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Abstract Stabilization for multi-group coupled models stochastic by delay feedback control and nonlinear
impulsive control are considered in this paper. Using graph theory and Lyapunov method, some sufficient
conditions are acquired by some control methods. Those criteria are easier to verify and no need to solve any
linear matrix inequalities. These results can be designed more easily in practice. At last, the effectiveness
and advantage of the theoretical results are verified by an example.
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1 Introduction

On a mathematical network model, directed graphs are usually composed of vertices and directed
arcs [1-4]. At each vertex, the local dynamics are often represented by differential equations. It is
called the vertex systems.

For example, the vertex systems

!

VL =A ), i=1,2
Yi Yi
Let A; = :Z f . The eigenvalues of A; are f% + 42 We know the solution of the vertex systems is

globally asymptotically stable.
Linearly coupled systems are considered in the following:

A
b T 2x9 — 1
=4 + ,

Y1 Y1 0
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whose coefficient matrix

A:

has a positive eigenvalue 0.2361, and then the coupled system is unstable.

In fact, real systems are often subject to some external disturbances. Those external disturbances may
destroy or change system dynamic behavior. The stochastic perturbation is an important form in real
world.

Then, a general multi-group coupled stochastic model is depicted in the following:

l
e () = lf,ﬁi) (b an(t), ot = m(6) + Y HY) (o1 @), 2 <t>)] a
h=1
o (12 (0), 2 (¢~ (1)) dwo(t)

7)) =v’(s), s €0
where t > tg, 7(t) : [to,00) — [0, 7] is continuous, and k € L = {1,2,...,1},
B (220,00 (= 7)), 8) s R™ X R™ x [to, 00) — R™,

gl(f) (ac,(;) (t), ac,(f) (t— T(t)),t) (R X R™ x [tg, 00) — R™X™,

:c,(:) (t) = ((:L'g)(t))T, (:Eff) 7T,..., (:E;mi)(t))T)T € R™: represents performance and state of the k-th
group, >, m; =m, m; € ZT. H,izh) (:Efj) (t),:nﬁf) (t)) : R™ x R™ — R™i is the dispersal of the i-th
component from the h-th group to the k-th group, 7 = max{7(¢)}. It should be pointed out that
H lizh) = 0 when and only when there is no dispersal between the h-th group and the k-th group for the
i-th component.

There are [ vertices in every digraph. (G, A;) stands for the i-th component in the k-th group vertex
system. Then system (1) can be described by n digraphs.

Throughout this paper, we have assumed that sz') (0,0,t) =0, H,gz) (0,0) =0, g,(:)(O, 0,t) =0.

Thus, to make multi-group stochastic models achieve stabilization has been an interesting and chal-
lenging issue. So far, various methods have been used to study the stabilization of systems. For example,
adaptive control methods [5-8], active control methods under the compound systems [9, 10], variable
structure system control methods [11], feedback control methods for a class of uncertain nonlinear sys-
tems [12-15], observer-based control methods [16], coupling control or nonlinear control methods [17-22],
and impulsive control methods [23-28]. We discuss the stabilization of multi-group coupled stochastic
models by delay feedback control and nonlinear impulsive control.

The whole paper is arranged as follows. In Section 2, we first introduce some basic concepts and
lemmas, which are all needed later. In Section 3, some results are obtained for stabilization of linear
multi-group models by delay feedback control and nonlinear impulsive control. In Section 4, an example
is given to illustrate the correctness and feasibility of the obtained conclusions.

2 Preliminaries

At first, we give some basic notations. Define R = (—o0,4+00), R™ is n-dimensional Euclidean space,
RT =[0,+00),and Z* = {1,2,...,n,...}. DefineL = {1,2,...,l} and N = {1,2,...,n}. The superscript
“T” indicates the transpose. || - || is the Euclidean norm for n-dimensional vector. | Al = y/trace(AT A)
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is its trace norm. V(z,t) € C*(R™ x R*;R*) is continuously twice differentiable in # and once in .
(Q, F,{Fi}t=0, P) is a complete probability space. Filtration {F;}+>0 satisfies the usual conditions. W (-)
is the appropriate-dimensional Brownian motion defined on the complete probability space. Let E(-) be
the mathematical expectation operator on probability measure.

