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Appendix A Isomorphism theory

Theorem 1. Let G1(V,C) and G2(V,C) be two bipartite graphs with the same disjoint vertex sets V and C, and

corresponding biadjacency matrices A1 and A2, respectively. If A2 is obtained by permutating the row (column) indices

of A1 under a permutation, then G1(V,C) and G2(V,C) are isomorphic.

Proof. Consider the permutation π of row indices of A1 (the permutation of column indices can be also proved in the

same way). Suppose that we label the vertices of G1(V,C), v1, v2, ..., v|V |, c1, c2, ..., c|C|. That is, the ordered vertices of

G2(V,C) are v1, v2, ..., v|V |, π(c1), π(c2), ..., π(c|C|). Define the bijection f mapping the vertex sets V and C of G1(V,C)

into the vertex sets V and C of G2(V,C) as follows: f(v) = v if v ∈ V , and f(c) = π(c) if c ∈ C. It can be observed that the

existence of the edge of G1(V,C) between the vertex v and the vertex c is equivalent to that of G2(V,C) between the vertex

v and the vertex π(c). Then G1(V,C) and G2(V,C) are isomorphic based on the bijection f . This completes the proof.

Theorem 2. Let L be a given positive integer and I(p) be a CPM of size L × L for 0 6 p 6 L − 1. Under a specified

permutation π of the row (or column) indices of I(p), I(p) becomes the identity matrix I(0) (written as π(I(p)) = I(0)).

Proof. Without loss of generality, we only consider the permutation π of row indices of I(p). It can be easily checked that

the row-i of I(0) is the row-r of I(p) where r + p − i = 0 (mod L) for 0 6 i 6 L − 1. This corresponds to the following

permutation π of row indices of I(p): I(p) → I(0) such that π(L− p) = 0, π(L− p+1) = 1, ..., π(L− 1) = p− 1, π(0) = p, ...,

and π(L− p− 1) = L− 1, denoted by

π =

(
L− p L− p+ 1 · · · L− 1 0 1 · · · L− p− 1

0 1 · · · p− 1 p p+ 1 · · · L− 1

)
.

So π(I(p)) = I(0). This completes the proof.

For the given L × L CPMs I(p) and I(0), if there is a permutation π of row (or column) indices of I(p) such that

π(I(p)) = I(0), there also exists an inverse of π, denoted by π−1, such that π−1(I(0)) = I(p). The permutation π and its

inverse π−1 are called elementary permutations. If two permutations π1 and π2 of row (or column) indices are applied to

the CPM I(p) successively, we denote the composition of permutations as π2(π1(I(p))). Obviously, π−1(π(I(p))) = I(p).

In the above theorem, we can find that the CPM I(0) can also be obtained by taking the row-(L − p) of I(p) as the first

row and its L − 1 right cyclic-shifts as the other L − 1 rows. Let π1 and π2 be two elementary permutations such that

π1(I(p1)) = I(0) and π2(I(p2)) = I(0), then π−1
2 (π1(I(p1))) = I(p2). That is, the composition of any two elementary

permutations, which is applied to a CPM I(p), can result in another CPM I(p′).

Theorem 3. Let

Hb =

[
I(p0,0) I(p0,1) · · · I(p0,ρ−1)

I(p1,0) I(p1,1) · · · I(p1,ρ−1)

]
,

where, for 0 6 i 6 1 and 0 6 j 6 ρ−1, I(pi,j) is an L×L CPM. Based on some permutations (or permutation composition)

of row and column indices of CPMs, the matrix Hb can be transformed into the following form

H =

[
I(0) I(0) · · · I(0)

I(p0)(= I(0)) I(p1) · · · I(pρ−1)

]
, (A1)
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where 0 6 pi 6 L− 1 for 1 6 i 6 ρ− 1.

Proof. By Theorem 2, there exist ρ permutations π0, π1, ..., πρ−1 of column indices of CPMs I(p0,0), I(p0,1), . . . , I(p0,ρ−1)

such that π0(I(p0,0)) = I(0), π1(I(p0,1)) = I(0), ..., πρ−1(I(p0,ρ−1)) = I(0). For 0 6 i 6 ρ − 1, we apply the permutations

πi to CPMs I(p0,i) of Hb, and obtain the following matrix

H′
b =

[
I(0) I(0) · · · I(0)

π0(I(p1,0)) π1(I(p1,1)) · · · πρ−1(I(p1,ρ−1))

]
.

