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Abstract This paper discusses the problem for cluster synchronization control of a nonlinear complex

spatio-temporal dynamical network (CSDN) with community structure. Initially, a collocated boundary

controller with boundary measurement is studied to achieve the cluster synchronization of the CSDN. After

that, a guaranteed cost boundary controller is further developed based on the obtained results. Furthermore,

the suboptimal control design is addressed by minimizing an upper bound of the cost function. Finally, a

numerical example is given to demonstrate the effectiveness of the proposed methods.
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1 Introduction

Complex dynamical networks (CDNs), including sensor networks [1], multi-agent systems [2] and neural

networks [3, 4], have attracted a great deal of attention over the past few decades. Synchronization or

consensus, one of the most important dynamical behaviors of CDNs, has been extensively applied to

engineering fields, such as automatic control [5–7], secure communication [8] and brain cognition [9]. In

the past few decades, many synchronization notions have been extensively presented, such as asymp-

totical synchronization [10], complete synchronization [11], projective synchronization [12], lag synchro-

nization [13], phase synchronization [14], approximate synchronization [15], pinning synchronization [16],

fixed-time synchronization [17], mixed synchronization [18], and cluster synchronization [19–22]. As a

particular one, cluster synchronization in community networks demands that synchronization occurs in

each group rather than among different groups. Currently, cluster synchronization has attracted increas-

ing attention due to its applications in biological science and communication engineering [23]. In [24],
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cluster synchronization in community network was proposed and several sufficient conditions were pre-

sented. Cluster synchronization of coupled nonidentical dynamical systems was studied in [25]. In [26],

using pinning control and adaptive coupling strength control, cluster synchronization in linear community

networks was studied. Generally speaking, the study of cluster synchronization in community networks

has a significant importance.

The spatial density of the species, a node of food webs, is spatio-temporal; diffusion effect of coupled

chemical reactions is spatio-temporal; and infight hose-and-drogue aerial refueling is spatio-temporal [27].

There are also many other CDNs in nature and discipline fields with spatio-temporal characteristics [28,

29]. As a result, it is necessary to research synchronization of CDNs with spatio-temporal characteristics,

named complex spatio-temporal dynamical networks (CSDNs).

Although the study of synchronization control of CSDNs is hard due to the infinite dimensional charac-

teristics, it has attracted many researchers over the past few decades, e.g., scalar proportional control [28],

matrix proportional control [29], P-sD control [30], impulsive control [31], intermittent control [32], adap-

tive control [33–36]. These controllers are state feedback, requiring sensors and actuators distributing

all over the spatial domain. These characteristics make it difficult for these controllers to be applied in

practice when states are unknown.

Luckily, boundary control can solve this problem. In the past few years, boundary control has been

managed to be applied to synchronization of CSDNs. Two boundary controllers were studied for syn-

chronization of coupled linear partial differential systems [37, 38]. The two used All spatial information,

requiring sensors distributing all over the spatial domain. However, to authors’ best knowledge, boundary

control with boundary measurement has not been considered for cluster synchronization of CSDNs with

community structure, only requiring few sensors and actuators locating at the spatial boundary positions.

This is the first main motivation of this paper.

From another perspective, networks are expected to achieve not only synchronization, but also with

an adequate level of synchronization performance. Guaranteed cost control can effectively deal with this

problem [39–42] and many important relevant results over CDNs have been obtained [43, 44]. However,

guaranteed cost control of CSDNs has not been addressed yet to authors’ best knowledge. A guaran-

teed cost boundary control with boundary measurement for cluster synchronization of CSDNs is further

studied, which is the second main motivation of this paper.

This paper studies cluster synchronization control of nonlinear CSDNs with community structure.

