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Abstract In this paper, we study the problem of distributed normalized least-mean squares (NLMS) estimation over multi-agent networks, where all nodes collaborate to estimate a common parameter of interest.
We consider the situations that all nodes in the network are corrupted by both input and output noise. This
yields into biased estimates by the distributed NLMS algorithms. In our analysis, we take all the noise into
consideration and prove that the bias is dependent on the input noise variance. Therefore, we propose a bias
compensation method to remove the noise-induced bias from the estimated results. In our development, we
first assume that the variances of the input noise are known a priori and develop a series of distributed-based
bias-compensated NLMS (BCNLMS) methods. Under various practical scenarios, the input noise variance is
usually unknown a priori, therefore it is necessary to first estimate for its value before bias removal. Thus, we
develop a real-time estimation method for the input noise variance, which overcomes the unknown property
of this noise. Moreover, we perform some main analysis results of the proposed distributed BCNLMS algorithms. Furthermore, we illustrate the performance of the proposed distributed bias compensation method
via graphical simulation results.
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1

Introduction

One of the critical issues encountered in distributed parameter estimation is that both the input and
the output are corrupted by additive noise such as measurement error or quantization noise, where the
estimation will be biased using common distributed adaptive filtering algorithms. The problem has been
extensively studied for the case of single-node and several solutions have been proposed to mitigate the
effect of additive noise or remove the estimation bias [1–4]. However, they may not be suitable for the
case of distributed parameter estimation, where all the in-network nodes collaborate to perform data
measurement and parameter estimation simultaneously.
Recently, distributed solutions are widely studied where agents are permitted to share information with
their immediate neighbors. In [5, 6], some distributed parameter estimation algorithms have been proposed to address the problem of cooperative sensing and signals reconstruction. Several distributed
Kalman filtering algorithms [7, 8] have been developed for state estimation problems over the network. Comparing with centralized solution, distributed strategies significantly reduce energy consumption for communication while improving the performance and robustness of the network. Three mainstream distributed strategies have been proposed including incremental [9–12], consensus [13–15] and
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diffusion [16–19] strategies. For incremental strategy, we need to determine a cyclic path that covers all
in-network nodes. All the agents in the network transmit their information to their immediate neighbors over the cyclic path. After the last agent updates its estimate, it forwards this information to the
first agent and the loop process repeats. This multi-step updating mechanism improves the estimation
performance. Besides, it reduces the communication cost since that each node only cooperates with
its adjacent nodes over the path. However, the incremental approach suffers from several drawbacks
that include sensitivity to link failure in the cyclic trajectory construction and the limited cooperation
among agents. Also, determination of a closed loop path for all agents in the network is an NP-hard
problem. For consensus strategy, each node of the networks exchanges information with all its neighbor
nodes and updates the estimation of the unknown parameter simultaneously. Thus, it can be applied
to a given network using the existing network topology, which improves the robustness and real-time
features of the network. However, the cost of communication consumption is increased. Besides, the
asymmetric construction of the consensus strategy causes unstable growth in the network state. Just
like the consensus approach, in the diffusion strategy, all nodes collaborate with their adjacent agents to
estimate the parameter of interest. Besides, the diffusion approach focuses on a symmetrical structure
that improves the robustness and stability of the network. However, it suffers from increased consumption of the communication resources. In this paper, we focus on three distributed strategies, which can
significantly improve the performance and robustness of the networks through cooperation among the
in-network nodes [20–23].
Several distributed solutions have been developed to address the cooperative estimation problem in the
presence of additive noise. In [24], a consensus-based distributed total least squares (DTLS) estimation
is developed to mitigate the effect of input noise using an equivalent convex semidefinite program and a
semidefinite relaxation technique, which requests the in-network nodes provided with powerful processing
capability. A diffusion bias-compensated recursive least squares (BC-RLS) algorithm has been proposed
in [25], which can obtain unbiased estimations in the case that both the input and output are corrupted
by colored noise. This method attains fast convergence speeds at the expense of large computational
power requirements. A diffusion-based least-mean squares (DLMS) method has been proposed in [26]
with easy implementation, although it requires priori knowledge of the input noise variance, a value that
is usually unavailable.
Adaptive filtering algorithms have been extensively studied for decades, with various applications such
as channel estimation, system identification and echo cancellation [27, 28]. Among them, recursive least
squares (RLS) algorithm and least-mean squares (LMS) algorithm are two common algorithms. For RLS
algorithm, it is suitable for the occasions where the fast convergence speed is required but suffers from
complex computation. For LMS algorithm, its low computational cost and strong robustness features
allow it to be widely used in many industry applications. However, it is difficult to choose an appropriate
step size that ensures stability of the LMS algorithm. Moreover, the LMS algorithm suffers from a gradient
noise amplification problem when the input data is large. Hence, the normalized LMS (NLMS) algorithm
has been developed to inherit the excellent features and overcome the drawbacks of LMS algorithm [29].
For NLMS algorithm, the adjustment applied to the tap-weight vector is normalized with respect to the
squared Euclidean norm of the tap-input vector, which solves the gradient noise amplification problem.
In [30], an incremental bias-compensated RLS (Inc-BCRLS) algorithm is developed, which attains
fast convergence speed and gives an unbiased estimate in the case where both the input and output
are corrupted by additive noises. Besides, a method for estimating input noise variance is proposed
to remove the estimation bias. However, it requires high computation cost. Based on the incremental
cooperation strategy, each agent only shares information with its local neighbors. It still consumes an
amount of communication resource to transmit estimates and matrices. A novel simplified incremental
strategy is developed to reduce the communication cost. However, the simplified Inc-BCRLS method
performs not that well with the common Inc-BCRLS algorithm. In this paper, we focus on NLMS
algorithm and propose a bias-compensated NLMS (BCNLMS) method for its easy implementation and
low computational cost, in the presence of noisy inputs. Besides, we propose a series of distributed
BCNLMS algorithms, which have the capability to give unbiased estimates. Comparing to Inc-BCRLS
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algorithms in [30], our proposed methods reduce communication cost as well as improve the stability and
robustness of the network. Moreover, we perform some main analysis results of the proposed distributed
BCNLMS algorithms.
The contributions of this article are summarized as follows. We initially demonstrate that the common
NLMS algorithm attains biased estimates in the case that both the input and output are corrupted
by additive noise. We derive expressions that the bias is dependent on the input noise. Then, we
propose a method to remove the noise-induced bias from the estimation results. We first assume to
have a priori knowledge of the noise variance so that we develop three distributed BCNLMS algorithms.
Later on, we make an assumption that the input noise knowledge is unknown a priori to computation.
Therefore, a real-time approach to estimate the input noise variance is proposed. We perform some main
analysis results of the proposed distributed BCNLMS algorithms. We derive mean stability conditions
for different strategies and closed-form expressions to predict the steady-state mean-square performance
over the network. Some simulations are conducted to test the performance and robustness of distributed
BCNLMS algorithms .
This paper is organized as follows. We define the problem and modify the cost function in Section 2.
In Section 3, we develop and present the proposed distributed BCNLMS algorithms, followed by a detailed
discussion of the noise variance estimation method. We perform some main analysis results of the proposed distributed BCNLMS algorithms in Section 4. Several experimental simulations are conducted in
Section 5 for testing performance of the proposed algorithms, followed by concluding remarks in Section 6.
Notation. In this paper, we use boldface letters to denote vectors and normal letters are reserved
for scalars. Matrices and vectors are represented by uppercase letters and lowercase letters respectively.
Superscript (·)T denotes transposition. The operator E[·] defines the statistical expectation. All vectors
in this study are considered as columnar.