There also exists a permutation π of row indices of I(p1,0) such that π(I(p1,0)) = I(0). By applying the permutation

composition ππ−1
0 to the CPMs in the second row of H′

b, then the CPM π0(I(p1,0)) can be modified as

π(π−1
0 (π0(I(p1,0)))) = π(I(p1,0)) = I(0).

It can be seen that for 1 6 i 6 ρ− 1, the permutation composition ππ−1
0 transforms CPMs πi(I(p1,i)) into another CPMs

I(pi), i.e., π(π
−1
0 (πi(I(p1,i)))) = I(pi). Then, the matrix H′

b becomes

H =

[
I(0) I(0) · · · I(0)

I(p0) I(p1) · · · I(pρ−1)

]
,

where I(p0) = I(0) and I(pi) = π(π−1
0 (πi(I(p1,i)))) for 1 6 i 6 ρ− 1. This completes the proof.

Theorem 4. Let HP1
and HP2

be the parity-check matrices of two NBLDPC cycle codes C1 and C2 with the same

length ρL, and corresponding exponent matrices P1 and P2 of size 2× ρ, respectively. Consider

P1 =

[
0 0 0 · · · 0

p0(= 0) p1 p2 · · · pρ−1

]
.

The code C1 is isomorphic to the code C2, i.e., C1 ∼= C2, or equivalently HP1
∼= HP2

(P1
∼= P2) if P2 is obtained from one

of the following methods.

1. For any permutation π on the set {0, 1, · · · , ρ− 1}.

P2 =

[
0 0 0 · · · 0

pπ(0) pπ(1) pπ(2) · · · pπ(ρ−1)

]
. (A2)

2. For any r ∈ {0, 1, ..., ρ− 1},

P2 =

[
0 0 0 · · · 0

p′j0 p′j1 p′j2 · · · p′jρ−1

]
(A3)

with p′ji = (pji − pjr ) (mod L).

3. For r and L being relatively prime, i.e., (r, L) = 1 and 0 6 r 6 L− 1,

P2 =

[
0 0 0 · · · 0

p′j0 p′j1 p′j2 · · · p′jρ−1

]
(A4)

with p′ji = (rpji ) (mod L).

Proof. Since isomorphism of the codes is equivalent to isomorphism of their parity-check matrices (or exponent matrices),

we only need to prove that HP1
∼= HP2

. Let Vi and Ci be the ordered sets of column and row indices of HPi
for i = 1, 2,

respectively.

1) It is easy to see that there are ρ! permutations on the set {0, 1, . . . , ρ − 1}. Consider any permutation π. HP1
is

isomorphic to HP2
based on the bijections f1 : C1 → C2 and f2 : V1 → V2 given by f1(i) = i if i ∈ C1, and f2(j) = m-th

column of π(n)-th column-SM of HP2
if j ∈ V1 is the m-th column of the n-th column-SM of HP1

(0 6 m 6 L− 1, 0 6 n 6
ρ− 1).

2) We can see from (A3) that the entries of the second row of P2 are obtained from that of P1 by subtracting a constant

value c, which is selected from the elements of the second row of P1, from the corresponding elements in the second row of

P1 modulo L. Without loss of generality, consider c = pj0 . HP1
is isomorphic to HP2

based on the bijections f1 : C1 → C2

and f2 : V1 → V2 given by f1(i) = (i− c) (mod L) if i is the h-th row of the first row-SM of HP1
, and f1(i) = i, otherwise

(0 6 h 6 L − 1); and f2(j) = (m − c) (mod L) + nL if j ∈ V1 is the m-th column of the n-th column-SM of HP1

(0 6 m 6 L− 1, 0 6 n 6 ρ− 1).

