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Simulators play an important role in minimally
invasive vascular surgery training. A challeng-
ing task for the simulator is to model an elastic
guidewire and an elastic vascular system, both of
which are important aspects for vascular surgery.
However, many simulators treat the virtual vas-
cular system as a rigid object, which reduces the
immersion of operators. In this study, a virtual
guidewire is first modeled based on Cosserat rod
theory. Second, the stretching and bending con-
straints are introduced into the mass-spring vascu-
lar model according to the conservation of linear
and angular momentum, making the model more
stable and the deformation of blood vessels more
realistic. Furthermore, the traditional dihedral an-
gle constraint is replaced by our new bending con-
straint, which simplifies the complexity of the cal-
culation. Finally, some experiments are conducted
to demonstrate the effectiveness and accuracy of
our vascular and guidewire models.

Introduction. Simulators based on virtual real-
ity are becoming continually more popular in the
medical training domain. Furthermore, a training
simulator for minimally invasive vascular surgery,
which is an effective aid for treating coronary heart
disease, can overcome many drawbacks of tradi-
tional training methods. The modeling of de-

formable objects presents a challenging task for
such a training system. Zhang et al. [1] proposed
a layered rhombus chain-connected haptic defor-
mation model, and later in [2] a non-uniform reg-
ularizer was applied to perform the deformation
smoothly. Sharei et al. [3] reviewed computer-
based models in surgery training systems, and em-
phasized the importance of the deformation of the
vascular system in the training system. However,
this is not considered in many studies. In [4], vir-
tual surgery based on rigid vascular and elastic
guidewire models was introduced. In order to in-
crease the immersion of doctors, an elastic mass-
spring-based vascular model is proposed in this pa-
per. Wang et al. [5] developed a method to identify
the spring coefficient in a mass-spring model, and
proved that the coefficient of elasticity is related
to the radius of the blood vessel. In the origi-
nal mass-spring model, a virtual spring with linear
elasticity is assumed. However, this may result in a
large deformation. Duan et al. [6] introduced new
constraints to improve the accuracy of the defor-
mation. In this study, we apply a length constraint
and a new angular constraint to our mass-spring
vascular model.

Physical model. An overview of our simulator is
presented in Figure 1(a). The guidewire and vas-
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Constraint type Iterations Constraint numbers Responding time (s)

The dihedral angle constraint 1000 629 23.1781

New bending constraint 1000 629 41.6689
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Figure 1 (Color online) (a) Overview of the system; (b) the guidewire model based on Cosserat rod theory; (c) dihedral
angle constraint; (d) simplified dihedral angle constraint; (e) modified constraint; (f) the deformation before and after
the stretching and the bending constraint are added; (g) interface of minimally invasive vascular surgical training system;
(h) comparison of the responding time between old and new constraints.

cular models will be respectively discussed in the
following sections.

Guidewire model. A guidewire model based
on Cosserat rod theory can be introduced as
shown Figure 1(b), where N spatial control points
Pi, i ∈ [1, N ] are included. There exist right-
handed Cartesian coordinates (c1(j), c2(j), c3(j)),
j ∈ [1, N − 1], which are used to calculate the
penalty energy. Furthermore, c3 is a unit vector
parallel to P ′, which is equal to (Pi+1 − Pi).

There are three types of energy in Cosserat rod
theory, namely, the elastic potential EPe, the dissi-
pation energy De, and the constraint Ce [7]. The
inner torques and forces [4] can be calculated as
follows:

Tin+Fin = −∂(EPb
e + Ce)

∂ηq

− ∂Dr
e

∂η̇q

− ∂(Ce)

∂ηp

− ∂Dt
e

∂η̇p

,

where ηp and ηq denote the positions of the N

control points and N − 1 unit quaternions, re-
spectively; EPb

e is used to measure the bending
and torsional deformation of the guidewire; Dr

e de-
notes how much energy is required to bring the
two shapes into alignment; and Dt

e represents the
energy loss owing to internal friction. Then, the
evolution of the control points can be described in
the following form:

Mpη̈p = Fin + Fext + F ine
in ,

where F ine
in [4] is the force produced by the const-

raint, which represents the inextensibility of (Pi+1

−Pi), and the constraint can be described as

Cine[i] :=(Pi+1−Pi)·(Pi+1−Pi)−|P 0
i+1−P 0

i |2 = 0.