2

Problem statement

Consider a multi-agent network consisting of N nodes distributed in different spatial locations. The
objective of the network is to estimate a vector parameter target wo ∈ RM×1 and all nodes are corrupted
by input and output noise. At discrete time i ∈ N, each node k ∈ 1, 2, . . . , N collects the distorted input
zk,i ∈ RM×1 and the output data dk (i) ∈ R with the relationship
zk,i = uk,i + nk,i ,
dk (i) =

uT
k,i wo

+ vk (i),

(1)
(2)

where uk,i ∈ RM×1 , nk,i ∈ RM×1 and vk (i) ∈ R denote the noise-free input, the input noise and the
output noise, respectively.
Assumption 1. The following assumptions are made for the random variables in measurement model
equation (1) and (2).
(a) Both the input data vector uk,i and the input noise vector nk,i are independent and identically
distributed (i.i.d.) over time and space, with zero-mean and covariance matrices Ru,k = E[uk,i uT
k,i ],
Rn,k = E[nk,i nT
],
respectively.
k,i
2
(b) The output noise vk (i) is i.i.d. over time and space, with zero-mean and noise variance σv,k
.
(c) Random variables uk,i , nl,j , vp (m) are independent for all k, i, l, j, p and m.
We first consider the estimation problem in the absence of the input noise. In this case, traditional
distributed NLMS method updates the estimation results by minimizing the global cost function below
!
N
N
2
X
X
E|dk (i) − uT
k,i w|
,
(3)
min
Ju,k (w) = min
uT
k,i uk,i
k=1
k=1
where Ju,k (w) denotes the cost function of node k with noise-free input and the global cost function is
the sum of all local cost functions.
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For node k, it degenerates into local optimization problem expressed as
bk,i = arg min Ju,k (w) = arg min
w
w

2
E|dk (i) − uT
k,i w|

w

uT
k,i uk,i

!

.

