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Dear editor,
Plenty of studies were introduced to understand
the various properties of biological membranes.
Hodgkin-Huxley (HH) axon model [1] is one
among those studies which describes the initiation
and propagation of an action potential in squid gi-
ant axon membrane. Recently, Ref. [2] claimed
that according to the basic electrical circuit the-
ory, the time-varying sodium and potassium con-
ductance are actually time-invariant sodium and
potassium generic memristors. Similarly, Morris
and Lecar [3] developed a two-terminal electri-
cal equivalent circuit model named Morris-Lecar
(ML) model to reproduce the oscillations observed
in calcium and potassium conductance in the giant
barnacle muscle fiber.

This study asserts that the calcium and potas-
sium ion-channel conductance in the original ML
model are generic and volatile calcium and potas-
sium ion-channel memristors which are verified via
their respective frequency-dependent pinched hys-
teresis loops, power-off plot (POP) and dynamic
route map (DRM).

Figure 1(a) shows the picture of Arthropod Bar-
nacles which can be often seen on crabs, boats and
rocks. Figure 1(b) depicts the two-terminal elec-
trical equivalent circuit taken from [3]. Figure 1(c)
shows the memristive third-order ML model. The
ML model is defined by the following three dif-

ferential state equations, in terms of three state
variables V , M and N .

dV

dt
=hV (V,M,N ; I)

=[I − gL(V − EL)− gCaM(V − ECa)

− gKN(V − EK)]/Cm, (1a)

dM

dt
=hM (V,M ; I)

=λM (V ) [M∞(V ) − M ]
∆
= hM (M,V ), (1b)

dN

dt
=hN (V,N ; I)

=λN (V ) [N∞(V ) − N ]
∆
= hN(N, V ), (1c)

M∞(V ) =
1

2

{

1 + tanh

[

V − V1

V2

]}

, (1d)

N∞(V ) =
1

2

{

1 + tanh

[

V − V3

V4

]}

, (1e)

λM (V ) = λ̄M cosh

[

V − V1

2V2

]

, (1f)

λN (V ) = λ̄N cosh

[

V − V3

2V4

]

. (1g)

The abbreviations of the parameters and the pa-
rameters values in (1) are given in Appendix A.
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Figure 1 (Color online) (a) Arthropod barnacles (image taken from Wikipedia); (b) two-terminal electrical equivalent
circuit of the original Morris-Lecar (ML) model taken from [3]; (c) memristive third-order Morris-Lecar (ML) circuit model;
(d) DRM of calcium ion-channel memristor at vCa = −25,−15, 0, 15, 25 mV, respectively; (e) DRM of potassium ion-channel
memristor at vK = −25,−15,−8, 0, 15, 25 mV, respectively.

Since this model requires three differential equa-
tions, instead of the usual simplified version where
only two state variables are chosen, it is called a
third-order ML model.

Frequency-dependent pinched hysteresis loops of

calcium and potassium ion-channel generic mem-

ristors. Rearrange the terms in 1(a) as

I = Cm

dV

dt
+ gL(V − EL)

+ gCaM(V − ECa) + gKN(V − EK), (2)

where the parameter values of gL, gCa, gK, EL,
EK, ECa, respectively, are summarized in Table
A1 in Appendix A. Let us rewrite the 3rd and the
4th term of (2) in terms of a voltage-controlled
calcium and potassium ion-channel memristors [2],
respectively.

iCa = GCa(M)vCa, (3a)

iK = GK(N)vK, (3b)

where, GCa(M) = gCaM , vCa = V − ECa,
GK(N) = gKN , vK = V − EK.

By applying a sinusoidal input to (3a) and (3b)
at several frequencies, their frequency-dependent
pinched hysteresis loops are obtained as shown
in Appendix B (Figure B1(a) and (b)). Observe
from Figure B1(a) and (b) in Appendix B that

when f > 40 KHz (respectively, f > 2 KHz) for
the calcium (respectively, potassium) ion-channel
memristor, the pinched hysteresis loops of the cal-
cium (respectively, potassium) ion-channel mem-
ristor tends to a straight line which confirms that
both the calcium and potassium ion-channel mem-
ristors are generic memristors.