3) The elements of the second row of P2 in (A4) are obtained from that of P1 by multiplying a constant value r, which

is coprime with L, by the corresponding elements in the second row of P1 modulo L. HP1
is isomorphic to HP2

based on

the bijections f1 : C1 → C2 and f2 : V1 → V2 given by f1(i) = (rh) (mod L) + kL if i is the h-th row of the k-th row-SM

of HP1
(0 6 h 6 L− 1, 0 6 k 6 1); and f2(j) = (rm) (mod L) + nL if i is the m-th column of the n-th column-SM of HP1

(0 6 m 6 L− 1, 0 6 n 6 ρ− 1).

That is, HP1
∼= HP2

(P1
∼= P2), or equivalently C1 ∼= C2.

Note that the number of r in 3) of Theorem 4 is determined by the following function ϕ (L), so-called Euler function,

ϕ (L) = L
∏
p|L

(
1−

1

p

)
,

where the subscript p | L denotes for the prime divisors of L.
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Appendix B Some search results of non-isomorphic exponent matrices

In this appendix, we briefly provide some search results of non-isomorphic exponent matrices of NBLDPC cycle codes of

length ρL with girth g = 12. For ρ = 3, 4, 5 and some given values of L, the derived results are recorded in Table B1. Notice

that some isomorphic cycle codes can be also found in [1–6].

Table B1 Exponent matrices and cycle distribution of all or some selected non-isomorphic girth-12 codes for ρ = 3, 4, 5

ρ L
Number of Second row of all or some Cycle distribution

non-isomorphic codes selected exponent matrices 12-cycles 16-cycles 20-cycles

3

7 1 (0, 1, 3) 28 21 84

8 1 (0, 1, 3) 24 30 96

9 1 (0, 1, 3) 21 36 99

10 1 (0, 1, 3) 20 35 102

11 1 (0, 1, 3) 22 22 121

12 3

(0, 1, 4) 16 39 120

(0, 1, 5) 16 42 96

(0, 1, 3) 24 15 120

4

13 1 (0, 1, 4, 6) 234 702 5616

14 1 (0, 1, 4, 6) 224 735 5712

15 3

(0, 1, 3, 7) 210 810 5616

(0, 2, 3, 7) 215 765 5763

(0, 1, 4, 6) 215 765 5766

16 2
(0, 2, 3, 7) 208 788 5744

(0, 1, 4, 6) 208 788 5760

17 2
(0, 1, 3, 7) 204 782 5882

(0, 1, 4, 6) 204 799 5712

32 34
(0, 1, 5, 12) 128 992 5888

(0, 2, 6, 11) 160 784 6400

64 205
(0, 1, 11, 15) 256 384 6656

(0, 1, 7, 17) 256 400 5888

5

21 1 (0, 2, 7, 8, 11) 1120 7560 102816

22 None

23 1 (0, 2, 7, 8, 11) 1081 7728 103523

24 2
(0, 1, 4, 9, 11) 1040 8100 102240

(0, 2, 7, 8, 11) 1064 7806 103632

25 2
(0, 1, 4, 9, 11) 1025 8150 102460

(0, 2, 7, 8, 11) 1050 7850 103905

Appendix C Types of cycles of lengths 4, 8, 12, 16, and 20 and their corresponding number

of cycles

Under the equivalence relation, we classify nonequivalent cycles of lengths 4, 8, 12, 16, and 20 into twelve types, shown in

Figure C1. Following the cyclic-shift structure of CPMs and a simple counting argument, we can obtain the corresponding

number of cycles of each nonequivalent type, recorded in Table C1.

Appendix D Complexity analysis

To show the effectiveness of our proposed algorithm, a comparison with four competitive algorithms in [7–10] is given in

Table D1. Notice that g is the girth of a (2, ρ)-regular LDPC code given by the null space of H in (A1) and L is the lifting

degree. Generally, since ρ < L, the complexity of our proposed algorithm is much lower than that of the algorithm in [7].