Further details can be found in [4].
Vascular model. In the simulator, we employ

the improved mass-spring theory to simulate the
behavior of the vascular model, which has a single-
layered surface structure.

The model includes N1 spatial points. Let us
denote the mass of point i by mi, and the point
following i by j. We assume that the mass is evenly
distributed on the surface of a blood vessel. A vir-
tual spring is added between points i and j. The
force exerted on any point i ∈ [1, N1] can be ex-
pressed by fi, which includes fext and fin. We
denote the position matrix by x ∈ R3N1 , and the
force matrix by f ∈ R3N1 := fin + fext. The evo-
lution of any point can be calculated according to
Newton’s second law:

Mẍ = f .
Furthermore, we use the Euler integrator to up-

date the positions of points.
In order to improve the simulation accuracy, we

introduce position-based dynamics to determine a
suitable ∆p subject to C(p + ∆p) = 0. Further-
more, we employ the binomial expansion of the
Taylor series to express the constraint as

C(p+∆p) ≈ C(p) +∇pC(p) ·∆p = 0.

Here, we always keep the direction of ∆p con-
sistent with p, as follows:

∆p = k∇pC(p). (1)

Then, we eliminate the middle variable k,
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∆p = − C(p)

|∇pC(p)|2
∇pC(p). (2)

Typical constraints include the stretching con-
straint, which is used to maintain the length in-
variance of each edge, and the bending constraint,
which is used to maintain the dihedral angle in-
variance of each pair of adjacent triangles.

• Stretching constraint. For any spring, there
exists a vector p = (pT

i ,p
T
j )

T, where p0
i and p0

j

denote the initial positions of points i and j, re-
spectively. The stretching constraint is

Clen(p) = |pi − pj | − |p0
i − p0

j | = 0.

From (1) and (2), we can obtain ∆pi = −∆pj as

∆pi = −
|pi − pj | − |p0

i − p0
j |

2
· pi − pj

|pi − pj |
.

• Bending constraint. In traditional methods,
the dihedral angle constraint is employed to cor-
rect the bending degrees of objects. Here, p =
(pT

i ,p
T
j ,p

T
k ,p

T
n )

T is a vector denoting the posi-
tions of the four points of each dihedral angle ele-
ment. We can express this constraint as follows:

Cdih(p) = acos

(

n1 · n2

|n1||n2|

)

− ϕ′
0 = 0.

Here, n1 := (pj − pi) × (pk − pi) and n2 :=
(pj − pi) × (pn − pi) denote the normal vectors
of the triangles formed by the points (i, j, k) and
(i, j, n), respectively, and ϕ′

0 is the initial dihedral
angle.

Considering the complexity of computing ∆p

according to the dihedral angle constraint in Fig-
ure 1(c) and (d), we aim to determine a new con-
straint to replace this one. As shown in Fig-
ure 1(e), the variation of the angle between fext

and the line (i1, j1) represents the bending degree
of each edge, and we can calculate ∆p according
to the varied fext.

Cangle(p) = acos

(

(pi1 − pj1) · fext

|pi1 − pj1 ||fext|

)

− ϕ0 = 0.

Here, p = (pT
i1
,pT

j1
)T, and ϕ0 is the original angle

between fext and the line (i1, j1).
Then, ∆pj1 = −∆pi1 , and we denote |pi1 −

pj1 ||fext| = a and (pi1 − pj1) · fext = b,

∆pi1 =
acos b

a
− ϕ0

2
√
a2 − b2

[|pi1 −pj1 |2fext−b(pi1 −pj1)].

Experiments. In order to verify the effective-
ness of our method, two experiments were con-
ducted on a PC equipped with a 3.1 GHz Intel
Core i5-2400 CPU and 8 GB RAM. Figure 1(f)

shows the deformation when we apply the same
instantaneous force at the same particle of two
virtual pipes, which have the same geometry and
different physical models. We can see that the de-
formation is smoother when the new constraints
are employed in our physical model. In the sec-
ond experiment shown in Figure 1(h), we calcu-
late the time required for our program to iterate
1000 times. Comparing these two sets of data, we
can observe a reduction in the time consumption
when the dihedral angle constraint is replaced by
our proposed bending constraint. Based on our
virtual guidewire and vascular system, we simu-
late the intervention procedure. The results are
illustrated in Figure 1(g). The guidewire passes
through the large curvature of our virtual vascu-
lar system successfully. Thus, the stability of our
models has been demonstrated.
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