For a real symmetric matrix, Amin(+) and Apax(+) denote the minimum and maximum eigenvalues. If
X and Y are symmetric matrices, X > Y (X >Y) means that X — Y is semi-positive definite (positive
definite); diag(-) expresses the diagonal matrix; I is the unit matrix of appropriate dimension. R™*™
denotes the set of all n x m real matrices.

Let G = (L,E) be a digraph which contains a vertex set I and a edge set E. The arc (k, h) indicates
from initial vertex k to terminal vertex h. Each arc (h,k) is assigned a weight agp, > 0 in a digraph
G. In G, agp > 0 denotes there is only one arc from vertex h to vertex k. The weight W(G) of G
is the product of all arc weights. A directed path P has its distinct vertices ki, ks, ..., ks and arc set
{(kiskiv1) :i=1,2,...,8 — 1}. If kg = k1, a directed path C is called a directed cycle. If a connected
subgraph 7 contains no cycles, it is called a tree. For any pair of distinct vertices, if there is only one
directed path from one to the other, a digraph G is strongly connected. (G, A) indicates the digraph with
weight matrix A. If W(C) = W(—C) for all directed cycles C, a weighted digraph (G, A) is balanced. —C
expresses the reverse of C, i.e., the direction of all arcs in C is reversed. If Q expresses the reverse of Q

and (G, A) is balanced, then W(Q) = W(Q). The Laplacian matrix of (G, A) is often defined as

Z a1 —ai2 -+ —0in
k#1
—az1 Y Qgp - —aag
I = k#2
—0np1  —0ap2 - Z Qnk
k#n

Proposition 1 ([3,4]). Suppose n > 2. Then

ci:ZW(T), i=1,2,...,n, (2)

TET;

where ¢; is a cofactor of the i-th element of diag(L). Here T; is the set of all spanning trees T of (G, A).
All spanning trees 7 are rooted at vertex i. In particular, if the digraph is strongly connected, it has
¢i >0 (1<i<n).

Lemma 1 ([3,4]). Suppose n > 2. ¢; is defined by Proposition 1. Then the following equation is
established:

n

Z ciaijFij(:ci,:cj) = Z W(Q) Z FT,S(:L'Ta:CS)v (3)
i,j=1 QeQ (s,m)EE(Co)
where Fj;(x;, ;) is arbitrary function, Q is the set of all spanning unicyclic graphs of (G, A).

Lemma 2 ([3,4]). Suppose n > 2. ¢; is defined by Proposition 1. Then the following equation is
established:

n n
Z ciaijGi(aci) = Z ciaijGj(acj), (4)
ij=1 ij=1
where G;(x;),1 < ¢ < n, are arbitrary functions.
Remark 1. The proof of Proposition 1, Lemmata 1 and 2 can be seen in [3,4].
Definition 1. The trivial solution of (6) is mean square exponential stability if for any £ € C_l;_—o([*’r, 0J;
R™),
. 1 2
tlggo sup Elog(E|:c(t,§)| ) <0 as.
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Definition 2. Let V(i) £ V(i)( () #) € C2LRF x R™;RY). V(z)( ),t) is twice continuously differ-

(2) @

entiable in x;’ and differentiable in ¢. an operator LV, is defined by the following form:

() (@) 2179
() oV, 8V 1 T, 0°V, .
LV," = ot 8 (1) f(t,) + 2trace g (t, )(8:0,(:))29@, )|
v v ey avih o a9ty v
where 61%) = (axfil) ) 61,(?2) Yo Bxgli"i) ) (895@)2 = 8;c,(fj)§xg’3) M Xmy -

Lemma 3. For any X,Y € R" and € > 0, the following matrix inequality:
2XTY <eXTQX +e'YTQ Y

holds, in which @ € R™*" is any matrix with @ > 0.