(4)

Based on the assumptions made in the measurement model in equation (1) and (2), the optimal solution
is obtained
wo = R−1
(5)
u,k rdu,k ,
T
with the covariance matrix Ru,k = E[uk,i uT
k,i ] and the cross-covariance vector rdu,k = E[dk (i)uk,i ].
Observing the optimal solution in (5), the inverse operation of the covariance matrix increases computational complexity. Steepest descent method is developed to simplify the process, which is described
as
µ
(6)
ŵ(n + 1) = ŵ(n) − ∇J(ŵ(n)),
2
where non-negative parameter µ is the step-size, ŵ(n) denotes the estimation of unknown parameter
wo in the n-th iteration and ∇J(ŵ(n)) denotes the derivative of the cost function J(w) with respect to
ŵ(n). The update equation based on the steepest descent method can be rewritten as

ŵk,i = ŵk,i−1 − µ

(−rdu,k + Ru,k ŵk,i−1 )
,
uT
k,i uk,i

(7)

where ŵk,i denotes the weight estimate in the i-th iteration at node k. However, we cannot obtain the estimation through (7) due to the unknown statistical properties {Ru,k , rdu,k } of signals. Stochastic gradient
descent method has been developed to solve the problem by replacing the unknown second-order mod
ments with instantaneous values that Ru,k ≈ uk,i uT
k,i and rdu,k ≈ dk (i)uk,i . When we use ∇J u (ŵk,i−1 )
to denote the approximate gradient vector, the traditional NLMS update equation is obtained
µd
ŵk,i = ŵk,i−1 − ∇J
u (ŵk,i−1 )
2
(dk (i) − uT
k,i ŵk,i−1 )uk,i
= ŵk,i−1 + µ
.
(8)
T
uk,i uk,i
The expression in (8) is only applicable for nodes in the absence of input noise. However, in most
practical applications, both the input and output are corrupted by additive noise. Substituting zk,i for
uk,i in (4), the optimal solution obtained by traditional NLMS algorithm will be biased and is given by
wb = R−1
z,k rdz,k ,

(9)

T
where wb denotes the biased estimate with the covariance matrix Rz,k = E[zk,i zk,i
] and the crossT
covariance matrix rdz,k = E[dk (i)zk,i ].
We use the assumptions in data models (1) and (2) that the random variables are independent of each
other to develop a new relationship


T
2
= Ru,k + σn,k
I,
Rz,k = E zk,i zk,i
 T

rdz,k = E dk (i)zk,i = rdu,k ,
(10)

where I denotes an identity matrix with size of M × M .
Substituting expressions in (10) back into (9), we can rewrite the optimal solution
2
wb = (Ru,k + σn,k
I)−1 rdu,k .

(11)

Comparing with the optimal solution (5) in the absence of the input noise, the optimal solution above
deviates from the unknown parameter and the bias is dependent on the input noise. To mitigate the
effect of the input noise, a method is proposed by modifying the local cost function in (4) as
Jz (w) =

T
2
E|dk (i) − zk,i
w|2 − σn,k
kwk2
T z
zk,i
k,i

.

(12)
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Here, we omit the subscript k and write the cost function as Jz (w) since that each node has the same
form of the cost function. Then the corresponding optimal solution can be obtained
2
wmod = (Rz,k − σn,k
I)−1 rdu,k = wo ,

(13)

where wmod denotes the estimate of unknown parameter obtained by the modified cost function. From
(13), the noise-induced bias is removed and the unbiased estimation is obtained. Consequently, we use
the stochastic gradient descent method to obtain the new update equation
µd
∇J z (ŵk,i−1 )
2
2
ek (i)zk,i + σn,k
ŵk,i−1
= ŵk,i−1 + µ
,
T
zk,i zk,i

ŵk,i = ŵk,i−1 −

(14)

T
where ek (i) = dk (i) − zk,i
ŵk,i−1 denotes the estimate error in the i-th iteration at node k.
In this section, we demonstrate that traditional NLMS method yields biased estimates under the
situation that both the input and output are corrupted by additive noise. Our analysis shows that the
bias is dependent to the input noise. We propose a method to remove the noise-induced bias by modifying
the cost function, which gives unbiased estimation as shown in (13). Given that the input noise variance
is known a priori, unbiased estimations can be obtained by running the update iteration in (14). Based
on this assumption, we develop three BCNLMS methods according to the three different distributed
strategies. However, knowledge of additive noise is usually unavailable, which motivates us to develop a
technique of estimating it. Later on, a real-time estimation method for input noise variance is developed
to overcome the unknown property of the noise.

3

Distributed BCNLMS algorithms

We present the non-cooperative bias-compensated NLMS algorithm for comparison, where each node
k ∈ 1, 2, . . . , N independently runs its local iteration below to update the estimation results
T
ek (i) = dk (i) − zk,i
ŵk,i−1 ,

ŵk,i = ŵk,i−1 + µ

2
ek (i)zk,i + σn,k
ŵk,i−1
T z
zk,i
k,i

.