In CSDNs, the local dynamics in each community are identical while those in different communities

are nonidentical. Initially, a collocated boundary controller with boundary measurement is studied to

ensure synchronization of CSDNs, requiring sensors and actuators simultaneously locating only at one

end of one-dimensional spatial domain. Therefore, only several sensors and actuators are needed in

the proposed controller. Sufficient conditions of the existence of the boundary controller are presented

as a convex feasibility of linear matrix inequalities (LMIs). After that, a guaranteed cost collocated

boundary controller with boundary measurement is investigated. Sufficient conditions of the guaranteed

cost boundary controller are obtained as a convex feasibility of spatial algebraic linear matrix inequalities

(SALMIs). In addition, a suboptimal controller is addressed to minimize an upper bound of the cost

function. Finally, numerical simulation demonstrates the effectiveness of the proposed methods.

Notation. The following notations will be used in this paper. ‖ · ‖ denotes the standard Euclidean

norm. ⊗ stands for the Kronecker product of matrices. Identity matrix of n × n dimension is denoted

by In. Matrix M > (<,6) 0 means it is symmetric positive definite (negative definite, semi-negative

definite, respectively). The superscript “T” stands for the transpose of a vector or a matrix. The symbol

“∗” stands for the ellipsis of transpose blocks in symmetric matrices.

2 Preliminaries and problem formulation

This paper considers a nonlinear CSDN in one spatial dimension with N nonidentical nodes and l com-

munities, 2 6 l 6 N . The dynamics of the i-th (i ∈ N , {1, 2, . . . , N}) node are described by the coupled
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semi-linear PDE model as



















yi,t(x, t) = Θφi
yi,xx(x, t) +Aφi

yi(x, t) + fφi
(yi(x, t)) + c

l
∑

k=1

∑

j∈Vk

gijyj(x, t),

yi,x(x, t)|x=0 = Bφi
ui(t), yi,x(x, t)|x=L

= 0,

yi(x, 0) = yi,0(x), i ∈ N ,

(1)

where yi(x, t)
∆
= [yi1(x, t), yi2(x, t), . . . , yin(x, t)]

T ∈ R
n are the states. x ∈ [0, L] ∈ R and t ∈ [0,∞) are

respective the spatial and time variables. The subscripts x and t respectively mean the partial derivatives

with respect to x and t. ui(t) ∈ R
m are the boundary control inputs. Dispersal matrices Θφi

∈ R
n×n are

assumed to be positive. Aφi
∈ R

n×n, and Bφi
∈ R

n×m respectively represent the connection matrices

and the control input matrices. fφi
(yi(x, t)) are time and spatial variable nonlinear perturbation. c is a

known scalar coupling strength. G , (gij)N×N describes the diffusive topological structure of the CSDN,

gij defined as gij > 0(i 6= j), gii = −
∑N

j=1,j 6=i gij , i ∈ N . Vk(k = 1, 2, . . . , l) are node sets of the k-th

community. The function φ is defined as φ: {1, 2, . . . , N} → {1, 2, . . . , l}, if node i ∈ Vk, then φi = k.

n-dimensional real vector functions.

It is assumed that there are differences among different communities, i.e., Θφi
6= Θφj

, Aφi
6= Aφj

,

Bφi
6= Bφj

, and fφi
6= fφj

, if φi 6= φj . Set sφi
(x, t) ∈ R

n be an isolated node in the φi-th community, i.e.,















sφi,t(x, t) = Θφi
sφi,xx(x, t) +Aφi

sφi
(x, t) + fφi

(sφi
(x, t)),

sφi,x(x, t)|x=0 = sφi,x(x, t)|x=L
= 0,

sφi
(x, 0) = sφi,0(x), i ∈ N ,

(2)

where sφi
(x, t) may be an equilibrium point, a periodic orbit, or a chaotic orbit.