Lemma 4 ([29]). For Eq. (6), let \,p,c1 > 0, co2 > 0 and ¢ > 1. Suppose that there is a function
V € C%1(R? x RT;RT) such that

cile? < V(x,t) < eolzfP,  forall (z,t) € R x [to — 7, 00),

moreover,

for all t > to, ¢ € LY ([—7,0]; R?) satisfying

EV(¢(0),t +6) < qEV(¢(0).1), —7<0<0.
Therefore for all £ € LY. ([-7,0]; RY),

Elz(,t)|P < E|£|p =t on ¢ > t,

where v = min{\, log(q)/7}.

Remark 2. The proof of Lemma 4 can be seen in [29].

3 Main results

This section is concerned with stabilization of coupled stochastic system by delay feedback control and
delay nonlinear impulsive control. Suppose that we are given an unstable linear stochastic differential
equation (SDE)

!
daf (1) = | A2 () + Y- B (20,27 ) | at+ (0P @) + D (¢ = 7(1))) dw(t), 5
h=1
@) () = 9 0
Ik()_ k(s)7 SG[T, ]a
where w(t) = (wi(t),...,wn(t)) is a Brownian motion with m-dimensional. It is required to find some

controls Uéz) (t,xr(t — 7(t))) in the drift part. Based on the past state, the controlled system can be
written as follows:

e (1) = [Agpw +ZH(’)( D). §?<t>)+U;§“<t,xk<tmem] dt

+ (et 0+ DA —7(1))) dw(t)
2 (8) = 9 (s), s € [-7,0].

(6)

In the following, we discuss the stabilization of controlled system. Let us now begin to discuss the
stabilization problem proposed in Section 1. At first, given an unstable SDE (5), we design a linear delay
feedback controller to make the system (6) stability. Let U(z) (t, :L'(z)( —7(t))) = F,EZ):ES) (t —7(t)). The

stabilization problem is to design F, ,y) ’s so that the controlled system (6) becomes stable.
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3.1 Delay feedback control

Theorem 1. Assume that
(1) There exists a constant a,(;,z such that

> (o) ) (o1t) < e (o

)

(ii) For every i € N, let digraph (G, A;) be strongly connected and balanced, where matrix A;
(agf)b)lxl, and along each directed cycle Co, of digraph (G, A;), where a >0, ckl) >0, Ay = miny 1{)\% ,
A2 = man,i{)‘gk)};.

(iif) If £ > to, ¢\ € L% ([-7,0];R™) satisfy

Ev( gy, t+9) <qEV( R0 ),t) forall —7<60<0,

for all initial data El(f) € C% ([-7,0;R™);
(iv) °
P _ (Cu))T p®
k k ko
Then the controlled system SDE (6) is exponential stability in mean square and the Lyapunvov expo-
nent is less than or equal to —(\; — ¢\2), where ¢ € (1, %) is the unique root of A\ — gA2 = log(q) /.
Proof.

izwvm( >7t) =S | °

k=1 1i=1 k=1 1i=1

. kel,icN.

n l n

v (o)1) =2 (x;;?)
+ trace [(C’lgi)x,(:) (t) + Dl(f)ng) (t— T(t)))T (Clii)ac,(f) (t) + Dl(f)ng) (t — T(t))):|
2 (00) AP0 )+ 23 of) (o] + ) +2 (o 0)" 0l 0 = )
h=1
+ (00 + DPafl e 0) " (CPal) 4 DY) (0 (00
<(«'®) T<2A§j> + (C,ﬁ“)%,i“) (1) +2 (z§j> (1)) T(F,g“ + (C;“)TD,Q“> +0(t - 7(1))
N (x;w(t ) ( Z))TD(@ o )+ 22“ (H (@ || 2>
= (af (t)) <2A(’) (ct “)T i+ 4;% ) D)
+ (o7 ) (pf ”)Tpm D —r(t) + QZa (H ©
=— (2 (t))T Qual) (1) + (o (¢ - T(t)))T Qoo (t — 7(1))
. 22 o (| - )
‘ @ ‘ng)(t—rt H +2Za (H ()