POP and DRM of calcium and potassium ion-

channel generic memristors. The necessary and
sufficient condition for a memristor to be volatile,
or non-volatile, can be determined from POP [4].

The POP of the voltage-dependent calcium
and potassium ion-channel generic memristor
is obtained by plotting the power-off state
equation dM/dt|

vCa = 0 = hM (M , 0) and
dN/dt|

vK = 0=hN(N , 0) in the (dM/dt) vs. M
plane, and in the (dN/dt ) vs. N plane, respec-
tively, for the calcium and potassium generic mem-
ristor as shown in red color in Figure 1(d) and (e),
respectively.

The arrowheads pointing to the right on the
POP in Figure 1(d) (respectively, Figure 1(e))
in the calcium (respectively, potassium) memris-
tor indicates that M(t) (respectively, N(t)) start-
ing from any initial state M(0) 6= M(Q) (respec-
tively, N(0) 6= N(Q)) on the POP and above the
M -axis (respectively, N -axis) must move towards
east as long as M(t) (respectively, N(t)) lies above
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the M -axis (respectively, N -axis). Conversely, the
arrowheads pointing to the left on the POP in
Figure 1(d) (respectively, Figure 1(e)) below the
M -axis (respectively, N -axis) must move towards
west as long as M(t) (respectively, N(t)) lies be-
low the M -axis (respectively, N -axis). The motion
of the state variable M in Figure 1(d), and N in
Figure 1(e), for constant applied DC voltage vCa in
Figure 1(d) (respectively, vK in Figure 1(e)), in the
(dM/dt) vs. M plane (respectively, (dN/dt) vs. N
plane) is called a dynamic route map (DRM). The
DRM of the calcium and the potassium generic
memristors is obtained by plotting (dM/dt) vs. M
and (dN/dt) vs. N over the interval −1 6 M 6

2 and −1 6 N 6 2, respectively, for differ-
ent values of vCa = −25,−15, 0, 15, 25 mV and
vK = −25,−15,−8, 0, 15, 25 mV, respectively, for
the calcium and the potassium generic memristors
as shown in Figure 1(d) and (e). Figure C1(a)–(d)
in Appendix C shows the DRM plot of (dM/dt) vs.
M and (dN/dt) vs. N over the interval −100 6

M 6 200 and −100 6 N 6 200, respectively, for
different values of vCa = −25,−15, 0, 15, 25 mV,
and vK = −25,−15,−8, 0, 15, 25 mV, respectively.
Observe from Figure 1(d) and (e) that the POP of
the calcium and potassium generic memristors has
only one stable equilibrium point located at M(Q)
= 1, for −25 mV 6 vCa 6 25 mV and at N(Q) =
0, for −25 mV 6 vK 6 25 mV, respectively. Since,
the POP of both the calcium and the potassium
generic memristors has only one stable equilibrium
point, which means that it forgets its past inputs
when M(t) reaches 1 (respectively, N(t) reaches 0)
in the dM/dt|

vCa = 0 vs. M plane, (respectively,
dN/dt|

vK = 0 vs. N plane), such memristors are
called volatile memristors.

Conclusion. We confirmed that the time-

varying calcium and potassium conductance in
the original ML model are actually time-invariant
generic memristors. We also presented a compre-
hensive analysis of the POP and DRM associated
with the calcium and potassium generic memris-
tors. Since the original ML model is made of cal-
cium and potassium generic memristors and by
analyzing the POP, we observe that there is only
one stable equilibrium point for both the calcium
and potassium generic memristors, which confirms
that both the calcium and potassium generic mem-
ristors forget its past input signals when it reaches
the stable equilibrium point, so we claim that the
original ML model is made of volatile memristors.
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