This paper aims to study a boundary controller to achieve cluster synchronization of the CSDN (1)

with the isolated node (2). Denote the synchronization errors ei(x, t) , yi(x, t) − sφi
(x, t), i ∈ N . The

synchronization error system of the i-th node can be got from (1) and (2) as



















ei,t(x, t) = Θφi
ei,xx(x, t) +Aφi

ei(x, t) + Fφi
(ei(x, t)) + c

N
∑

j=1

gijej(x, t),

ei,x(x, t)|x=0 = Bφi
ui(t), ei,x(x, t)|x=L

= 0,

ei(x, 0) = ei,0(x), i ∈ N ,

(3)

where Fφi
(ei(x, t)) , fφi

(yi(x, t)) − fφi
(sφi

(x, t)) and ei,0(x) , yi,0(x) − sφi,0(x).

The synchronization error system (3) can be rewritten in a compact way as















et(x, t) = Θexx(x, t) + (A+ cḠ)e(x, t) + F (e(x, t)),

ex(x, t)|x=0 = Bu(t), ex(x, t)|x=L = 0,

e(x, 0) = e0(x),

(4)

where e(x, t) , [eT1 (x, t), e
T
2 (x, t), . . . , e

T
N (x, t)]T, Θ , diag{Θφ1

,Θφ2
, . . . ,ΘφN

}, A , diag{Aφ1
, Aφ2

, . . . ,

AφN
}, B , diag{Bφ1

, Bφ2
, . . . , BφN

}, u(t) , [uT
1 (t), u

T
2 (t), . . . , u

T
N(t)]T, Ḡ , G ⊗ In, and F (e(x, t)) ,

[FT
φ1
(e1(x, t)), F

T
φ2
(e2(x, t)), . . . , F

T
φN

(eN (x, t))]T.

Some definition, lemmas and assumption are first given to be used in the subsequent sections.

Definition 1. The CSDN (1) is said to achieve cluster synchronization with the isolated node (2), if

its solution satisfies limt→∞ ||yi(x, t)− s(x, t)||2 → 0, i ∈ {1, 2, . . . , N} for any initial condition.

Lemma 1 (Wirtinger’s inequality [45]). Given a square integrable vector function z(x) with z(0) = 0

or z(L) = 0, for any symmetric matrix S > 0, the following inequality holds:

∫ L

0

zT(s)Sz(s)ds 6 4L2
π
−2

∫ L

0

(dz(s)/ds)T S (dz(s)/ds) ds. (5)
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Lemma 2 ( [46]). For two square integrable vector functions a(x), b(x), x ∈ [0, L], the following

inequality holds for any scalar α > 0:

2

∫ L

0

aT(x)b(x)dx 6 α

∫ L

0

aT(x)a(x)dx + α−1

∫ L

0

bT(x)b(x)dx. (6)

Assumption 1. Assume the nonlinear functions fφi
(·) satisfy the Lipschitz condition, i.e., for any ξ, η,

there exist scalars χi > 0 satisfying

‖fφi
(ξ)− fφi

(η)‖ 6 χi ‖ξ − η‖ , i ∈ N .

Setting A
∆
= Θexx, A is the infinitesimal generator of a C0 semigroup. Using Theorem 1.7 of Chapter 6

in [47], the system (4) possesses a unique solution under Assumption 1. The Lipschitz condition of

Assumption 1 has been widely used in many other literatures [48–50].

3 Boundary control with boundary measurement

In this section, the following boundary controller with boundary measurement is employed for cluster

synchronization of the CSDN (1) as

ui(t) = Kiei(0, t), i ∈ N , (7)

where Ki ∈ R
m×n are control gain parameters to be determined.

Remark 1. The controller (7) is referred to a collocated boundary one. The implementation of such

a controller requires few sensors and actuators only at the boundary of spatial domain. Especially in

practice, the merit makes it easy to be employed.

Substituting (7) into (3), the synchronization error system is obtained as


















ei,t(x, t) = Θφi
ei,xx(x, t) +Aφi

ei(x, t) + Fφi
(ei(x, t)) + c

N
∑

j=1

gijej(x, t),

ei,x(x, t)|x=0 = Bφi
Kiei(0, t), ei,x(x, t)|x=L

= 0,

ei(x, 0) = ei,0(x).