Al +ZH£2( V0,21 0) + 5 r(t»]

+‘:c)

+ Hmﬁf)

2 .
35

)

e

<A |||

o

)
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where Q11 = —2A4) — (CI)TCP — 43, _ a1, Qa2 = (DV)TDY, A = Min (1), A5 = Anax (Qa2).
So, we can compute

) 2
cg)ﬁ HIS)

MN

LV (z,t) =

k=1 1i=1
l n 2
<=3l o) 0t~ rien)
k=1 i=1
L n 2 2
+2 Z )Za(z) <H:E§f) — H:c,(;) )

k=11=1

n l 2 2
<MVt 2Vt (1) + 3303 eal) (Hz;p =)
k=1 1i=1 h=1

e

)\

n
=—MV(z,t) + MV (y,t —7(t +Z w(Q Z <Hx§;)
i=1 Q;€Q (k?,h)GE(CQi)

By condition (i), the weighted digraph (G, A;) is balanced. Without loss of generality,
E(Cq,) = {(i1,12), (i2,13), . . ., (11, 41), (i1, 31) },
so we have

> (e () b (o)

(k,h)EE(Co,) )
= (@ (=) - @ () + (@) (=) - @/ (1))
(@ () - @il () + (@ () - @i (=)

=0.
From the Lemmata 1 and 2, we obtain
LV (z,t) < —(A — g\2)V (¢, ).

By the Lemma 4, the controlled system SDE (6) is mean square exponential stability and the Lyapunvov
exponent is less than or equal to — (A — gA2).

3.2 Delay nonlinear impulsive control

Design a delay nonlinear impulsive controller

U (t, x,@) - i R (x;;? (), 2 (¢t — T(t))) 5(t— 1),
=1

where

() = Qu (21 (1), 21 (11— 7(1),

so that U(t, :Efj)) is an impulsive controller.
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In the following, Eq. (6) can be written the impulsive system

AP (¢ +ZH(Z( ORI0)

h=1
H006) = (000 ri0).
() =) (s), s e[-70],

a2 (1) = dt + [0 (1) + D) (¢ = 7(2))| dw),

(7)

where the impulse times ¢; satisfy 0 =t <t; < - - <t < -+, = 400, as | — oc.

Lemma 5. Suppose z; > 0,a; >0,7:=1,2,...,n, and p is a positive integral number. The inequality

holds as follows:
n p n p—1 n
(o) < (3o) (o)
i=1 i=1 i=1

Lemma 6 ([30]). Let us consider the impulsive differential inequalities as follows:

D(t) < av(t) + bi[o(®)lr, + ba[v(®)]r, + - + bm[v(D)]r,,, tF# L, >0,
o(tn) <pro(ty) + qulv(t) o, + gulv(t, )]02 +o A gufo(t)lo,, t=t, L€Ny, (8)
u(t) = ¢(t), t € [to— 7t

where a, b;, p;, qu, t; are constants and b; > 0, p; > 0, gy > 0, 7, > 0, ¢ = 1,2,...,m, v(t) > 0,
[v(t)]ﬂ' = SUD¢_ 7, (t)<s<t ’U(S), [U(t;)]ﬂi = SUDPy, —g; (t)) <5<ty ’U(S), ¢(t) is continuous on [tO - T tO]a and U(t)
is continuous except t;, I € Ni. The consequence {¢;} satisfies 0 = tg < t1 < to < -+ <t < tiq1,...,
and lim;_, y o t; = 400. Suppose

T
pl-l—zq]‘l <1,

j=1
Doiey bi In(p; + Z§=1 ;1)
a+ 5 + < 0.
P+ Zj:l q;i tip1 — 1
Therefore there are some constants B > 1 and A > 0 such that
v(t) < [|gll-Be T, b >,
where H(b”‘r = SUDP¢,—r<s<to ||¢(S)||7 T = maX{Tia 03, 1= ]-7 2; ceey M, ] = ]-a 27 R 7’}.

