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Abstract In this paper, we are concerned with the leader-follower stochastic differential game of Itd type
with time delay appearing in the leader’s control. The open-loop solution is explicitly given in the form of
the conditional expectation with respect to several symmetric Riccati equations. The key technique is to
establish the nonhomogeneous relationship between the forward variables and the backward ones obtained
in the optimization problems of both the follower and the leader.
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1 Introduction

The leader-follower games have received much attention due to the wide applications in economic, social
science, political science and biology [1-8]. This kind of game is hierarchical due to the fact that the
leader knows the rational reaction of the follower and reveals first his strategy, while the follower does not
know the rational reaction of the leader and has to optimize his criterion for a given control of the leader.
In this paper, we are concerned with the stochastic leader-follower game of It6’s type. The solution with
an open-loop information structure is applied to the game, where the players are committed to follow
a predetermined strategy or no state measurements are available. The leader is seeking a strategy, a
function of time only, that it expresses before the game starts knowing the follower’s rational reaction;
the follower will then minimize its cost function with its strategy, also a function of time only.

In the framework of the deterministic dynamics, the optimal strategy is studied in [9-11] and references
therein. It is shown that the open-loop strategy is in terms of three coupled and nonsymmetric Riccati
equations within the context of the linear quadratic game. Stochastic differential game is considered
in [12-16] where the controls do not enter into the diffusion term of the state dynamic. Ref. [17] considers
the leader-follower game with both state-dependent and control-dependent noise by solving the forward-
backward stochastic differential equation (FBSDE) and sufficient conditions to ensure the existence of
the Stackelberg strategy are given.

Considering the nature of past dependence for many practical problems, it is of great significance to
include time delay in the dynamic of the game into consideration [18-20]. Nash games for a class of
linear stochastic delay system are discussed in [21] where a strategy set is established in terms of matrix
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inequality by using Lyapunov-Krasovskii method and a non-convex optimization approach. To the best
of our knowledge, there is little literature on the leader-follower stochastic game with time delay. In
fact, the problem with delay becomes much more complex and difficult because it lacks of efficient tools
of stochastic analysis such as It6’s formula to deal with the delay term. Moreover, since the problem is
infinite dimensional, no explicit solution exists and numerical solutions are very difficult to obtain [22-26].

In this paper, we study the open-loop solution of the leader-follower stochastic game governed by Ito’s
differential equation with delay appearing in the leader’s control. The open-loop strategy is explicitly
given in the form of the conditional expectation with respect to several symmetric Riccati equations,
by establishing the nonhomogeneous relationship between the forward variables and the backward ones
obtained in the optimization problems of both the follower and the leader. We point out that the approach
to find the open-loop solution in this paper is different from that in [17] but similar to [27] where the
explicit strategy has been obtained for the leader-follower deterministic game. Moreover, we overcome
the difficulty from both the stochastic Brownian motion and the time-delayed term in the leader’s control.

The rest of this paper is organized as follows. Section 2 formulates the stochastic leader-follower game
with time delay. The main results are shown and proved in Section 3. Section 4 gives some concluding
remarks.

2 Problem formulation

Consider the leader-follower stochastic game with the system dynamic

dz(t) = [Az(t) + Bu(t) + Cw(t — h)|dt + [Az(t) + Bu(t) + Cw(t — h)|dW (¢),
x(0) = zp, w(s)=w(s), s€[—h,0), (1)

and the corresponding cost functionals

Ji(u,w) = E /0 [2(1)Qrx(t) +u'(t) Ryu(t)|dt + =(T) Hyx(T) |, (2)

T T—h
Ja(u,w) = E /0 :c’(t)QQ:c(t)dtJr/O w'(t)Rew(t)dt + z(T) Haz(T) |, (3)

where z(t) € R™ is the state, u(t) € R* and w(t) € R® are the controls of the follower and the leader,
respectively. xg € R™ as well as w(s) is the prescribed initial data, and h > 0 represents the constant
time delay. W(t) is a one-dimensional standard Brownian motion on a probability space (2, F, P). The
information structure is given by a filtration {F;}¢>0, which is generated by W (-) and augmented by all
the P-null sets. E[-] means the mathematical expectation. A, B, C, A, B, C are constant matrices with
compatible dimension. The matrices @)1, Q2, Ry, R2, Hy, Hs are positive semi-definite.