(8)

Consider the Lyapunov functional candidate for the synchronization error system (8) as

V (t) =

N
∑

i=1

∫ L

0

eTi (x, t)Piei(x, t)dx, (9)

where Pi ∈ R
n×n are positive symmetric matrices to be determined. The time derivative of V (t) of (9) is

V̇ (t) = 2

∫ L

0

N
∑

i=1

eTi (x, t)Piei,t(x, t)dx

= 2

∫ L

0

N
∑

i=1

eTi (x, t)PiΘφi
ei,xx(x, t)dx +

∫ L

0

N
∑

i=1

eTi (x, t)[PiAφi
+ ∗]ei(x, t)dx

+2

∫ L

0

N
∑

i=1

eTi (x, t)PiFφi
(ei(x, t))dx + 2c

∫ L

0

N
∑

i=1

eTi (x, t)Pi

N
∑

j=1

gijej(x, t)dx.

(10)

Making use of integrating by parts and considering the boundary condition of (8),

2

∫ L

0

N
∑

i=1

eTi (x, t)PiΘφi
ei,xx(x, t)dx

= −2

N
∑

i=1

eTi (0, t)PiΘφi
Bφi

Kφi
ei(0, t)− 2

∫ L

0

N
∑

i=1

eTi,x(x, t)PiΘφi
ei,x(x, t)dx

= −eT(0, t)[PΘBK + ∗]e(0, t)−

∫ L

0

eTx (x, t)[PΘ + ∗]ex(x, t)dx,

(11)
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where P , diag{P1, P2, . . . , PN}, K , diag{K1,K2, . . . ,KN}, and e(x, t), Θ, B are defined in (4).

Since Pi > 0 and Θφi
> 0, i ∈ N , then

[PΘ+ ∗] > 0. (12)

Denote ē(x, t) , e(x, t)− e(0, t), then ē(0, t) = 0. Using Lemma 1 and considering (12),

−

∫ L

0

eTx (x, t)[PΘ + ∗]ex(x, t)dx 6 −0.25L−2
π
2

∫ L

0

ēT(x, t)[PΘ + ∗]ē(x, t)dx. (13)

According to Lemma 2 and Assumption 1, for any positive scalar αi ∈ R,

2

∫ L

0

N
∑

i=1

eTi (x, t)PiFφi
(ei(x, t))dx

6 αi

∫ L

0

N
∑

i=1

eTi (x, t)PiPiei(x, t)dx+ α−1
i

∫ L

0

N
∑

i=1

FT
φi
(ei(x, t))Fφi

(ei(x, t))dx

6 αi

∫ L

0

N
∑

i=1

eTi (x, t)PiPiei(x, t)dx+ α−1
i χ2

i

∫ L

0

N
∑

i=1

eTi (x, t)ei(x, t)dx

= α

∫ L

0

eT(x, t)PPe(x, t)dx + α−1χ

∫ L

0

eT(x, t)e(x, t)dx,

(14)

where α , diag{α1 ⊗ In, α2 ⊗ In, . . . , αN ⊗ In}, χ , diag{χ2
1 ⊗ In, χ

2
2 ⊗ In, . . . , χ

2
N ⊗ In}.

Substituting (11), (13) and (14) into (10),

V̇ (t) 6 −eT(0, t)[PΘBK + ∗]e(0, t)− 0.25L−2
π
2

∫ L

0

ēT(x, t)[PΘ + ∗]ē(x, t)dx

+

∫ L

0

eT(x, t)[PA+ ∗]e(x, t)dx+ α

∫ L

0

eT(x, t)PPe(x, t)dx + α−1χ

∫ L

0

eT(x, t)e(x, t)dx

+

∫ L

0

eT(x, t)[cP Ḡ+ ∗]e(x, t)dx

=

∫ L

0

ẽT(x, t)Ψ̄ẽ(x, t)dx,

(15)

where ẽ(x, t) , [eT(0, t), eT(x, t)]T, and

Ψ̄ ,

[

Ψ̄11 Ψ̄12

∗ Ψ̄22

]

