said to be subanalytic if it can be written as

where g; j, h;; : R™ — R are real analytic functions. Then a function f : R™ — R is called subanalytic
if its graph G(f) is a subanalytic subset in R™"1. Tt is clear that both real analytic and semi-algebraic
functions are subanalytic. Generally speaking, the sum of two subanalytic functions is not necessarily
subanalytic. It is known, however, that for two subanalytic functions, if at least one function maps
bounded sets to bounded sets, then their sum is also subanalytic, as shown in [9]. In particular, the
sum of a subanalytic function and an analytic function is subanalytic. Typical subanalytic functions
include: || Az —b|12+ Allyll% [ Az — b2+ A Y, (52 +)7/% L Y7 log(1+exp(—e,(al+5)) + Ayl and

n

LS log(1+ exp(—ci(alz + b)) + XD, (y? +2)V/2.
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2.3 Bregman distance

The Bregman distance plays an important role in various iterative algorithms. As a generalization
of squared Euclidean distance, the Bregman distance shares many similar nice properties of the Eu-
clidean distance. However, the Bregman distance is not a real metric, since it does not satisfy the tri-
angle inequality nor symmetry. For a convex differential function ¢, the associated Bregman distance is
defined as

ANg(z,y) = d(x) — d(y) — (Vo(y), z — y).

In particular, if we let ¢(x) = ||z||? in the above, then it is reduced to ||z — y||?, namely, the classical
Euclidean distance. Moreover, if ¢ is p-strongly convex, it follows from (8) that

p
Do, y) = glle =yl (9)

For more information on Bregman distance, we refer the reader to [21,22].

3 Convergence analysis

Motivated by (3), we propose the following algorithm for solving problem (4):

xk+1 = arg mﬂin La(I, yk, Zk,pk) + A¢1 (Ia Ik)a
z€R™1
yk+1 = arg yglﬂégz La(szrla Y, Zkapk) + A¢2 (y’ yk)’

k1l _ . k+1 , k+1 k k
2kt —argyren]égs Lo (Pt gt 2 pF) + Ay, (2, 27),

pk+1 :pk —l—a(Axk'H +Byk+1 + C’zk"'l),

where Ay, is an appropriately chosen Bregman distance with respect to function ¢;,7 = 1,2, 3. Compared
with the traditional ADMM, our algorithm has advantages both in effectiveness and efficiency. First, the
global convergence of our algorithm does not require any strong convexity of the objective function.
Second, a proper choice of Bregman distance will simplify the subproblems, which in turn improve the
performance of the algorithm. For example, for the y-subproblem, let g(y) = HyH};; In this situation,
the traditional ADMM requires to solve the following optimization problem:

2
1/2 , &
|y||1/2 + 9

min
y€e R™2

k
HBy + AzFT 4 o2k ¢ i
a

In general finding a solution to the above problem is not a easy task. However, if we set ¢o(y) =
Blyl? — §||By + Azt + CzF — p* /a||* with p > || B||? in our algorithm, then by a simple calculation
the y-subproblem is transformed into minimizing:

k 2
@ - P
e M e O R )

«

This problem can be easily solved since its solution has closed form [23].
In what follows, we assume:
(A1) ® has the K-L property;
(A2) There is ¢ > 0 such that o|jz||? < ||CTx||?, V2 € R™;
(A3) h is continuously differentiable such that Vh is L-Lipschitz continuous;
(A4) ¢; is p;-strongly convex and V¢; is L;-Lipschitz continuous for ¢ = 1,2, 3;
(A5) The parameters are chosen so that apo > 6(L? + 2L2) where p = min{p1, p2, p3}.
Also, define a function ® : R™ x R™2 x R x R™ x R™ — R by

A T o
¢($7ya2ap7z) = La(x7yazap) + 5”2 - Z||25
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where 7 = 6L3(ao) L.
We establish a series of lemmas to support the proof of convergence of procedure (10).