The proof of Lemme 6 is given in [30].

Theorem 2. Assume that
(i) There exists a constant ag})b such that

zl:(fﬁz(f))TH,iiz (+19,249) < zl: (ng) 2 2);
h=1 h=1

(ii) For every i € N, let digraph (G, A;) be strongly connected and balanced, where matrix A; =
(a,(;,blxl, and directed cycle Co, of digraph (G, A;), where a,(;,z >0, cgj) >0\ = maxk7i{)\§2}, Ao =
maxy {Ag)}:

(iii) There exist nonnegative constants o, (s = 0, 1) such that

o

Q1 (vo, v1) || < aollvoll + e [|val;

(iv) Bo+ 1 < 1, and A\; + ﬂOS‘\i‘?Bl 4 mBotB) 0 where By = ap(ao + 1), B = a(ag + ay).

tiy1—t
Therefore, the controlled system SDE (7) is mean square exponential stability and the Lyapunvov

exponent is not greater than —A\.
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Proof. Let us consider the following Lyapunov function:

Y (a401) = zzc

k=11i=1

The operator LV, along the trajectory of impulsive system (7) yields, and by Lemma 3, for t # t;,
£y (0,1) =2 (o) | AP0 + Z 1) (20,28 @]
+ trace [(C“ W)+ DIt —T(t))) (cfa )+D,S>x§j>(t—r(t)))]
<2 () A @) + zia;:,z (=1 +[=1)
+((c0a )+ D - )" (6040 + DYt - 0))
< (010)" (249 +2 ()" ) b2 (| + )
+ (o= r) " (2(00) D) a0~ 7o)
()" <2A§;'> o (o) e 4 ay agggf) 00 +23 ) (1
= =
+ (ot - T(t)))T <2 (D,Q“)T D,‘j>> 20 (t = 7(t)
— () <t>)T el (0 + (2t (1)) Qe 1~ (1)
+2Za<” <H @ _ 2)
ol s - ol s (- )

<A e
here Qp; = 2470 +2(CNTCD 1450 0T Qg0 = 2(DIYTDY XD = A (1), A = A (©
where 3211 p H2(C7) O+ Zh:lakh Qa2 = 2(D,7) " Dy, Ay, max (Q211); Ay max (£222).
So, we can compute

D=3 3 e

, kel, ieN.

+ Hzﬁf)

e

2 .
[l

)

=

2 .
() (@)
i _ szz

s

—

n 2

<= 3SR [0 +ch M) a0 - )|
k=11=1
l n l
23> Y Y (@ (a) - Qi (=)
k=11=1 h=1h=1

NE

N an) 3 =)+ 335 el (0 (o) - 01 (:4)

i=1 h=1

W(Q,) Z ( Ej) (II(;)) _lei) (%z)))

Q (k,h)EE(Co;)

25\1V(I, t) + 5\2V(ya t— T(t)) +

M 1M

i=1

[}
m

i

By condition (i), the weighted digraph (G, A;) is balanced. Without loss of generality,
E(CQl) = {(ilviQ)a (i27i3)a ceey (Z‘lfla il)v (ila Z‘1)}7
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so we have

S (e () - e ()

(k,h)EE(Co;) )
- (6 () -t (e) + (o () -t (<)
(a0 () -al, (:2.) 00 () -t ()

=0.