, (16)

in which Ψ̄11 , [−L−1PΘBK − 0.25L−2
π
2PΘ + ∗], Ψ̄12 , 0.5L−2

π
2PΘ, and Ψ̄22 , [PA + cP Ḡ −

0.25L−2
π
2PΘ+ ∗] + α−1χ+ αPP .

From the above analysis, the following result can be obtained.

Theorem 1. For the CSDN (1) under Assumption 1, using the collocated boundary controller (7), the

CSDN (1) achieves cluster synchronization with the isolated node (2), if there exist scalars αi > 0, n× n

matrices Qi > 0 and m× n matrices Zi, i ∈ N , satisfying the following LMI:

Ψ ,









Ψ11 Ψ12 0

∗ Ψ22 Q

∗ ∗ −αχ−1I









< 0, (17)

where
Ψ11 , [−L−1ΘBZ − 0.25L−2

π
2ΘQ+ ∗],

Ψ12 , 0.5L−2
π
2ΘQ,

Ψ22 , [AQ+ cḠQ− 0.25L−2
π
2ΘQ+ ∗] + αI,

Q , diag{Q1, Q2, . . . , QN},

Z , diag{Z1, Z2, . . . , ZN}.
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In this case, the gain matrices of the controller (7) could be given as

Ki = ZiQ
−1
i , i ∈ N . (18)

Proof. Assume there exist scalars αi > 0, n×n matrices Qi > 0 and m×n matrices Zi, i ∈ N satisfying

LMI (17). Set

Qi = P−1
i , Zi = KiQi. (19)

Considering (19), pre- and post-multiply Ψ respectively by diag{Q−1, Q−1, I},

Ψ̂
∆
= diag{Q−1, Q−1, I}Ψdiag{Q−1, Q−1, I}

=









Ψ̄11 0.5L−2
π
2PΘ 0

∗ Ψ̂22 I

∗ ∗ −αχ−1I









,
(20)

where Ψ̄11 is defined in (16) and Ψ̂22 , [PA+ cP Ḡ− 0.25L−2
π
2PΘ+ ∗].

Since diag{Q−1, Q−1, I} > 0, it follows from (17) and (20) that Ψ̂ < 0, by Schur complement, equivalent

to

Ψ̄ < 0. (21)

Substituting (21) into (15), V̇ (t) 6 −λ||ẽ(·, t)||22 6 −λ||e(·, t)||22, for all non-zero e(·, t), where λ is

the minimal eigenvalue of −Ψ, which ensures the asymptotic stability of cluster synchronization error

system (5), i.e., the CSDN (1) achieves cluster synchronization with the isolated node (2). Moreover,

control gain parameters Ki can be obtained by (9). This completes the proof.

Remark 2. Notice that boundary control methods were studied in [51,52] for semi-linear PDE systems.

Based on these boundary control methods, a boundary controller is studied for cluster synchronization

of a semi-linear CSDN with N nonidentical nodes.

Remark 3. Compared with existing synchronization control methods of CSDNs [27,30,31], the major

contribution of this paper lies in studying the boundary controller with boundary measurement, requiring

few sensors and actuators locating only at the spatial boundary domain. Distributed controllers in

references [27, 30, 31] were employed, where sensors and actuators distribute all over the spatial domain.

When the states are unknown, this characteristic makes it hard for these controllers to be implemented

in practice.