In this paper, we mainly consider the unique strategy. The detailed definition is given below.
Definition 1. The pair (u*, w*) = (Tw*, w*) provides a unique Stackelberg solution for the two-player
game if it satisfies the following conditions. First, for each w, there exists a unique v minimizing J; (u, w).
This implies that there exists a unique map 7T such that J;(Tw,w) < Ji(u,w) for all u and for every w.
Second, there exists a unique w such that Jo(Tw,w) < Jo(Tw, w).

Our aim is to study the unique open-loop strategy which is a function of time only. This is different
from the closed-loop strategy which is a function of the time and the state of the game as well.

3 Main results

In this section, we state the unique open-loop strategy. Before giving the main results, the derivations
are shown in the first three subsections.
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3.1 Optimization problem of the follower

In view of the nature of the leader-follower game, the derivations begin with the optimization problem of
the follower which is a standard stochastic linear quadratic (LQ) optimal control problem for any choice
w(t) of the leader, i.e.,

min Jp (u, w)

i { dz(t) = [Az(t) + Bu(t) + Cw(t — h)|dt + [Az(t) + Bu(t) + Cw(t — h)|dW (t),
| 2(0) = 2o, w(s) =w(s), se[—h,0).

Following the maximum principle obtained in [17,28] for delay-free case, the optimal solution satisfies
that

0 = Ryu(t) + B'p(t) + Ba(t), (1)
where (p(t), q(t)) is the solution to the following backward stochastic differential equation:

dp(t) = —[A'p(t) + A'q(t) + Qua(t)|dt + q(t)dW (t), p(T) = Hix(T). (5)

Since our aim is to discuss the existence and uniqueness of the solution to the leader-follower game,
the follower’s optimization problem min,, J; (u,w) admits a unique solution for any w. In the case of
w(t —h) =0 for ¢t € [0,T], the problem is reduced to the standard LQ problem which also has a unique
solution. Define

—Pl(t) ()A+A'P1()—|—AP1() [ (t)B + A'Py(t)B }
x [Ry + B'Py(t)B] [BPI()—i—BP() A + Q1, Pi(T)=Hy, (6)
Ry + Blpl (t)B > 0.

It has been shown that the equivalent condition is Ry + B’P;(t)B > 0 for the unique solvability of the
LQ problem. Specifically, the following result can be found in Theorem 2.3 of [29].

Lemma 1. The LQ problem min, J;(u,w) subject to (1) with w(¢t — h) = 0 for ¢ > 0 has a unique
optimal control for any initial condition zq if and only if the Riccati differential equation (6) admits a
solution.

We now consider the leader-follower game, i.e., w(t — h) # 0 for t € [0,T]. Denote

D(t) £ A— By '(t)[B'Pi(t) + B'Pi(t)A],
D(t) 2 A— By '(t)[B'Pi(t) + B'Pi(t)A],
D(t) £ C'Pi(t {A By, '(t)[B'Py(t) + B'Pi(t)A] } + C"Py(1).

Lemma 2. Assume that the open-loop strategy exists and is unique, then u(t) admits a feedback form
as follows:

u(t) = = '(®){[B'Pi(t) + B'Pi(t)A] z(t) + B'¢1(t) + B'Py(t)Cw(t — h) + B'Ci(¢) }, (7)
where P (t) is the solution to the Riccati equation (6) and ¢;(t) satisfies
dGi(t) = = [D'(®)Gi (1) + D' ()G () + D' (Hw(t — h)]dt + G (H)dW (¢) (8)
with ¢, (T) = 0.

Proof.  Motivated by [30], there exists a nonhomogeneous relationship between p(t) and z(t) due to the
involvement of w which is denoted by

Ci(t) = p(t) — Pu(t)z(t), (9)
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where P (t) is the solution to (6) and d¢; (t) = Y (t)dt + 1 (¢)dW (t) while T(t), (1 (t) are to be determined
in the sequel. Applying It6’s formula to (9) and comparing with (5) yield that

dp(t)

Py(t)z(t)dt + Py (t)[Az(t) + Bu(t) + Cw(t — h)]dt
+Pi(t)[Az(t) + Bu(t) + Cw ( M) AW () + Y (t)dt + i (¢)dW (t)
= —[A'PL(t)x(t) + A'Gu(t) + A'q(t) + Qua(t)|dt + q(t)dW (), (10)
then
q(t) = Py(t)[Az(t) + Bu(t) + Cw(t — k)] + (i (¢). (11)
Substituting (9) and (11) into the equilibrium condition (4) yields that