From Lemmata 1 and 2, we have

V(z,t) = zl:zn:c r H

k=1 i=1

< 5\1V($, t) + S\QV(yat - T(t))'

For t =t;, by Lemma 5, we can obtain

|
MN

Va(t ). 1)) VO (o 1) 1)

B
=~ 1l
—
o
Il
—

I
tﬁ:

O een]

el
=
.
Il
=

=l
3
—
=)
~

_ () D (1), 20 (1) — H
e 1C ‘Q ( ) (tl Ttl )
<A [ + 803 [0 - e
k=11=1 k=1 1i=1
= BV (tr) + B[V ()]

By Lemma 6, there are some constants B > 1 and A > 0 such that
V(a,t) < [[gll-Be 7, ¢ > to.

The controlled system SDE (7) is mean square exponential stability and the Lyapunvov exponent is not
greater than —\.

4 An example

At last, an example is given to illustrate the effectiveness of the conclusions in the paper. To simplify
calculations, we only consider w(t) as a scalar Brown motion.

daf (1) = (AL%“’ + Z I CORERIC ))) dt -+ (02 (1) + DPafl (t = 7)) dw(t),

e (t) =y (s), se [—7,01,

(10)

where ac,(:)(t) = (v (il),ac,(:2))T € R?, ac,(:)(t —7(t) = (ac,(fl)(t — 7(t)), xgjz)(t -7t € R?, 7 = 1,
M =2x1076 P =2x1075, N={1,2},i=1,2, L={1,2}, k= 1,2, m; =2, S°2_ ag = 1.
Let AV — A§f> ) N (71 ). D — D<2> — (%) B = ml -
S (e — o).
This stochastic differential equation (SDE) is unstable. Please refer to [29].
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Then the delay feedback control system can be depicted as follows:

da () = [A“ ORI CRORRIO) +U,5“<t,zk<tv>>] t

h=1

; 11
+ (P2 ) + DYt = 7)) dw(), (1D
5 =v(s), s €70
Case 1. Delay feedback control. Let U,gi) (tyop(t —1) = F,gi) (¢t — 1), where F( (C(Z )ED;; @,

We can compute Q1 = 72A§j) — (C,ii))TC’,(j) — 42,%:1 afj})bl = (i"l I), oy = (D,(;))TD,(:) = (00_2; 10_;5),
A = N i (Q11) = 1.8599, AL = Apax(Qa2) = 1.4571, and

l l
i 1 . NT 7 .
3 (o) B (o007 < 330l (o) (50 58
h=1 h=1
1 (i) O\ ()
=5 gl (o] - ()
h=1
(1 @ 2
<Zaéﬁ(5Hxé) 51=1)
h=1

)
Let \; = minkﬁi{)\gik)}, Ay = maxkyi{)\(;,z}.
So, the conditions of Theorem 1 are satisfied. Then the controlled system (11) is exponential stability
in mean square and the Lyapunvov exponent is not greater than — (A1 — gAa).
Case II. Delay nonlinear impulsive control. U(t, :U ) Sy Rl(x;)( t), ac,(f) (t—71))o(t—t;),i=1,2.
Then the system (11) can be rewritten as follows:

b= st )]
h=1
. [me(i) (t) + DY) (¢ = 7)] dw(t), (12)

s (t) = Qu (2 (), 2" (11— 7)),
ac,(f) (t) = wl(; (s), se€[-7,0]

Lettl+17tl:005 50:01 51:01
We can also compute Q1 = 2A(1) + 2(Cy l))TC(Z A a I = (78 710) Qay = 2(D(i))TD(i) =

—2 4
(7)) A§Q = Anax(11) = 54833, A = Apax(€2) = 2.9142, &y = maxg, {A0)} = 54833, Ay =
maxy, Z—{)\ } = 2.9142.
Let Bp =0.1, 51 = 0.1, B + B1 < 1, 1tlseasyt0ver1fy)\1+5 i+ nBotBi)

tiy1—t
So, the conditions of Theorem 2 are satisfied. Then the controlled system (12) is exponential stability

in mean square and the Lyapunvov exponent is not greater than —\.
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