(15)

For the parameter estimation problem over multi-agent network, all nodes distributed in different locations collect measurement data to estimate a common parameter of interest. Considering that each node
in the environment collects measurement data with different measurement error, several distributed cooperative strategies are introduced taking the advantages of its excellent performance and strong robustness.
In this section, we first assume that a good estimate of input noise variance can be obtained, so that a series of BCNLMS algorithms based on different strategies are developed including incremental BCNLMS
(Inc-BCNLMS), consensus BCNLMS (Con-BCNLMS) and ATC diffusion BCNLMS (ATC-BCNLMS)
methods.
3.1

Incremental BCNLMS algorithm

For incremental strategy, the network topology of N nodes is shown in Figure 1. Initially, a cyclic path
is determined to connect all nodes and renumber them from 1 to N . Information is transmitted from one
agent to the next over the cyclic path until all nodes have been visited, and then the process is repeated.
Each node in the network updates its estimate by running the local BCNLMS iteration below
ŵk,i = ŵk−1,i −

µd
∇J z (ŵk−1,i ).
N

(16)

At each iteration i, the initial value ŵ1,i of the starting point 1 is updated by the final value of the last
loop iteration ŵN,i−1 . Each node k over the cyclic path receives updated data ŵk−1,i from its previous
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ω^ i=ω^ N,i
Incremental update at node k

ω^ 2,i

ω^ k,i

^

ωk−1,i

N

k
ω^ k−1,i

Stochastic
gradient

3
ω^ 4,i

µ
N

^

ω3,i

∇J z (ωˆ k −1,i )

k−1
4
Figure 1

(Color online) Network topology for incremental strategy.

ω^ 1,i 1

Consensus update at node k

2
ω^ 2,i
^

a3kω3,i−1

ω^ k,i

a1kω^ 1,i−1

k

3
^

ω3,i

ω^ N,i
aNkω^ N,i−1

N

amkω^ m,i−1

ω^ N,i−1
ω^ m,i−1
ω^ 3,i−1
ω^ 1,i−1

∑ alk ωˆl ,i −1

l∈N k

ω^ k,i

ω^ k,i−1
m
ω^ m,i

ω^ 4,i

Stochastic
gradient

4

Figure 2

µk ∇J z (ωˆ k ,i −1 )

(Color online) Network topology for consensus strategy.

node to perform local iteration and conveys the updated data ŵk,i to its successor node until the last
node of the trajectory. Then the process is repeated. The updated data ŵN,i is the estimate of the
unknown parameter obtained in the i-th iteration.
For Inc-BCNLMS algorithm, each node k only exchanges information with its neighbors over the cyclic
path, which significantly saves resources of communication consumption. Also, estimation performance
is improved due to the multiple steps in updating estimation. However, it decreases the robustness of
the network since any link failures over the path will result in collapse of the whole network. Besides,
determining a cyclic path that covers all agents is an NP-hard problem. Furthermore, it is not suitable
for real-time occasions and the collaboration among the in-network nodes is limited.
3.2

Consensus BCNLMS algorithm

The network topology of the consensus strategy is shown in Figure 2. Unlike the incremental strategy,
there is no need to form a cyclic path or to renumber the nodes, each node cooperates with all its adjacent
nodes to update the estimation by running the BCNLMS iterations below:

X

alk ŵl,i−1 ,
 ψk,i =



l∈Nk

dz (ŵk,i−1 ),
ŵk,i = ψk,i − µ∇J

where parameter Nk denotes a collection of agents that are connected to agent k (agent k inclusive), ψk,i
denotes the intermediate state, nonnegative combination coefficients {alk } represent the weights that
agent k assigns to its adjacent nodes, which we choose to satisfy
X
alk = 0 while l ∈
/ Nk , and
alk = 1.
(17)
l∈Nk
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1
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2

a3kφ3,i
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ATC diffusion update at node k

φ1,i
φk,i

aNkφN,i

k
amkφm,i

φN,i
φm,i
φ3,i
φ1,i

φN,i

a1kφ1,i

N

∑ alkϕl ,i −1
l∈ N

ω^ k,i

k

^

ωk,i−1
φm,i

φk,i
Stochastic
gradient

m

µk ∇J z (ωˆ k ,i −1 )

φ4,i 4
Figure 3

(Color online) Network topology for ATC diffusion strategy.

During each iteration i, the in-network node k first collects the last iteratively updated data ŵl,i−1 from
all its neighbor nodes l (l ∈ Nk ) to form a convex combination ψk,i , which we define as the intermediate
state. The node k then combines ψk,i with its local data ŵk,i−1 to update its estimate. Each node
performs the bias compensation and update process simultaneously.
Comparing with incremental bias-compensated case, consensus BCNLMS algorithm enhances the cooperation among all network agents and improves the robustness of the network. Besides, it can be
applied to a given network without need to renumber the in-network agents. However, it increases the
cost of communication. Besides, the asymmetric update equations will lead to the problem of the unstable
growth in the state of the network, which has been proved in [26].
3.3

Diffusion BCNLMS algorithm

Diffusion cooperation strategy estimates the unknown parameter through combination and adaptation
steps, where all nodes in the network update their estimates simultaneously. Depending on the sequence
of these two steps, diffusion strategy is divided into adapt-then-combine (ATC) diffusion strategy and
combine-then-adapt (CTA) diffusion strategy. In this paper, we focus on the ATC diffusion strategy and
the network topology is shown in Figure 3. Each node k runs the update BCNLMS process below

dz (ŵk,i−1 ),

 ψk,i = ŵk,i−1 − µ∇J
X
alk ψl,i .