Compared with the algorithms in Class-II of Table D1, our proposed algorithm may have lower complexity if L is sufficiently

large and ρ is small. Note that these algorithms are only suitable for counting short cycles of lengths g, g+2, ..., 2g− 2 and

the algorithm in [7] only can count the cycles of lengths 4, 6, 8, and 10. But our proposed algorithm is capable of counting

the number of 2i-cycles in the Tanner graph for i > g/2, while the computational complexity will increase exponentially

with the increase of i. Moreover, the algorithms in Class-II of Table D1 cannot enumerate the cycles to count, but our

proposed algorithm can enumerate all cycles in a regular manner. This is important for optimizing NBLDPC codes by

using the cycle cancellation method [11].
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4-cycle of type 

(p1, p1)

8-cycle of type (p1, 

p2, p1, p2)
8-cycle of type (p1, p2, p3, p4)

12-cycle of type (p1, 

p2, p3, p1, p2, p3)
12-cycle of type (p1, p2, p3, p4, p5, p6)

16-cycle of type (p1, p2, 

p1, p2, p1, p2, p1, p2)
16-cycle of type (p1, p2, p3, p4, p5, p6, p7, p8)

16-cycle of type (p1, p2, p3, p4, 

p1, p2, p3, p4)

20-cycle of type (p1, p2, p3, p4, p5, 

p1, p2, p3, p4, p5)
20-cycle of type (p1, p2, p3, p4, p5, p6, p7, p8, p9, p10)

p1 p2 p4p3 p5 p7
p8p6

p1 p2 p4p3 p5 p7 p8p6 p9 p10

p1 p2 p1 p2 p4p3

p1 p2 p4p3 p5

p1 p1 p1 p2 p1 p2 p4p3 p1 p2 p3 p1 p2 p4p3 p5 p6

12-cycle of type (p1, 

p2, p1, p2, p1, p2)

p2p1

20-cycle of type (p1, p2, p1, 

p2, p1, p2, p1, p2, p1, p2)

p1 p2

Figure C1 All types of cycles of lengths 4, 8, 12, 16, and 20.

Table C1 Nonequivalent types and their corresponding number of cycles

Nonequivalent type of cycles Corresponding number of cycles

4-cycle (p1, p1) L

8-cycle (p1, p2, p1, p2) L/2

8-cycle (p1, p2, p3, p4) L

12-cycle (p1, p2, p1, p2, p1, p2) L/3

12-cycle (p1, p2, p3, p1, p2, p3) L/2

12-cycle (p1, p2, p3, p4, p5, p6) L

16-cycle (p1, p2, p1, p2, p1, p2, p1, p2) L/4

16-cycle (p1, p2, p3, p4, p1, p2, p3, p4) L/2

16-cycle (p1, p2, p3, p4, p5, p6, p7, p8) L

20-cycle (p1, p2, p1, p2, p1, p2, p1, p2, p1, p2) L/5

20-cycle (p1, p2, p3, p4, p5, p1, p2, p3, p4, p5) L/2

20-cycle (p1, p2, p3, p4, p5, p6, p7, p8, p9, p10) L

Table D1 Comparison of algorithms for counting short cycles in the (2, ρ)-regular girth-g LDPC code of length ρL

Proposed Algorithm [7] Algorithm [8] Algorithm [9] Algorithm [10]

algorithm (J. Fan, 2006) (M. Karimi, 2012) (M. Karimi, 2013) (J. Li, 2015)

Complexity of
O(ρi) O((2L)i+1) O(ρ3L) O(ρ2gL2) O(ρgL)

counting 2i-cycles

Lengths k of cycles
k > g k = 4, 6, 8, 10 g 6 k 6 2g − 2 g 6 k 6 2g − 2 g 6 k 6 2g − 2

to count

If enumerate
Yes Yes No No No

cycles, or not

Classification Class-I Class-I Class-II Class-II Class-II
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Appendix E Numerical simulation results and analysis

In this appendix, we first take an example to study the effect of girth and cycle distribution on the iterative decoding

performance.

Example 1. As shown in Table B1, there are 34 non-isomorphic LDPC cycle codes with girth 12 for ρ = 4 and L = 32.

Based on the second row of exponent matrix in Table B1, e.g., (0, 1, 5, 12), we can obtain a (128, 64) LDPC cycle code

C1 over GF(256). The cycle distribution of this code is also given in Table B1. In order to compare with this code, two

(128, 64) LDPC cycle codes C2 and C3 over GF(256) are constructed, whose exponent matrices are given by[
0 0 0 0

0 1 3 6

]
,

[
0 0 0 0

0 2 8 12

]
,

respectively. The cycle distributions of C2 and C3 are 0x4+32x8+224x12+960x16+4704x20+ · · · and 0x4+0x8+416x12+

1576x16 + 11520x20 + · · · , respectively. The nonzero field elements in the parity-check matrices of these three codes are

chosen at random. Their word error performances over the AWGN channel with BPSK signaling are shown in Figure E1.