0 = Ryu(t) + B'Pi(t)z(t) + B'¢1(t) + B'Pi(t) [Ax(t) + Bu(t) + Cw(t — h)] + B'C1(t)
= [R1 + B'Pi(t)Blu(t) + [B'Py(t) + B'Py(t)A]z(t) + B'C1(t) + B'Py(t)Cw(t — h) + B'¢1(t). (12)
It is known that ~1(¢) > 0 provided that the leader-follower game admits a unique solution by using

Lemma 1. Accordingly, the controller u can be formulated as (7).
Substituting (7) into (10) yields that

0 = Pri(t)z(t) + Pi(t)Ax(t) — [Pi(t)B + A'Pu(t) Bl (t) ' [B'Pi(t) + B'Pi(t) Alu(t)
~[P®)B + APi(0)Blyy (DB'G() — [Pu(t)B + APy (1) B]y | (1)B'Pi(H)Cw(1)
—[Pi(t)B + A'Py(t)B]y; (¢)B'C1(t) + PL(t)Cw(t — h) + Y(t) + A'Py(t)x(t) + Qua(t) + A'¢(t)
+A'Py(t)Az(t) + APy (t)Cw(t — h) + A'¢i (). (13)

1
1

Combining with (6), we have
= T(t) = {4~ [P(t) B+ A'Pi(t)B]y ‘1tB’}41 (t) + {A" = [P (t)B+ A'Pi(t) By (1) B’} (1)
[{A' [P\(t)B + A'Py(t) Bl (1) B} Py (t C—i—Pl()C}w(t—h)
2 DY) + D' ()G () + D' (Hw(t — h).

That is, Eq. (8) follows. This completes the proof.
As a consequence of substituting u(¢) in (7) into the dynamic of the state (1), we have

dx(t) = [{A= B (0[B'Pi(t) + B'Pr()A] }a(t) + {C — Bri {(0)B'PL(1)C Yu(t — h)

~By(t) " BG() ~ BT OB G)|dt + [{A— By O [B'Pi(t) + B'Pi( J }x

+{C = BT (OB PL()CYw(t — h) = Byu(t) ' B'G () — Bap (0BG ()| aw
= [ ®)z(t) + E(t)w(t — h) + F1(t)(1(t) + Fz(t)(i (t)} dt
+H[D()2(t) + E(tyw(t — h) + F3 ()¢ (1) + F2(6)C (0] dW (1), (14)

where

E(t) 2 C— By '(t)B'Pi(t)C, Fi(t) 2 —By.(t)"'B, Fy(t) 2 —By; '(t)B,
E(t) 2 C— By '(t)B'Pi(t)C, Fy(t)& —By;*(t)B'.

3.2 Optimization problem of the leader

Now we are in the position to discuss the optimization problem of the leader which is in fact an opti-
mization control problem with the forward and backward constraints, that is,

min Ja(u,w) s.t. {
w
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The maximum principle for the above optimization problem in the delay-free case has been obtained
in [17]. Combining with the techniques dealing with input delay in [25], it is immediately derived that
dpa(t) = —[D'(t)p2(t) + D' ()g2(t) + Qo (t)]dt + q2(t)dW (1), (15)
d¢(t) = [D(1)E() + Fi(t)p (t) + Fa(t)g2(t)]dt + [D(E(E) + Fy(t)pa(t) + Fa(t)gz(t)[dW(t), (16)
p2(T') = Haz(T'), £(0)
0= Row(t —h) + E[E'( ) ( ) + E'(t)g2(t) + D()E(H)| Fe-n]. (17)
We now introduce a new costate (o satisfying
pa2(t) = Pa(t)z(t) + C2(1), (18)
where P»(t) is the solution to

— Py(t) = Py(t)D(t) + D'(t)Pa(t) + D' (t) Pa(t)D(t) + Q2 (19)

with Py(T') = Hy. The dynamic of ¢ can be given in Lemma 3.

Lemma 3. The new costate (5 satisfies

déa(t) = —{D'(t)¢2(t) + D' (t)C2(t) + [Pa(t)E(t) +
+D/()P2() H()]Ci(t) + [Pa(t)Fa(t) + D

with terminal value (2(T") = 0.
Proof. Denote d(a(t) = T'(t)dt + Co(t)dW (t). Applying Itd’s formula to po(t) in (18) and making a
comparison with (15) yield that

dp2(t) = Po(t)x(t)dt + Pa(t) [D(t)z(t) + E(w(t — h) + Fi(t)¢ () + Fa(t)Ci (t)]dt + Pa(t) [D(t)x(t)