Lemma 2. For each k € N, there exists a > 0 such that ®(@**1) < ®(wF) — al|wk Tt — k2.
Proof. Applying Fermat’s rule to the z-subproblem, we get

Vh(zFH) + CTphF 4 Vs (28 11) — Vs (2F) = 0. (11)
It then follows from the Cauchy-Schwarz inequality that

[CT (" = p)IIP = [(VR(z"TY) = V(%)) + (Vs (z"T1) — Vs (2h)) — (Vs (") — Vs (2 1)1
< IVAEF) = VRED)|1P + [[(Vos(2FT) — Vs (%)) — (Vs (2F) — Vs (2" )|
+ 2| VAT = VA [[[[(Ves(2"F1) — Vs (7)) — (Vs (") — Vs (2" 1))

<3| VA = VRGN + %ll(Vqsg(zk“) = Vos(2")) = (Ves(2") = Vo (")

BL2 MY — 28|12 4+ 3([Ves(2"11) = Vs (2M)|1° + Vs (2*) — Vs ("))

<
<B(L% 4 L))" = 27|12 + 3L3|12% — 2F 1|2

Thus, in view of condition (A2), we get

3(L?+ L3 3L32 B
||pk+1 _pk||2 < ( . 3) sz-i-l _ Zk||2 + TsHZk _ Zk 1”2. (12)

On the other hand, it follows from (10) and (9) that

P
La(xk+17ykazkapk) < La(xkaykazkapk) - ink-i-l - ka27

P
La(xk+17yk+1azkapk) < La(xk+17ykazkapk) - 5”yk+1 - yk||27

P
La (a1, ", 2 pF) < La(a, g 25, pb) = Sl = 207,

k+1

Y

k+1 k+1 k+1 k+1 k+1 k+1
Lo (2™, y" 5, 25 p" ) = Lo (2" y

1
7Zk+17pk)+a||p 7pkH2a

from which we have
Lauh™) < La(w¥) = St —ub|? 4~ g+ — |2 (13
Adding up inequalities (12) and (13), we have
La(w*1) + |21 = 252 < La (@) + Z]|24" = 25|12 = aflih ! — a2,

where a := (p/2) — 3(L? 4+ 2L2)(ao) ! is clearly a positive real number.

Lemma 3. If {u*} is bounded, then > ., [|w® — w*"1||? < co. In particular, {w"} is asymptotically
regular, namely, ||w* — w**T!|| — 0 as k — oo. Moreover, any cluster point of {w*} is a stationary point
of the augmented Lagrangian function L,,.

Proof. In view of (11), (A2) and (A4), we have

Vallp® | < ICTpF|| < IVA(F)] + Lalz" — 2571

Since Vh is continuous and {u*} is bounded, this implies that {p*} is bounded, and so are {w*} and
{w*}. Thus, there exists a subsequence {w*i} convergent to @*. By our hypothesis, the function ® is
lower semicontinuous, which leads to lim inf;_, o, ®(10*7) > ®(1*), so that ®(#*i) is bounded from below.
By Lemma 2, ®(#*) is nonincreasing, and thus convergent. Furthermore, ®(w*) > ®(w*) for each k,
which by Lemma 2, yields

k
a ) |[uF Tt —uF 2 < B(i!) — (@) < D) - D(*).



Wang F H, et al. Sci China Inf Sci  December 2018 Vol. 61 122101:7

This together with (12) implies Y77, [[w* — w**1||? < oo; in particular ||w* — w1 — 0.
Let w* = (2%, y*, 2%, p*) be any cluster point of {w*} and let {w"7} be a subsequence of {w"*} converging
to w*. It then follows from (10) that
Pt = pFi 4 oAzt 4 ByRitt 4 okt
— 7t 5 ATE T L aB(yh — bt +aC(eh — 2B )] 4 Vg () - Ve (o),
—dg(y™ ™) 3 BTNt 4 aC (2% = 2] + Vo (4B 1) — Vo (y™),
C VAR = OTpR 4 Vs (2R L) - Vs (209,
As Vé;,i = 1,2,3 is continuous and ||w* —w**+1|| — 0, letting j — co above yields that w* is a stationary
point of the augmented Lagrangian function L,

Lemma 4. There exists b > 0 such that dlst(O 0P (k1)) < bljwk — wkHL| for each k € N.