 ŵk,i =
l∈Nk

For ATC diffusion strategy, each node first performs local adaptation to update its intermediate state
ψk,i , and then combines it with all its adjacent nodes to update estimations simultaneously. Note that
the adaptation step of the ATC diffusion strategy adopts a symmetrical structure, which endows the
diffusion strategy with ability to avoid unstable growth in state of the networks. As compared to the
incremental strategy, diffusion BCNLMS algorithm enhances cooperation among all agents and it can
be applied to any given network. However, the information exchange among the nodes consumes more
communication resources.
Three distributed BCNLMS are developed based on the assumption that the input noise variance is
known a priori. However, in many practical applications, the priori knowledge of the input noise variance
is usually unavailable, which motivates us to develop a way to solve the unknown input noise variance.
In Subsection 3.4, we propose an estimation method for input noise variance.
3.4

Noise variance estimation

We first introduce an auxiliary parameter β ∈ CM×1 , which runs the update iteration
βk,i = βk,i−1 +

T
µzk,i (dk (i − 1) − zk,i
βk,i−1 )
T z
zk,i
k,i

,

(18)
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where βk,i utilizes the one-step backward output dk (i − 1) from the previous moment to update. Thus,
by using the parameters βk,i and zk,i we construct the one-step backward output predictor
T
dk [i − 1 | zk,i ] = zk,i
βk,i .

(19)

The backward prediction error (PE) ςk (i) is
T
ςk (i) = dk (i − 1) − zk,i
βk,i .

(20)

According to the principle of orthogonality, it is deduced that input and backward prediction error are
uncorrelated
E[ςk (i)zk,i ] = 0.
(21)
And the cross-correlation function between the output and prediction error is defined as


T
fk (i) = E dk (i)(dk (i − 1) − zk,i
βk,i ) .

(22)

Using the measurement model in (1) and (2) and principle of orthogonality in (21), the cross-correlation
function could be further simplified as
T
T
fk (i) = E[(vk (i) − nT
k,i wo )(uk,i−1 wo + vk (i − 1) − (uk,i + nk,i ) βk,i )]
T

2
= σn,k
(wo ) βk,i .

(23)

We use the iteration below to calculate the unknown parameter fk (i) and substitute ŵk,i−1 for wo
since that the parameter of interest is unknown. The input noise variance can be estimated as
fk (i) = αfk (i − 1) + (1 − α)dk (i)ςk (i),
2
σ̂n,k
=

fk (i)
,
T
ŵk,i−1 βk,i

(24)
(25)

2
where α denotes the smoothing factor, in the interval 0 ≪ α 6 1 and σ̂n,k
denotes the estimate variance
of the input noise.
Considering the fact that inter-node collaboration significantly improves the estimation performance,
we therefore implement this proposed noise variance estimation method in the distributed strategies.
Using this real-time estimation method to identify the unknown input noise variance, there is robust
applicability in several practical scenarios where the noise is usually unknown. We summarize three
distributed BCNLMS algorithms in Subsection 3.5.

3.5

Summary of the three distributed-based BCNLMS algorithms

In this subsection, we summarize the proposed three distributed BCNLMS algorithms. For incremental
BCNLMS method, each node uses the updated weight of its previous node to estimate the input noise
variance, which is an approximation of the true value. However, the multiple steps in updating endows
the Inc-BCNLMS algorithm (Algorithm 1) with good estimation performance. For consensus BCNLMS
method (Algorithm 2), we first perform the aggregation step to form an intermediate state. The intermediate state is then used to estimate the input noise variance. For ATC diffusion BCNLMS method
(Algorithm 3), we use the last local updated weights to estimate the input noise variance.

4

Performance analysis

In this section, we analyze the BCNLMS algorithms based on non-cooperative strategy, consensus strategy
and ATC diffusion strategy due to space limitations. Instead of analyzing each algorithm separately, we
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Algorithm 1 Incremental BCNLMS algorithm
For node k ∈ 1, 2, . . . , N at each iteration i > 0:
Step1. Set the initial value:
βk,0 ← 0, ŵk,0 ← 0, fk (0) ← 0;
Step2. Update the noise variance estimation:
T
µ zk,i (dk (i − 1) − zk,i βk−1,i )
βk,i = βk−1,i +
,
T
N
zk,i zk,i
T
ςk (i) = dk (i − 1) − zk,i
βk,i ,

fk (i) = αfk (i − 1) + (1 − α)dk (i)ςk (i),
2
σn,k
=

fk (i)
;
T
ŵk−1,i
βk,i

Step3. Run bias compensation procedure:
T
2
µ zk,i [dk (i) − zk,i ŵk−1,i ] + σn,k ŵk−1,i
ŵk,i = ŵk−1,i +
;
T
N
zk,i zk,i
Step4. Transmit the estimator to the next iteration:
β0,i+1 ← βN,i , ŵ0,i+1 ← ŵN,i , f0 (i + 1) ← fN (i);
Repeat Step2–4 to update the estimation results until convergence.
Algorithm 2 Consensus BCNLMS algorithm
For each iteration i > 0:
Step1. Set the initial value:
βk,0 ← 0, ŵk,0 ← 0, fk (0) ← 0;
Step2. Aggregation step for node k
X
ψk,i =
alk ŵl,i−1 ;
l∈Nk