+E(t)w( h) + F3()G1(t) + Fa ()G (1) [ dW (8) + T(¢)dt + Co(t)dW (t)
—[D'(#)Pa(t)x(t) + D' (t)C2(t) + D' (t)q2(t) + Q2(t)] dt + g2 (t)dW (). (21)

+ D' (t) P2 (t)E(t)|w(t — h) + [Pa2(t)Fi(t)
D' (t) P () (}'1(t)}dt+<2) W(t) (20)

Thus,
2(t) = Po(t)[D(t)a(t) + E(t)w(t — h) + F3(t)C1(8) + Fa(t) G ()] + G (8),

and

[PQ( ) Pg(t)D t) + D' (t)Py(t)
+D' () P(OE()]w(t — h) + [P
+[P2(t)Fa(t) + D' (t) P2 (t) 2 ()] Ca (1) +

With the using of (19), it is obtained that the dynamic of (2(t) is exactly (20).

To further obtain the causal and adapted controller from (7) and (17), we stack the forward variables
and backward variables obtained in the optimization of the follower and leader, that is, denote

N f(t) 2 Cl(t) " 2 El(t)
rb(t)[ ] ¥(t) Lé(t)]’ ¥(t) [@(t)],

and

Fy(t) P FL(t) Fi(t)
Fi(t) 0
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Solt) 2 Fy(t)Pa(t) Fa(t) Fa(t) N & F5(t)Pa(t)E(t) |
Fy(t) E(t)

Ni(t) & ROPOE®) | i & lD() HOLIORS g(t)PQ(t)D(t)]’
() 0 D(t)

Syp) 2 | POROBE ROy e D'(t) )
2(t) 0 Py(t)E(t) + D'(t) Pa(t) E(t)

From (8), (14), (16), (20) and using (18), it is straightforward to obtain the following system:

do(t) = [M()(t) + S1(t)y(t) + S2(t)o(t) + Ni(t)w(t — h)]dt
+[M(6)¢(t) + Sz(t)p(t) + S2(£)9(t) + N (t)w( h)]dw (1), (22)
—[M'(#)p(t) + M’ ()0 (t) + No(t)w(t — k)] dt + ()W (¢), (23)

with boundary values ¢(0) = [0 ]’ and ¥(T) = 0. Denote y2(t) £ Rs + E'(t)P2(t)E(t), then the
equilibrium condition (17) becomes

0 = ya(t)w(t — h) + E[NA(E6() + N (1)6(t) + NI (d(0)|1Fin). (24)

3.3 Establishment of a nonhomogeneous relationship between ¥ (t) and ¢(t)

In the sequel, the relationship between the variables ¢(t) and ¢(t) will be established. To this end, denote
Q) 2 7(t) + N () [T = L)Sa(8)]  LE)NL(2),

A(t) £ N(t) + N{(8) [T = L(6)Sa(6)] T LN () + {N] (1) + N{(0) [T = L(1)Sa(1)]
min (T,t+h)

< L(1)Sh()) [L(t) - /t T1(t, 6)0)|.

In the above, the matrix L(t) is the solution to the following equation:

-1

L()M(t) + [L(t)S2(t) + M' ()] [I — L(t)Sa(t)] L(t) () + L(t)S1(t)L(t)
+M'(t)L(t) + [L(t)Sa(t) + M'(t)] [ ( )S*Q(t)] YL SL()L(t), t>T—h,
— L(t)={ L(t)M (t) + [L(8)S2(t) + M' ()] [ — L(t)Sa(t)] L(t) I(t) + L(t)S1(t)L(t) (25)
+M'(t)L(t) + [L(t)Sa(t) + M’(tﬂ[ ( )5 ()] L(t)S5(t)L(2)
—H(tt+h) t<T—h,
with det[I — L(t)S>] # 0, L(T) = 0 and II(t, 6) satisfies
— %H(t, 0) = II(t,0) M (t) + {L(t)S1(t) + M'(t) + [L(t)Sa(t) + M'(t)] [T — L(t)S2(t)] !
x L(t)Sh( }n £,0) + T1(¢,0)S5(t) [T — L(£)Ss()] " L(£) M (t) + T1(t,0){ S1 (¢)
min (T,t+h)
ESa() [T — L(H)5a(0)] " L(0)Sh(1) VL (1) / T1(t,0) {51 (1)

B 1 min (T,t+h)
+S(t) [ — L(t)S2(t)] ~ L()S5(t) }II(t, 7)dr 7/9 (¢, 7){ S1(¢)