Proof. By a simple calculation, we have
B, (") 3 aAT By — yF) + aATC (2 — 2F) + Vo (aF 1) — Vi (a%) + AT (R — pb),
( k+1) OéBTC( k+1 _ Zk) + BT(pk-i-l _pk) +V¢2(yk+1) _ v¢2(yk),
( k+1) V ( k+1) V¢3(Zk) + CT(pk+1 7pk) + T(zk—i-l . Zk),

Dp(™) =

( k41 pk), 0(1) ( k+1) _ T(Zk o Zk-"_l).

k+1

As matrices A, B,C are all bounded, the above together with (12) and (A4) implies that there exists
b > 0 such that the desired inequality follows.

Theorem 1. Each bounded sequence {w*} generated by procedure (10) converges to a stationary point
of Ly. Moreover, > p | [|wh! — wk||; < cc.

Proof. 1t is easy to see that conditions H1-H2 in Lemma 1 hold. To verify condition H3, we assume that
there exists a subsequence {"} that converges to w* = (z*,y*, 2%, p*, z*). By the lower semicontinuity
of @, liminf; o ®(1*) > ®(1*). On the other hand, we have

F@h ) + (pF, Aghithy + 5||A=’Ek”+1 + By"i + C2 |2 + Ay, (a7 M)
o X X .
< fla*) + (pF, Az*) + §|\Ax* + ByFi + C2% |2 + Ay, (z*,2M).

Since {z*} is asymptotically regular, this implies lim SUp; o0 f (ki) < f(2*). In a similar way, we
conclude that limsup;_, ., g(y* 1) < g(y*). Since

lim h(zF71) = h(z*) and  lim ||2RT! — 2Ri|| =0,

J—o0 j—o0
we have limsup;_, ., ®(&F) < ®(w*). Altogether, lim; o ®(") = ®(*). Thus, condition H3 holds.

Applying Lemma 1, we conclude that {111’“} converges to w*, which is a stationary point of ®. In

particular, it is easy to see that {w*} converges to w*. By Lemma 3, w* is a stationary point of L.
Moreover, {w"} has a finite length, i.e., Y ;o [[w* — wF||; < c0.

Remark 1. There are various choices of Bregman distance in (10). For instance, if we let

Dy (2,y) = llz — yllg = (Qz, 2)

with @ a symmetric positive definite matrix, then our first assumption Al is satisfied whenever the
objective function f + g + h is subanalytic. Indeed, since the function ||z — QH?Q is analytic, ® is also
subanalytic as the sum of a subanalytic function and an analytic function, which in turn implies the K-L
property. Typical examples of subanalytic functions are exhibited in the previous section.

We now extend the above result to the N-block case. Thus, let us consider the following composite
optimization problem:

min fi(z1) + fa(z2) + - + fn(zn)

(14)
s.t. Ayxy + Asxo +-- -+ Ayxy =0,
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where A; € R™*™ f, : R™ — R,i = 1,2,..., N — 1 are proper lower semicontinuous functions, and
fn : R™ — R is a continuously differentiable function. The Lagrangian function L, : R™ x R™2 x --- x
R™ x R™ — R of problem (14) is defined by

2

N N N
«
Lo(21,22,...,2N,p) = Zfi(fﬂz‘) + Z(%t‘h%‘) t3 ZAIJCZ (15)
i=1 i=1 i=1
Accordingly, the associated algorithm takes the form:
gt = argzrrelg1 Lo(z1, 25,k pF) + Ay, (01, 2%),
1
bt =arg min Lo (zh ™ @g, . 2k pP) Ay, (20, 25),
za€RM2
; (16)
it =arg min Lo (afT 2B an pF) + Ay (N, k),
rNER™N
PP = pF b oAyt 4 Agah T 4 A,

Following the idea of Theorem 1, it is not hard to extend the results to the case whenever the followings
are satisfied:

(B1) ¥ has the K-L property;

(B2) there is o > 0 such that o||z||? < ||[ALz|?, Vo € R™;

(B3) fn is continuously differentiable such that V fy is L-Lipschitz continuous;

(B4) ¢; is p;-strongly convex and V¢; is L;-Lipschitz continuous for i =1,2,..., N;

(B5) the parameters are chosen so that apo > 6(L% + 2L3;) where p = min{p1, p2,...,pn}-

Analogously, we define a function ¥ : R™* x -.- x R™ x R™ x R"~ — R by

N T N
lII(I17x27 cee 7xNap7xN) = LO((II;$27 cee 7xNap) + §HxN - xNH27
where 7 = 6 L3 (a0) L.