Step3. Update the estimators of the noise variance
T β
zk,i (dk (i − 1) − zk,i
k,i−1 )
βk,i = βk,i−1 + µ
,
T
zk,i zk,i
T
ςk (i) = dk (i − 1) − zk,i
βk,i ,

fk (i) = αfk (i − 1) + (1 − α)dk (i)ςk (i),
2
σn,k
=

fk (i)
;
T β
ψk,i
k,i

Step4. Bias-compensated update procedure for node k
ŵk,i = ψk,i + µ

T ŵ
2
zk,i [dk (i) − zk,i
k,i−1 ] + σn,k ŵk,i−1
T z
zk,i
k,i

;

Repeat from Step2–4 to update the estimation results until convergence.
Algorithm 3 ATC diffusion BCNLMS algorithm
For each iteration i > 0:
Step1. Set the initial value:
βk,0 ← 0, ŵk,0 ← 0, fk (0) ← 0;
Step2. Update the estimators for noise variance
T β
zk,i (dk (i − 1) − zk,i
k,i−1 )
βk,i = βk,i−1 + µ
,
T
zk,i zk,i
T
ςk (i) = dk (i − 1) − zk,i
βk,i ,

fk (i) = αfk (i − 1) + (1 − α)dk (i)ςk (i),
2
σn,k
=

fk (i)
;
T
ŵk,i−1
βk,i

Step3. Bias-compensated update procedure for node k
ψk,i = ŵk,i−1 + µ

T ŵ
2
zk,i [dk (i) − zk,i
k,i−1 ] + σn,k ŵk,i−1
T z
zk,i
k,i

;

Step4. Aggregation step for node k
X
ŵk,i =
alk ψl,i ;
l∈Nk

Repeat from Step2–4 to update the estimation results until convergence.
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Different BCNLMS algorithms with different choices of matrices A0 , A1 , A2

Algorithm

A0

A1

A2

Non-cooperative BCNLMS

I

I

I

Consensus BCNLMS

A

I

I

ATC BCNLMS

I

I

A

formulate a general algorithmic form for various strategies, which can be expressed as
X

φk,i−1 =
a1,lk wl,i−1 ,




l∈N

k



T
2

X
zk,i [dk (i) − zk,i
φk,i−1 ] + σn,k
φk,i−1
,
ψk,i =
a0,lk φl,i−1 + µk
T
zk,i zk,i


l∈Nk


X



a2,lk ψl,i ,

 wk,i =
l∈Nk

where the non-negative coefficients {a0,lk , a1,lk , a2,lk } denote the {l, k} entries of left-stochastic matrices
A0 , A1 , A2 , respectively. Different choices for matrices A0 , A1 , A2 correspond to different operation
modes as shown in Table 1, where I denotes the identity matrix.
We define the local weight-error vectors of each node k as
φ̃k,i = wo − φk,i , ψ̃k,i = wo − ψk,i , w̃k,i = wo − wk,i .

(26)

For a multi-agent network, the global weight-error vectors are formed by stacking the local error vectors
n
o
φ̃i = col φ̃1,i , . . . , φ̃N,i ,
n
o
ψ̃i = col ψ̃1,i , . . . , ψ̃N,i ,
w̃i = col {w̃1,i , . . . , w̃N,i }.

We introduce the diagonal matrix
M = diag{µ1 IM , . . . , µN IM },
and some extended weighting matrices
A0 = A0 ⊗ IM ,

A1 = A1 ⊗ IM ,

A2 = A2 ⊗ IM ,

where ⊗ denotes the Kronecker product operation, IM is the identity matrix of size M × M .
We further introduce the following matrices
(
)
(
)
2
2
zN,i nT
z1,i nT
z1,i v1,i
zN,i v1,i
1,i − σn,1 IM
N,i − σn,N IM
Gi = col
,..., T
,...,
, Di = diag
,
T z
T z
T z
z1,i
zN,i zN,i
z1,i
zN,i
1,i
1,i
N,i
(
)
T
2
T
2
zN,i zN,i
− σn,N
IM
z1,i z1,i
− σn,1
IM
Hi = diag
,...,
, Wo = col {wo , . . . , wo }.
T z
T z
|
{z
}
z1,i
zN,i
1,i
N,i
N

Using the block network variables, we obtain the recursions that

T

 φ̃i−1 = A1 w̃i−1 ,

ψ̃i = AT
0 φ̃i−1 − M[Gi − Di Wo + Hi φ̃i−1 ],


 w̃ = AT ψ̃ ,
k

2

i

so that the network error vector w̃i evolves with time according to the recursion
 T
T
T
T
w̃i = AT
2 A0 − MHi A1 w̃i−1 − A2 MGi + A2 MDi Wo
T
= Bi w̃i−1 − AT
2 MGi + A2 MDi Wo ,

T
T
where the time-varying matrix Bi = AT
2 (A0 − MHi )A1 is independent of w̃i .