+Sa(t) [I — L(t)Sa(t)] _1L(t)S§(t)}H(t, 0)dr, t €[0,T], 0 € (t,min (T,t+ h)], (26)

with

(¢, t) = N ()Q(t) " TA(t), t €[0,T], (27)
det (Q(t)) #£0, t € [0,7T]. (28)
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Remark 1. It is unavailable to give the analytical solutions to the partial differential Riccati equations
(25)—(28). However, there exists a numerical algorithm to solve these equations. Specifically, given a
partition: 0 =tg < --- < tnyy1 =7, let 6 = tx11 — t, 6d = h, then the iteration algorithms can be given
as follows: for k=N —d+1,...,N, L(k+1) =0 and

L(k) = (k+1)+6L(k+ )M (k) + (L(k + 1)S2(k) + M'(k)) (I — L(k + 1)
XSg(k')) L(k+1)M (k) + L(k +1)S1(k)L(k + 1) + M'(k)L(k + 1)
+ (L(k +1)Sa(k) + M'(k)) (I — L(k +1)Sa(k)) " L(k + 1)S5(k)L(k + 1)
~I(k+1,k+d), k<N —-d+1,

M
+M

min (N+1,k+d)
Tk, k + i) :H(k—i—l,k:—i—i)+6Pi(k+1,k+i)<M(k:+1) - > 8S(k+1)
j=k4i+1
min (N+1,k+d) /
I(k + 1,j)> +5< (k4+1)— > 65k + DIk + 1,j)>
j=k+i+1
Mk+1,k+14), i=1,2,...,min(N+1-k,d),
Ok+1L,k+1)=Nk+DQ Y (k+DAk+1), k=1,...,N,
Q7 (k4+1) =ya(k + 1) + Nj(k)(I — L(k +1)Sa(k)) " L(k + 1)Ny(k), k=1,...,N,
Ak +1) = Nj(k) + Ny (k) (I = L(k + 1)Sa(k)) " L(k + 1)M (k)
+ (N1 (k) + N7 (k) (T = L(k + 1)82(k)) ™" L(k + 1)S3(k) )

min (N+1,k+d)
x | L(k+1)— > d(k+1,45) ), k=1,...,N,

j=k+2

where M(k+ 1) = M(k) + L(k + 1)S1 (k) + Sa(k)[I — L(k + 1)Sy (k)] L(k + 1) (M (k) + Sy (k)L(k + 1)),
S(k+1) =81 (k+1)+ So(k+1)[I — L(k+1)Sy(k+1)] ' L(k+1)S,(k+1). By selecting sufficiently small
J, it is obtained that L(k), II(k, k + ¢) approximate L(t) and II(¢, #), respectively.

Based on these equations, we have the nonhomogeneous relationship between v (t) and ¢(¢) which is
shown below.

Lemma 4. Provided that Eqgs. (25)—(28) admit solutions, it holds that

min (T,t+h) .
(1) = L(t) - / TI(t, 0)4(t/6 — h)do, (20)

where ¢(t|0 — h) £ E[p(t)| Fo_n], t <6 < min (T,t + h).
Proof. Denote

O(t) = ¥(t) — L(t)(t), (30)

where O(t) satisfying dO(t) = O (t)dt + O(t)dW (t), and L(t) is the solution to (25). Applying Itd’s
formula to (30) yields that

dO(t) = du(t) — L(t)e(t)dt — L(t
= —[M'(t)(t) + M (t)y(
)
)

W(t). (31)
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By using the invertibility of I — L(t)Ss, it yields that
1) = [1=L1)S:(t)]~{Ot) + L) [M(1)6(t) + St (t) + Nr(t)w(t — h)] }. (32)

Substituting (32) into (24), we have

0 = y(t)w(t — h) + E[Ny#)(t) + Ni()y(t) + {(t)ll_)(t)lft n)
= (tyw(t — h) + B[N5()6(t) + N{(1)(t) + Ni (#)[ — L(#)S2(t)] ' 6(t)
+N1(t)[ LH)S(8)] " LM (1)e(t) + Sh(tyu(t) + N1( Jw(t — h)]| Fin]

Q)w(t —h) +E{{N£(t) +N{(t)[I = L()S2(t)]  L()M (1) }(t) + Ni(t) [1 — L(t)Sa(t)]
H{NI®) + MO = LOSa(0)] " LE)SH0) I ()| Foon] -
Provided that the matrix 2(¢) is invertible, one has
w(t —h) = —Q(t IE[{NQ (t) + Ni(t) [I — L(6)S5 ()] T L&)M (1) Yb(t) + N{ (1) [I — L(£)Sa(t)] "' O(t)
+{ V1 (t) + Ni(t