Theorem 2. If conditions B1-B5 are satisfied, then each bounded sequence {x%,z%, ... 2% p*} gen-
erated by procedure (16) converges to a stationary point of L, defined as in (15).

4 Demonstration examples
Consider the non-convex optimization problem with 3-block variables deduced from matrix decomposition
applications (see [24,25]):
. K 2
L —||T"— M 2. T=L 1

min Lo + AISI + A1 M} st T=L+s, (17)
where M is an m x n observation matrix, ||L|g := S0 oy (D)2, ||S]]1 = 37, > i 18], A s
a trade-off parameter between the low-rank term ||L||g and the sparse term ||S]|1, and g is a penalty

parameter related to the noise level.
The augmented Lagrangian function of problem (17) is given by

I o
La(L, S, T, A) = || Llle + AISIh + ST = M{E + (AT = (L+ ) + ST = (L+9)F (18

where A is the Lagrangian multiplier. According to the 3-block BADMM (10), the optimization prob-
lem (17) can be solved by the following procedure:

LE1 = argmin L (L, Sk,Tk7Ak) + g”L - Lkll%”
L
S+ Z argmin La(Lk“,S,Tk,Ak)—i—g||5—5k|\%7 19)
< 19
Tk — arg min La(Lk'H, Sk+17Ta Ak) + gHT - TkH%’

T
Ak—i—l _ Ak +a(Tk+1 o (Lk—i-l 4 Sk+1)).
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Simplifying the procedure (19), we then obtain the closed-form iterative formulas:

k

LR gy a(TF —SF+ &) 4 prk 1

a+tp Tatp)’

k

ghtt _ g [Tt LM+ )+ psk A

a¥p Cais) (20)
Th+1 — pM 4 a(LFH 4 S — AFk) +pT*

B p4a+p ’

Ak-l—l _ Ak 4 a(Tk—i-l o (Lk-i-l + Sk+1)),

where H(A, -) indicates the half shrinkage operator [23,26] imposed on the singular values of A, and
S(A4, ) indicates the well-known soft shrinkage operator imposed on the entries of A. The procedure (20)
is the specification of BADMM (10) for the solution of problem (17) with functions f(z), g(y), h(z) defined
by f(L) = ||L|le, g(S) = A|S|l1, M(T) = 4£||T — M||* and matrices A, B, C defined by A =1, B = —1I,
C = —I where I is the identity matrix. It is direct to see that all the assumptions of Theorem 1 are
satisfied. Consequently, Theorem 1 can be applied to predict convergence of (20) in theory. We conduct
a simulation study and an application example below for support of such theoretical assertion.

4.1 Simulation study

Let M = L* 4 S*+ N be an observation matrix, where L* and S* are, respectively, the original low-rank
and sparse matrices that we wish to recover by the problem (17), and N is the Gaussian noise matrix.
In the following, r and spr represent, respectively, matrix rank and sparsity ratio. The MATLAB script
for generating matrix M is as follows:

L = randn(m, r) * randn(r, n);

S = zeros(m,n); ¢ =randperm(m *n); K = round(spr * m*xn); S(q(1: K)) = randn(K, 1);

o = 0; % Noiseless case; o = 0.01; % Gaussian noise; N = randn(m, n) * o;
e '=L+S;M=T+N.
Specifically, we set m = n = 100, and tested

(r,spr) = (1,0.05), (5,0.05), (10,0.05), (20,0.05), (1,0.1), (5,0.1), (10,0.1), and (20,0.1),

for which the decomposition problem roughly changes from easy to hard. Regarding the implementation
issues, we empirically set the parameters o = 0.3 and p = « in (20). The matrices L, S, and T in the
procedure (20) are initialized by zero matrix. We terminated the procedure (20) when the relative change
falls below 1078, i.e.,