4 Guaranteed cost boundary control with boundary measurement

This section studies guaranteed cost boundary control with boundary measurement for cluster synchro-

nization of CSDN (1). The quadratic cost function for the CSDN (1) is considered as

J =

∫ ∞

0

v(t)dt, (22)

where v(t) =
∑N

i=1 vi(t), vi(t) =
∫ L

0 eTi (x, t)Riei(x, t)dx + uT
i (t)Siui(t), and Ri ∈ R

n×n, Si ∈ R
m×m are

known weighting matrices.

A boundary controller (7) is further studied to determine a cost bound J̄ < +∞ as small as possible

for cluster synchronization of the CSDN (1).

Combining (15) and (22),

V̇ (t) + v(t) 6

∫ L

0

ẽT(x, t)Ψ̄ẽ(x, t)dx +

∫ L

0

eT(x, t)Re(x, t)dx + eT(0, t)KTSKe(0, t)

=

∫ L

0

ẽT(x, t)Ξ̄ẽ(x, t)dx,

(23)
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where

Ξ̄ ,

[

Ξ̄11 0.5L−2
π
2PΘ

∗ Ξ̄22

]

, (24)

in which Ξ̄11 , Ψ11 + L−1KTSK and Ξ̄22
∆
= [PA+ cP Ḡ− 0.25L−2

π
2PΘ+ ∗] + α−1χI + αPP +R.

From the above analysis, the following result can be obtained.

Theorem 2. For the CSDN (1) under Assumption 1, given any n × n matrices Ri > 0 and m × m

matrices Si > 0, if there exist scalars αi > 0, n × n matrices Qi > 0 and m × n matrices Zi, i ∈ N

satisfying the following LMI:

Ξ ,



















Ψ11 Ψ12 0 0 ZT

∗ Ψ22 Q Q 0

∗ ∗ −αχ−1I 0 0

∗ ∗ ∗ Ξ44 0

∗ ∗ ∗ ∗ Ξ55



















< 0, (25)

where Ψ11,Ψ12,,Ψ22 are given in (17), Ξ44 , [−0.5R−1+∗], Ξ55 , [−0.5LS−1+∗], R , diag{R1, R2, . . . ,

RN}, and S , diag{S1, S2, . . . , SN}, then the controller (7) is guaranteed cost and satisfies

J <
〈

e0(x), Q
−1e0(x)

〉

. (26)

In this case, the gain parameters of the controller (7) could be given as

Ki = ZiQ
−1
i , i ∈ N . (27)

Proof. For any n× n matrices Ri > 0 and m×m matrices Si > 0, assume there exist scalars αi > 0,

n× n matrices Qi > 0 and m× n matrices Zi satisfying LMI (25). Set

Qi = P−1
i , Zi = KiQi, i ∈ N . (28)

Pre- and post-multiply Ξ respectively by diag{Q−1, Q−1, I, I, I},

Ξ̂ , diag{Q−1, Q−1, I, I, I}Ξdiag{Q−1, Q−1, I, I, I}

=



















Ψ̄11 Ψ̄12 0 0 KT

∗ Ψ̄22 I I 0

∗ ∗ −αχ−1I 0 0

∗ ∗ ∗ Ξ44 0

∗ ∗ ∗ ∗ Ξ55



















.
(29)

Since diag{Q−1, Q−1, I, I, I} > 0, it follows from (25) and (29) that

Ξ̂ < 0. (30)

Substituting Ξ̄ < 0 into (12), V̇ (t) 6 −λ||ẽ(·, t)||22 6 −λ||e(·, t)||22, for all non-zero e(·, t), where λ is

the minimal eigenvalue of −Ψ, which ensures the asymptotic stability of cluster synchronization error

system (5), i.e., the CSDN (1) achieves cluster synchronization with the isolated node (2) according to

Definition 1. Using Schur complement, the inequality (30) is equivalent to Ξ̄ < 0, implying

V̇ (t) + v(t) < 0, (31)

for all non-zero ẽ(·, t). Rearrange and integrate of (31),

J =

∫ ∞

0

v(t)dt < − V (t)|t=∞
t=0 < J̄, (32)

where J̄ , V (0) =
〈

e0(x), Q
−1e0(x)

〉

. Moreover, Eq. (28) implies (27). The proof is complete.
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Remark 4. Theorem 2 implies Theorem 1, since that Ξ < 0 implies Ψ < 0 by using matrix property.