(27)
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Mean stability

Taking expectations of both sides of (27), we get
E [w̃i ] = B (E [w̃i−1 ]),

(28)

where E[Gi ] = 0, E[Di ] = 0 due to the relations among inputs and outputs we assumed in Assumption 1.
According to equation (28), limi→∞ Ekw̃i k2σ → 0 if B is stable.
For various operation modes, the item B follows different forms:


Non-cooperative strategy,

I − MH,
B = E [Bi ] =

where
(

H = E [Hi ] = diag E

AT − MH,
Consensus strategy,


AT (I − MH) , ATC diffusion strategy,
T
2
z1,i z1,i
− σn,1
IM
T
z1,i z1,i

!

,...,E

T
2
zN,i zN,i
− σn,N
IM
T z
zN,i
N,i

!)

.

Theorem 1 (Mean error stability condition). Consider an adaptive network operates using various
strategies with the data model in (1) and (2). The mean error vector evolves with time according to
(28). For consensus strategy, it can be unstable since that the mean stability condition depends on the
specific combination matrices A. Non-cooperative strategy and ATC diffusion strategy have the same
mean stability condition since that ρ(A) = 1 for any left-stochastic matrix, and the whole network will
be asymptotically unbiased and stable if the step-size satisfies
0<µ<

2
,
λmax (H)

(29)

where λmax (H) equals to the maximum eigenvalue of matrix H.
4.2

Mean-square performance of the network

Introduce an N × N block Hermitian nonnegative-definite matrix Σ that we are free to choose, with
M × M block entries. Equating the weighted square norms on both sides of (27) and taking expectations,
we obtain

where



 T T

T
Ekw̃i k2Σ = Ekw̃i−1 k2Σ′ + E GiT MA2 ΣAT
2 MG i + E Wo Di MA2 ΣA2 MD i Wo ,

(30)



′
Σ = E BiT ΣBi
 T


T
= E A1 A0 − HiT M A2 ΣAT
2 A0 − MHi A1

Let

T
T T
T T
= A1 A0 A2 ΣAT
2 A0 A1 − A1 H MA2 ΣA2 A0 A1


T
T
T
T
− A1 A0 A2 ΣAT
2 MHA1 + E A1 Hi MA2 ΣA2 MHi A1 .

G = E[Gi GiT ],

σ = vec(Σ),

(31)

(32)

where vec(·) denotes the operation that stacks the columnar entries of its matrix on the top of each other.
For Kronecker product operation, it holds that vec(U ΣV ) = (V T ⊗ U )vec(Σ). We vectorize both sides
of (31) and arrive at
vec(Σ′ ) = F σ,
(33)
where F = {(A1 ⊗ A1 )[A0 ⊗ A0 − A0 ⊗ HT M − HT M ⊗ A0 + E[HiT M ⊗ HiT M]](A2 ⊗ A2 )}.
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Using the property that Tr(ΣX) = vec(X T )T vec(Σ), we rewrite (30) as

T
T
T T
Ekw̃i k2σ = Ekw̃i−1 k2F σ + vec(AT
σ.
2 MGMA2 ) + vec(A2 MDi Wo Wo Di MA2 )

(34)

Because the dynamics is mean-square stable for sufficiently small step-sizes, we take the limit of (34)
as i → ∞ and write

T
T
T T
σ.
(35)
lim Ekw̃i k2σ = lim Ekw̃i−1 k2F σ + vec(AT
2 MGMA2 ) + vec(A2 MDi Wo Wo Di MA2 )
i→∞

i→∞

This yields the corresponding steady-state variance relation that

T
T
T T
lim Ekw̃i k2(I−F )σ = vec(AT
σ.
2 MGMA2 ) + vec(A2 MDi Wo Wo Di MA2 )
i→∞

(36)

We use the mean-square deviation (MSD) to quantify the performance of BCNLMS algorithms over
multi-agent network. The network MSD is defined as the average MSDs value of the individual nodes
N
1 X
1
Ekw̃k,i k2 , lim
Ekw̃i k2 .
i→∞ N
i→∞ N

MSDnetwork , lim

(37)

k=1

We select the weighting vector σ to recover the network MSD from relation (36)
(I − F )σ =

1
vec(IN M ).
N

(38)

Then the network MSD is obtained
T o
1 n
T
T T
MSDnetwork =
vec(AT
(I − F )−1 vec(IN M ). (39)
2 MGMA2 ) + vec(A2 MDi Wo Wo Di MA2 )
N

Theorem 2 (Mean-square error performance). Consider an adaptive network operates using various
strategies with the data model in (1) and (2) that satisfy Assumption 1. Then the transient and steadystate mean-square error performances of the network follow recursions

T
T
T T
Ekw̃i k2σ = Ekw̃i−1 k2F σ + vec(AT
σ,
(40)
2 MGMA2 ) + vec(A2 MDi Wo Wo Di MA2 )
n
o


1
T
T
T T
MSDnetwork =
vec(AT
(I − F )−1 vec(IN M ), (41)
2 MGMA2 ) + vec(A2 MDi Wo Wo Di MA2 )
N
where the network based on non-cooperative strategy or ATC diffusion strategy will be stable if the
step-size satisfies (29), and they will converge in the mean and mean-square performance.