)+
) -

— 1E[{N2 t) + (t)[ — L(t)S;
[ L3

+{N{(t) + N{(t

Plugging (33) into (31) and using (25), (32), one has
O1(t) = —{L(HS (L) + L(t) + [M ’( (1)) [1 = L()Sa(t)] LA [M (1) + Sh() L(D)]
+M(E)L(t) + LM (1) }o(t) - [M' L) S:(0)] [ - L)1) ' 6(1)
—L(t)S1(H)O(1) [M'(t>+L<t> <>HI L(t)S <>J "L(H)Sh(1) <>
—{No(t) + [M'(t) + L(t)Sa(B)] [1 — L(1)S2(8)] " LION1 (t) + LE)N1 (£) bo(t — h).

That is, for ¢t € (T — h,T], O(t) satisfies

de(t) = [~M'(1)(t) — L(t)S1(t)O(t) — [M'(t) + L(1)Sa(t)]
x [T = L(£)Sa(t)] "' O(t) — [M'(t) + L(1)Sa(t)] [ — L()S2(t)] " L(t)S4(1)O(1)
f{Nz + [M(t) + L) S2()] [I — L(1)Sa(8)] L&) N1 (1)
(t) }w(t — h)] dt + O (t)dW (t), (34)

and for t € [0,T — h], ©(t) satisfies
dO(t) = [~II(t,t + h)g(t) — M'(t)O(t) — L(t)S1(t)O(t) — [M'(t) + L(t)S2(1)]

x [I = L(t)Ss(t)] 7' O(t) — [M'(t) + L(£)Sa ()] [I — L(£)Sa(1)] " L(£)S5(1)O(1)

—{Nz [ "(t) + L(t)S2(1)] [ -

(t)}w(t — h)] dt + O(t)dW (¢).

On the other hand, for ¢ € [0, T — h], differentiating on j;H
that

(35)

g T1(t, 0)p(t|0 — h)d6 with respect to ¢ yields

t+h R
d/ II(£, 0)(t|6 — h)dA
t R ATt ) 4

= TI(t, ¢ + h)p(t)dt — II(¢, t)p(t|t — h)dt + / o Ot — h)dedt
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t+h
+ / T(t, 6)E[de(t) | Fy_n]d6
- {H(t, -+ ol — T3~ 1)+ [ T 0 M) + S0 L) — o

t+h t+h
+/ H(t,9)Sl(t)E[®(t)|]-‘9,h}d9+/ TI(¢,0) Ny (t)dOw(t — h)

t+h

t+h B 1 B
+/ II(t,0)Sa(t) [I — L(t)Sa(t)] E[@(t)|]-‘9,h]d9+/ I1(t,0)Sa(t) [1

t

—L(t)S:(t)] L) [M(t) + Sy(t)L(t)] d(t0 — h)do + /tM II(t,0)Sa(t)[1
t+h
—L(1)Sa ()] T L(1) Sy (1) E[O ()| Fo—1]d6 + /t i TI(t,0)S2(t) [T — L(1)Sa(t)]
t+h
x L(t) Ny (t)dOw(t — h)}dt — /

F[L()Sa () + M ()] [T — L(#)Sa(t)] " L(#)S5(t) II(¢, 6) + T1(¢, 6)Sa(t) [
—L(t)Sy(t)] YLt M(t) + T0(t, 6 ){S1(t) + Sa(t)[I — L(t)SQ(t)}*1L(t)S§(t)}L(t)

_/9t+hnte{sl £) + Sa(t) [I — L(£)Ss(t)] " L(t)S(#) MI(t, 7)dr

II(t, 0) M (t) + {L(t)S1(t) + M'(t)

_/Hh II(t, 7){S1(t) + S2(t) [1 L(t)S‘Q(t)}_IL(t)S;(t)}H(t,e)dr] o(t|0 — h)dodt,
6

where (30), (32), (26), (22) have been used in the derivation of the second equality. In addition, it can
be obtained that

t+h _ t+h R
/ II(t, 0){ S1(t) + Sa(t)[I — L(t)Sa(t)] " L(t)S5(t) } / (¢, 7)E[¢(t|T — h)|Fo—n]drdl
t+h t+h

= / ' TI(¢, 0){ S1(t) + S2[I — L(t)S*Q(t)]*lL(t)Sg(t)}/ i I1(t, 7)$(t|0 — h)drdd

' t+h - ’ 0 A

+ / TI(t, 0){S1(t) + Sa (DT — L(£)S2(8)] ' L(1)S5()} / (t, 7)E[b(t]7 — h)|Fo-p]drdo