Theorem 3. For the CSDN (1) under Assumption 1, if there exist a set of solutions γ,Qi, Zi, i ∈ N

such that the following SALMI optimization problem:

min
γ,Qi,Zi,i∈N

γ, (33)

satisfying LMI (25) and SALMI
[

γL−1 eT0 (x)

∗ Q

]

> 0, (34)

where Q > 0 is given in (17) and e0(x) is given in (11), then the controller (7) with control gain parameters

(27) is guaranteed cost in the sense of minimizing the upper bound of the cost function (22).

Proof. By Theorem 2, the boundary controller (7) with control gain parameters (25) via any feasible

solutions γ,Qi, Zi, i ∈ N to LMI (25) is guaranteed cost for the CSDN (1) with the cost function (22).

Using Schur complement, for each x ∈ [0, L], Eq. (34) gives

eT0 (x)Q
−1e0(x) < γL−1. (35)

Integrating above inequality from 0 to L, yields J̄ < γ and Eq. (22) is obtained. The proof is complete.

To solve SALMI (34), the space interval [0, L] is discretized into space instances {xk, k ∈ S ,

{1, 2, . . . , S}, x0 = 0, x0 = L} of the same distance, where

xk − xk−1 = L/S , ε, k ∈ S. (36)

With (36), Theorem 3 can be formulated as the approximate LMI optimization problem

min
γ,Qi,Zi,i∈N

γ, (37)

subject to LMI (25), Q > 0 and LMIs

[

γL−1 eT0 (xk)

∗ Q

]

> 0, k ∈ S, (38)

which can be solved by LMI optimization techniques.

Remark 5. There are the similar results in Theorems 1–3 for other boundary conditions, such as

yi,x(x, t)|x=0 = 0 and yi,x(x, t)|x=L
= Bφi

ui(t), yi,x(x, t)|x=0 = Bφi
ui(t) and yi(L, t) = 0, or yi(0, t) = 0

and yi,x(x, t)|x=L
= Bφi

ui(t), i ∈ N .

Remark 6. Refs. [39–42] considered guaranteed cost controllers for ability of several systems, which is

different from this paper considering synchronization of CSDNs.

Remark 7. There are many important results on guaranteed cost control of CDNs [43, 44], which are

different from this paper studying a boundary controller designed at the boundary positions of CSDNs.

5 Numerical example

In this section, a numerical example is given to demonstrate the effectiveness of the proposed methods.

Consider a nonlinear CSDN (1) composed of 6 nodes with the first community V1 = {1, 2, 3}, the second
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Figure 1 (Color online) The open-loop trajectories of synchronization errors ‖ei(·, t)‖, i ∈ {1, 2, . . . , 6}. (a) ‖ei,1(·, t)‖ , i ∈

V1; (b) ‖ei,2(·, t)‖ , i ∈ V1; (c) ‖ei,1(·, t)‖ , i ∈ V2; (d) ‖ei,2(·, t)‖ , i ∈ V2.

community V2 = {4, 5, 6} and the following coefficients,

yi(x, t) = [yi1(x, t), yi2(x, t)]
T, B1 = B2 = [1, 0]T,

f1(yi(x, t)) = f2(yi(x, t)) = [− sin(yi1(x, t)), 0]
T,

Θ1 =

[

1 0

0 4

]

, Θ2 =

[

2 0

0 7

]

, A1 =

[

0.6 0.2

3.6 −1.6

]

, A2 =

[

1 0.3

0.9 −1

]

, c = 0.3, L = 1,

G =

























−1.1099 0.0738 0.3480 0.1971 0.1609 0.3301

0.1083 −0.7412 0.4071 0.0334 0.0205 0.1719

0.0464 0.5404 −1.4337 0.5080 0.2374 0.1015

0.2583 0.2497 0.4373 −1.7602 0.2439 0.5711

0.5472 0.5708 0.2076 0.1741 −2.0318 0.5320

0.1260 0.0785 0.3123 0.5433 0.2415 −1.3016

























.