The FFT-QSPA with 50 iterations is employed to decode these three codes. We can see from Figure E1 that C1 performs

about 0.4 dB and 0.6 dB better than C2 and C3 at WER = 10−5, respectively. It is clear that C1 and C3 have girth 12,

and that the number of 12-cycles, 16-cycles, and 20-cycles of C1 is less than that of C3, respectively. Although the girth of

C2 is 8, but the number of short cycles of C2 is also less than that of C3. Moreover, the total number of 4-cycles, 8-cycles,

12-cycles, and 16-cycles of C1 is smaller than that of C2, but larger than that of C2 if the number of 20-cycles is added to

it. So short cycles, especially the cycles of lengths not more than 16, severely affect the performance of NBLDPC cycle

codes when decoded with the iterative algorithm. That is, girth and cycle distribution play important roles in the design

of LDPC codes.

Remark 1. For the same code rate, code length, and finite field, NBLDPC codes with similar cycle distribution, almost

have the same performance in the low SNR (or FER > 10−5) region when decoded with the iterative algorithms, but the

code whose Tanner graph has smaller number of short cycles, especially cycles of lengths less than 20, will perform better in

the high SNR region if the effect of the nonzero field elements on the performance is not considered. So we say all NBLDPC

cycle codes, the Tanner graphs of which have fewer number of short cycles (such as 8-cycles, 12-cycles, 16-cycles), can be

taken as “good” codes for a given degree distribution and code length if the nonzero elements are chosen at random. When

the nonzero elements are optimized for these codes, it is difficult to determine which one is the best here.

Remark 2. Following our search results, we find that some existing (2, ρ)-regular LDPC cycle codes have good cycle

distributions for a given degree distribution and code length, and they have similar performance in the low SNR region.

Which one is best in the high SNR region depends on the following two aspects:

• the number of short cycles in the corresponding Tanner graph;

• optimization of nonzero field elements in the corresponding parity-check matrices.

As stated in [12, 13], some codewords in the low-weight regime of the distance spectrum can degrade the decoding

performance of NBLDPC cycle codes by performing the iterative algorithms. In order to increase symbol/bit distance of

the proposed NBLDPC cycle codes, we employ the cycle cancellation method [11] to optimize nonzero finite field elements

of their parity-check matrices. Next, we employ an example to illustrate the effect of nonzero finite field elements and also

to show the performance of the optimized codes.

Example 2. Consider a (96, 48) LDPC cycle code over GF(64) whose exponent matrix is

P =

[
0 0 0 0

0 1 3 10

]
.

Its cycle distribution is 0x4 + 0x8 + 144x12 + 1032x16 + 5616x20 + · · · . Using the proposed method for the optimization

of nonzero field elements, 12-cycles and 16-cycles of C2 have been cancelled, while 108 20-cycles cannot be cancelled. The

nonzero elements in the parity-check matrix of this code are represented by the power of α, where α is a primitive element of

GF(64) created by using the primitive polynomial p(x) = 1+x+x6. The power numbers of nonzero field elements are given

in Table E1. The word error performance of this code is given in Figure E2. The simulation parameters in this example

are given as follows: the received words are decoded with the FFT-QSPA (50 iterations) and the transmission is over the

AWGN channel with BPSK modulation. For comparison, we also plot the simulation results of two another (96, 48) LDPC

cycle codes over GF(64). The first code with girth 12 is created by using the PEG algorithm [14]. The second code is also

constructed based on the above exponent matrix P. Notice that the nonzero field elements in the parity-check matrices of

these two codes are randomly chosen. It is easy to find that for the second code, there are one 12-cycle, twenty 16-cycles,

and one hundred and one 20-cycles not being cancelled. It can be seen from Figure E2 that as expected, our optimized

code outperforms the other two codes and only performs 0.55 dB away from the finite length bound [15] of block length

576 bits and code rate 0.5 at the WER of 10−5. In other words, the optimization of nonzero field elements by employing

the cycle cancellation method takes good effect in improving the performance under iterative decoding.
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