- /t+h /Hh TI(t,0){ S1(t) + Sa(t)[I — L(t)S2(t)] " L(t)S5(t) }II(t, 7)o (0 — h)drd

' t+h9 t+ _ R

+/t / T1(t, 0) {51 (t) + Sa(t)[I — L(£)Sa(t)] ™ L(8)Sh(8) }IL(t, )t} — h)dodr

- /Hh /;M T1(t,0){S1(t) + Sa(t)[I — L(t)Sa(t)]~  L(t)S5(t) }II(¢, 7)b(t|0 — h)drdo

+/t+h /t+ (£, 7){S1(t) + Sa(t)[T — L(£)Sa(£)] " L(t)Sy(t) MI(t, 0)d(¢]6 — h)drde.
t 6

Combining with (25)—(28), it is easy to verify that (— ftmin (Tot+h) II(t, 0)$(t|0 — h)dh, 0) satisfies (34)
and (35). Thus, O(t) = — [ (Trt+h) I1(t, 0)¢(t|6 — h)dl. The proof is now completed.
Based on (33) in the above discussion, we now give the strictly positive definiteness of the matrix €(¢)

in the following result.

Lemma 5. Assume that there exists a unique open-loop strategy for the stochastic differential game
and (25) admits a solution, then the matrix Q(t) is positive definite.
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Proof. From (14) and (15), applying It6’s formula to p5(¢)x(t) and taking expectation yield that

E/ dlpy(t)z(t)] = *E/ {[D'(O)p2(t) + D' (1)a2(t) + Qa(1)] "a(t) + pi () [D(1)(1)
0 0

+E(t)w(t — h) + F1( )C1(t) + Fo(t)Ca(t) ]t + g5 (t) [D(t)x(t) + E(t)w(t — h)
+E ()G (1) + Fa(t)Gi(t)] fdt

T
:Eé{fftQﬂw+w@fmwv>uﬂiﬂ><nw+gm[(mx>
+F5(1)az(1)] + (1) [F2(6)p2(t) + Fa(t)aa(1)] 1. (36)

Similarly, it yields that

E/ _E/{—wt— £(t) + GO [Fi(t)ps(t)
+Fy(t)g mwfan 5(#)pa(t) + Fa(t)aa(t)] }at.

Thus,

E /O dlph()a(t)] = E /O [ — 2/ (H)Qoa(t) + ' (t — B)[E'()pa(t)

+E'(t)g2(t) + D(H)E(H)] dt +d[CL(1)E)] - (37)
The optimal cost of the leader can be reformulated as (noting (32))
J2 = E[pa(0)ao] +E /O W (t— W) [Row(t — h) + E'(O)pa(t) + E'(6)as (1)
_ T
D]+ B [ A 08

= BE[p2(0)'z0] + E/O w'(t — h){Qt)w(t — h) + No(t)p(t) + Ny (t)(t)
FN] ([T = L(t)S2()] T L) [M(£)$(t) + Sh(£)e()] .

Similarly, we have

T T—h
JLAE /t 7' (5)Qax(s)ds +/t w'(s)Row(s)ds + z(T) Haxw(T)

— E[n(0/2(0)] +E [ w'(s = D{Rs)uls ~ )+ N(6)6(5) + M(5)0(6)

+N1 ()1 — L(3)S2(s)] " L(s)[M(5)6(s) + S5(s)tb(s)] }ds. (38)

Let the initial time be ¢t and the initial values be chosen as z(t) = 0, w(t +s) = 0, s € [—h,0].
Then, the unique optimal solution with respect to these initial values is w(s — h) = 0, s € [t,T] and
the corresponding optimal cost is zero. This implies that any nonzero controller w will lead to a strictly
positive cost. Select w(s—h) =0, s € (t+¢,T) and let w(s—h), s € [t,t+¢] be arbitrarily nonzero where
¢ is a sufficiently small positive constant. In this case, ¢(t) = 0 from (22) and ¢(s) =0, s € [t +¢,T]
from (23). Then, (38) is reduced to

t+e
B =E [ s = (s~ b+ Ny(:)6) + Mi(5)is)

V] (s) [T — L(5)Sa(s)] " L(s) [M(s)b(s) + Sh(s)tb(s)] }ds.
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Noting that ¢(t) = 0, ¥(t + &) = 0 and ¢ is sufficiently small, the above equation is reformulated as
J5 = eEw'(t — h)Q(t)w(t — h) which is positive from the uniqueness of the open-loop solution for the
game. This implies that Q(¢) > 0. The proof is completed.