5

Simulation results

In order to illustrate the effectiveness of our proposed distributed BCNLMS algorithms, we present some
simulations. Figure 4 is a network topology with N = 20 nodes distributed in different locations over
space, and the objective to be estimated is generated randomly with order M = 20. We set the step-size
µ = 0.2 and the smoothing factor α = 0.998. The noise-free input data uk,i and the additive noise
nk,i , vk (i) are all Gaussian distributions. The network signal and noise power are shown in Figure 5.
Our results are the average of running 200 times independently.
In this paper, the averaging rule is applied in consensus strategy and ATC diffusion strategy with
(
1/deg(k), l ∈ Nk ,
alk =
0,
otherwise,
where deg(k) represents the degree of node k, which equates to the nodes number connected to node k
(including k itself). We introduce MSD as the criteria for assessing the accuracy of the estimation results.
For multi-agent networks, the global MSD is the average value of all nodes as follows:
N
1 X
kŵk,i − wo k2 .
i→∞ N

MSD = lim

k=1

(42)
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Figure 5 (Color online) The network signal and noise
power levels.

We first assume that the input noise variance is known a priori and compare the estimation performance of traditional non-cooperative NLMS (Nco-NLMS) algorithm, the non-cooperative BCNLMS
(Nco-BCNLMS) method and three distributed BCNLMS algorithms as shown in Figure 6. Under noncooperative situations, our BCNLMS method gives better estimation results comparing with traditional
NLMS algorithm, which confirms the effectiveness of our proposed method in removing the noise-induced
bias. Besides, three distributed BCNLMS methods outperform the non-cooperation BCNLMS algorithm,
which confirms the cooperation among the agents can improve the estimation performance of the network.
Figure 7 displays the learning curves in the case that input noise variance is unknown. The proposed
three distributed BCNLMS algorithms outperform the other distributed NLMS methods without compensation. Moreover, three proposed distributed BCNLMS algorithms return the same estimation quality
comparing with the results shown in Figure 6 where the noise variance is known a priori. This further
establishes the fact that our proposed noise variance estimation method and the modified cost function
have an effect on removing the noise-induced bias and enhancing the estimation performance.
The steady-state MSD under different operation modes in the case of unknown noise variance are shown
in Figure 8, where agents based on three distributed BCNLMS methods exhibit excellent performance as
compared to the other three distributed NLMS methods without bias compensation. Moreover, comparing
the steady-state MSD curves between the Nco-BCNLMS and other distributed methods, cooperation
among the agents can make the estimates more consistent.
We also present the estimate noise variances of three distributed BCNLMS algorithms in Figure 9. Both
the Con-BCNLMS and ATC-BCNLMS algorithms estimate the noise variance to approximate values of
the true value. However, the Inc-BCNLMS does not perform so well due to the fact that each node
uses updated data from its previous neighbor over the cyclic path. Therefore the incremental algorithm
relies on the extra update steps at each agent to attain better approximations of true noise variance,
which enables the Inc-BCNLMS to obtain the same estimation performance as the Con-BCNLMS and
ATC-BCNLMS algorithms shown in Figure 7.

6

Conclusion

In this paper, we propose three distributed bias-compensated NLMS algorithms to address the in-network
collaborative estimation problem under the situation that the input and output are contaminated by
additive noise. Traditional distributed adaptive algorithms give biased results. Our analysis shows that
the estimation bias is caused by input noise, and one bias-compensated NLMS method is proposed to
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Figure 6 (Color online) MSD learning curves of the NcoNLMS, the Nco-BCNLMS and three distributed BCNLMS
algorithms in the case of known noise variance.
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Figure 9 (Color online) The estimated input noise variance values of all in-network nodes.

remove the bias and improve the estimation performance. We also propose an estimation method for
the input noise variance to overcome the unknown property of the input noise. We derive mean stability
conditions and closed-form expressions to predict the steady-state mean-square performance over the
network based on different strategies. Comparing to the traditional Nco-NLMS method, our proposed
Nco-BCNLMS algorithm returns a better estimate, which confirms the effectiveness of our proposed biascompensated method. Moreover, comparing to the Nco-BCNLMS strategy, three distributed BCNLMS
strategies significantly improved the estimate results, which further proves the benefit of the cooperation
among all nodes in the network. Simulations confirmed the efficiency of the proposed algorithms. Overall,
our proposed distributed BCNLMS algorithms exhibit good performance.
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