(39)

The initial conditions take

y1,0(x) = [0.5 + 0.3 cos(πx), 0.2 cos(πx+ π/4)]T,

y2,0(x) = [0.4 + 0.1 sin(2πx+ π/6), 0.1 + 0.2 cos(πx)]T,

y3,0(x) = [0.3− 0.2 cos(3πx), 0.5 sin(πx+ π/12)]T,

y4,0(x) = [0.1 + 0.3 cos(πx),−0.3 + 0.2 cos(5πx)]T,

y5,0(x) = [0.2 + 0.3 sin(2πx+ π/6),−0.3 + 0.5 cos(πx)]T,

y6,0(x) = [−0.2 + 0.6 cos(2πx+ π/3), 0.1− 0.2 sin(3πx)]T,

s0(x) = [0.2 cos(πx), 0.3 sin(πx)]T, x ∈ [0, 1].

(40)

Figure 1 illustrates open-loop trajectories of synchronization errors ‖ei(·, t)‖ of the CSDN (1), i ∈

{1, 2, . . . , 6}, clearly showing that the CSDN (1) is not synchronized with the isolated node (2).
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Figure 2 (Color online) The closed-loop profiles of synchronization errors ei(X, t), i ∈ {1, 2, . . . , 6}.

Figure 3 (Color online) The trajectories of control inputs ui(t), i ∈ {1, 2, . . . , 6}.

It is not difficult to verify that fφi
(yi(x, t)) satisfies the Lipschitz condition with χi = 1, i ∈ {1, 2, . . . , 6}.

Set Ri = 0.2I2, Si = 0.2. Divide the spatial domain [0, 1] into space instances {xk|k ∈ {0, 1, 2, . . . , 5}, x0 =

0, x5 = 1} of the same distance with ε = 0.2. With the controller (7), employing the mincx solver to

solve the optimization of (37) such that LMIs (25) and (38) in Theorem 3, the control gain parameters

Ki, i ∈ {1, 2, . . . , 6} are derived from (27) as K1 = [14.7512, 1.7759], K2 = [22.3141, 2.6487], K3 =

[18.2428, 2.2607], K4 = [17.4976, 1.4607], K5 = [6.8930, 0.8276], K6 = [12.4123, 1.8343].

Applying the controller (7) with the these control gain parameters, Figure 2 shows the closed-loop
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profiles of synchronization errors ei(X, t), i ∈ {1, 2, . . . , 6}. The numerical result shows that the proposed

control law (7) can guide the CSDN (1) to achieve cluster synchronization with the isolated node (2).

Moreover, Figure 3 shows the corresponding trajectories of control inputs ui(t), i ∈ {1, 2, . . . , 6}.

6 Conclusion

In this paper, a boundary controller with boundary measurement was studied for cluster synchroniza-

tion of a nonlinear CSDN with community structure. Only at the spatial boundary positions does the

boundary controller require few sensors and actuators. Taking use of Lyapunov’s direct method and

Wirtinger’s inequality, a sufficient condition was obtained in terms of LMIs to guarantee the existence of

the boundary controller. The control gain parameters were obtained via feasible solutions to the given

LMIs. After that, a guaranteed cost boundary controller and then a suboptimal one were developed, and

two sufficient conditions were obtained in terms of SALMIs to guarantee the existence of the controllers.

Finally, simulation results verified the effectiveness of theoretical results.
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