[(LF4, 44 T — (L, 5% TH)]

RelChg := <1077,
’ [(LF, S5, T + 1
where || - || indicates the Frobenius norm. Let L, S, and 7" be a numerical solution of problem (17)

obtained by the proposed BADMM. We will measure the quality of recovery by the relative error to
(L*,S*,T*), which is defined by

L,S,T)—(L*, 8,7 r

I(
RelErr :=
[(L*, 8%, T*)||F + 1

In Table 1, we report the recovery results for the noiseless and Gaussian noise cases. From this table, it
can be seen that when the true sparsity ratio spr of .S increase or the noise is introduced, the relative error
RelErr will go down, which suggests that the recovery performance will decline when the decomposition
problem changes from easy to hard. In addition, for the noiseless case, the proposed BADMM can exactly
recover the rank of L and the sparsity number of S. However, for the Gaussian noise case, since the noise
imposes an additional impact on the recovery, the sparsity number of S cannot be exactly recovered.
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Table 1 The matrix decomposition results on simulated matrices with the size 100 x 100

(r, spr) RelErr Rank(L*) Rank(L) [1S*]lo 115]]o

(1, 0.05) 4.8674E—06 1 1 500 500

(1, 0.1) 5.0446E—06 1 1 1000 1000

(5, 0.05) 2.2342E—-06 5 5 500 500

Noisel (5,0.1) 2.4366E—06 5 5 1000 1000

oiseless case (7 = 0) (10, 0.05) 1.5039E—06 10 10 500 500

(10, 0.1) 1.8572E—06 10 10 1000 1000

(20, 0.05) 1.2889E—-06 20 20 500 500

(20, 0.1) 1.6974E—06 20 20 1000 1000

(1, 0.05) 0.0049 1 1 500 1723

(1,0.1) 0.0060 1 1 1000 3797

(5, 0.05) 0.0025 5 500 1541

o ) (5,0.1) 0.0033 5 1000 3551

auss noise (7 = 0.01) (10, 0.05) 0.0022 10 10 500 1318

(10, 0.1) 0.0024 10 10 1000 3183

(20, 0.05) 0.0020 20 20 500 1110

(20, 0.1) 0.0024 20 20 1000 3612

Noiseless (o= 0) Gaussian noise (6= 0.01)
—RelCh —RelChg
—RelErrg —RelErr

10° 1 10° 1
£ -
3 &
= e
O )

< 107 1 5 107 g
3 3
= &~
o &
S °
= 50
<

(a) (b)
1071 . . . . . . . 10-10 L L L
0 50 100 150 200 250 300 350 0 50 100 150
Number of iterations Number of iterations
Figure 1 (Color online) Convergence results for (a) the noiseless case and (b) Gaussian noise with the standard deviation
o = 0.01.

In Figure 1, we further present the convergence results for the (r=10, spr=0.05) case with no noise and
Gaussian noise. From this figure, it can be observed that when the relative change RelChg is less than
1078, the relative error RelErr will arrive at a stable value, which indicates that the proposed BADMM
is convergent.

4.2 An application example

We further applied the model (17) with BADMM (20) to the background subtraction application. Back-
ground subtraction is a fundamental task in video surveillance. Its aim is to subtract the background
from a video clip and meanwhile detect the anomalies (i.e., moving objects). From the webpage!), we
download four video clips: Lobby, Bootstrap, Hall, and ShoppingMall. Then we chose 600 frames from

each video clip and input these 600 frames into our algorithm. The parameter A was fixed at the value
0.1

v/max(m,n)

1) http://perception.i2r.a-star.edu.sg/bk_model/bk_index.

In Figure 2, we exhibit the separation results of some frames in four video clips. From
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(d)

Figure 2 Background subtraction results in the real-world video clips. (a) Lobby; (b) Bootstrap; (c) Hall; (d) Shopping-
Mall.

Figure 2, it can be seen that our algorithm can produce a clean video background and meanwhile detect
a satisfactory video foreground, which supports the validity and convergence of the proposed BADMM.
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