From Lemma 4 and (33), it yields that

w(t—h) = —Q) B[ {NJ(t) + N{(t)[I — L(£)Sa ()] " L&) M (1) Yb(t) + {N{(t) + Ni () [I

-1 t+h N
—L()S2(t)]  L(1)S3(t)} lL(t)d)(t)/t H(tﬁ)fb(tlﬂh)d@] fth]

1

{N3(6) + Ni(O)[1 = L(®)S2(0)] LM} + {N1(t) + Ni()[1 = L(#)S2(1)]

t+h .
< L(1)S (1)} lL(t)—/t H(t,@)d@] ]qﬁ(thﬁ—h)

= -Q@)'E

that is,
w(t —h) = —Q) " A@)G(t|t — h). (39)
3.4 Solution to stochastic game

We are now in the position to state the main results for the open-loop strategy.

Theorem 1. Assume that there exists a unique open-loop strategy for the leader-follower stochastic
game (1)—(3). Provided that the coupled equation (25)—(28) admits a solution, the open-loop strategy is
given by

min (T,t+h)
u(t) = Ki'(t)é(t) +/t K3 (t,0)$(t|0 — h)d0 + K3 ()d(t|t — h), (40)
w(t —h) = K¥()o(t|t — h), (41)
where

K" (t) = ()" A(),
K (t) = —y1(t)"H{[0 B'Py(t) + B'P1(t)A] + [B' 0]L(t)
+[B" OJ[I — L(t)Sa(t)] " L(8)[M (1) + S5(t)L (t)]},
K3(t,0) = v (t)~{[B' O]1I(t,0) + [B' 0][ L(t)S2(t)] " L(t) S5 ()11(¢, 0) },
K3 (t) = () "H[B" 0]I — L()S2(t)] ' L&) N1 (t) + B'PL(t)CYQ(8) "M A(1).

Proof. From (39), the optimal controller of w(t—h) is as (41). Furthermore, in view of (7) and Lemma 4,

we have
u(t) = = ()" H{[B'Pu(t) + B'Pi(t)Alz(t) + B'¢i(t) + B'Pi(t)Cw(t — k) + B'Gi(1) }
= —n ()" {0 B'Pi(t) + B'Pi(t)Alp(t) + [B" 0[(t) + [B' 0]4(t) + B'Pi(t)Cw(t — h)}
t+h
=-—nt)! {[0 B'Pi(t) + B'Pi(t)Alo(t) + [B' 0]L(t)p(t) — [B' Ol/t TI(t, 0)¢(t]6 — h)df
t+h
+[B' 0)[1 — L(t)Sa(1)] {L(t)[M(t) + S5(t)L(1)]o(t) — L(t)Sé(t)/t TI(t, 0)(t]0 — h)df

+L(t) Ny (t)w(t — h)} + B'P(t)Cw(t — h)}
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Pigure 1 (Coloronling) The openloap Stackelbers soution
= () { (10 B'P(t) + B'P(t)A] + [B' O|L(t) + [B' O] — L(t)Sa(t)] " L(¢)
)+ SYOLODO — [ (B 00) + (B 0l ~ LS (0] OSSO, 0)
<3(010 — )0 — (1B O[T — L0 LON(0) + B (0C)200) A0l — h>},

which is exactly (40). The proof is now completed.

Remark 2. Compared to the results in [17], the main contribution of this paper is to introduce the
new variable (2(t) captured the information from the leader’s controller w(s — h) (s > t). Accordingly,
the nonhomogeneous relationship (29) is established while it is homogeneous for the delay-free case.

3.5 Simulation

Let A=012, A=1, B =017, B=021,C =0.1,C =03, 7T =01, h =001, H = Hy, = 1,
Q1 = Q2 = Ry = Ry = 0.1. From Theorem 1 and using the discretization technique, the open-loop
solution is given by Figure 1.

4 Conclusion

The open-loop strategy for a leader-follower stochastic differential game with time delay appearing in
the leader’s control has been studied in this paper. The main contribution of the paper is to illustrate
the explicitly optimal controller in terms of the decoupled and symmetric Riccati equations based on
the stochastic maximum principle. The key technique is to establish the nonhomogeneous relationship
between the forward variables and the backward ones. It is highly desirable to study the closed-loop
strategy for our problem, as well as the solvability of the Riccati equations. These topics will be considered
in our future study.
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