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The single container packing problem consists of
allocating a number of items inside one container
in order to find the densest packing patterns with-
out overlapping. As an important class of opti-
mization problems, packing problems have numer-
ous applications in industry and academia, such
as applied mathematics, material manufacturing,
material cutting, logistics, wireless communication
and fashion industry. As an NP-hard problem,
however, there is no exact algorithm to obtain op-
timality in polynomial time unless P = NP, and
researchers have resorted to heuristics or approx-
imation methods. Hifi and M’Hallah [1] reviewed
the most relevant literature on efficient models
and methods for packing circular items in differ-
ent types of containers. The circle packing prob-
lem (CPP) is classified into two categories based
on whether the circle items are equal [2] or un-
equal [3]. Other variants exist that consider addi-
tional constraints, such as the CPP with equilib-
rium constraints [4].

Problem definition. We address an important
version of the circle packing problem, which aims
to find a non-overlapping dense packing pattern for
n unequal circle items in a two-dimensional square
container (PUC-SC) such that the size of the con-
tainer is minimized. Given n (n ∈ N+) circles
C1, C2, . . . , Cn with integer radii r1, r2, r3, . . . , rn,
we are asked to find the smallest square container

of size L such that all circle items are packed fea-
sibly, i.e., no overlapping between any pair-wise
circles (Ci

⋂

Cj = φ) and all circles fit completely
inside the container.

Specifically, let the centre of the square con-
tainer be located at the origin of a two-dimensional
Cartesian coordinate system. Denote the cen-
tre coordinate of circle Ci (1 6 i 6 n)
as (xi, yi). We define a packing pattern as
X = (x1, y1, . . . , xi, yi, . . . , xn, yn). Let dij =
√

(xi − xj)2 + (yi − yj)2 indicate the Euclidean
distance between the centres of circle Ci and Cj .
The PUC-SC can be formulated as follows:

min L,

s.t. (1) max(|xi|, |yi|) 6 (L/2− ri), 1 6 i 6 n,

(2) dij > (ri + rj), 1 6 i < j 6 n.

Constraint (1) imposes that any circle should
not be extended outside the container, and con-
straint (2) imposes no overlap between any pair-
wise circles.

The proposed PAS-PCI approach. We pro-
pose an effective algorithm based on the parti-
tioned action space and partitioned circle items
(PAS-PCI) for solving the PUC-SC. The proposed
method is inspired by our previous work. In
2011 and 2012, He et al. [5] defined the concep-
tion of action space for the rectangular packing
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problem, and each maximal unoccupied rectan-
gular space is called an action space for a pack-
ing pattern. By an innovative idea of approxi-
mating each circle as a square, He et al. [6] pro-
posed an action space based global optimization
(ASGO) algorithm for the problem that packs un-
equal circles into a square container. For some
given patterns, ASGO utilized the limited-memory
Broyden-Fletcher-Goldfarb-Shanno (LBFGS) al-
gorithm [7] for continuous optimization to reach
the local minimums. Then, each circular item is
approximated as a square item, and an action-
space-based basin-hopping strategy is adapted to
find the larger unoccupied spaces as candidate
places to replace some of the most overlapping
items in order to jump from a local minimum.

In this article, PAS-PCI approximates each cir-
cular item as a square item by setting its width
as [1 + (1/

√
2)]ri, as shown in Figure 1, which is

in the intermediate value of
√
2ri and 2ri. Based

on our observation that the small circles and the
large unoccupied circle are robustly complemen-
tary to each other, PAS-PCI uses a new basin-
hopping strategy by partitioning the narrow ac-
tion spaces and partitioning circle items according
to their sizes.
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Figure 1 (Color online) An example of the narrow action
spaces.

Definition 1 (Partitioned circle items). For a
pattern (X, L) with n circle items, we partition the
items into four sets, S1 to S4, based on their radii.
Without loss of generality and assuming the cir-
cles are numbered from 1 to n from small to large,
we obtain [1, int(n/4)], [int(n/4) +1, int(n/2)],
[int(n/2) +1, int(3n)/4], and [int(3n/4) +1, n].

Definition 2 (Narrow action space). An action
space i is called narrow if the long side is at least

double the short side, i.e., either hi 6 0.5wi, or
wi 6 0.5hi.

PAS-PCI includes three phases: the initial con-
tinuous optimization phase, the iterative process-
ing phase and the post-processing phase. The de-
tails are shown in Algorithm 1.

Algorithm 1 The proposed PAS-PCI algorithm

Require: Container size L0, item sizes r1, . . . , rn, number
of patterns G, selection number m;

Ensure: Feasible pattern (X,L) or Null;
1: repeat

2: Randomly generate G patterns, store in array A;
3: for each pattern A[i ] do
4: A[i ] ← LBFGS (A[i ]);
5: if Ue(A[i ]) < 10−20 then

6: (A[i ],L)←post-processing algorithm (A[i ],L);
7: return (A[i ],L);
8: end if

9: end for

10: kb ← 0;
11: repeat

12: for kp = 1 to 20 do

13: Select m patterns with the lowest Ue;
14: Generate 39 new patterns using the basin-

hopping algorithm for each selected pattern;
15: for each of the new 39 ×m patterns do

16: (X′, L)← LBFGS(X,L);
17: if Ue(X′) < 10−20 then

18: (X′, L)← post-processing(X′, L);
19: return (X′, L);
20: end if

21: end for

22: end for

23: Select m patterns with the lowest Ue, do pertur-
bation operator, kb ← kb+1;

24: until kb > 5;
25: until reach the limitation of time;
26: return NULL.

The initial continuous optimization phase is to
generate patterns with local minimum potentials
and to select good patterns for the iterative pro-
cessing phase. The container size L0 is initialized
by the current best record published by ASGO.
We randomly generate G patterns (G = 32) to in-
crease the diversification and then use LBFGS on
each pattern for continuous optimization to reach
their local minima. We will switch to the post-
processing phase if a feasible solution is found.

The iterative processing phase calls the basin-
hopping algorithm to jump out of the local min-
ima. We select m patterns (m = 3) with the low-
est total elastic potential energy from the set of
patterns Gi (i = 1, 2, . . . , 32) and apply the basin-
hopping algorithm to the selected patterns to ob-
tain a total of 39 × m = 117 new patterns to in-
crease the diversification. Afterwards, we apply kp
successive iterations (kp = 20) of basin hopping.
At each iteration, we run the basin-hopping algo-
rithm to generate new patterns that inherits some
good properties of the old patterns. Then, LBFGS
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is applied to reach the local minima. We check the
feasibility at the end of each iteration and switch
to the post-processing phase if there exists a feasi-
ble pattern. If we execute the basin-hopping algo-
rithm for kp = 20 times and cannot obtain a feasi-
ble solution, we then believe that the current pat-
terns cannot be improved using the basin-hopping
strategy alone. We therefore modify the perturba-
tion operator proposed by Fu et al. [8] to perturb
each of the m = 3 selected patterns to jump out
of the local minimum trap. The perturbation op-
erator will guide the patterns to some promising
area by constructing an updated pattern instead
of destroying the pattern. Then, we run the 20
iterations of basin hopping plus continuous opti-
mization again. The outer iteration with the per-
turbation will run for at most kb = 5 times. If we
still cannot find a feasible solution in kb attempts,
we consider that the initial patterns make it dif-
ficult to reach a feasible solution and restart the
whole process.

If we obtain a feasible solution from the above
two phases, we then use the post-processing strat-
egy to further reduce the container size while
maintaining the feasibility to improve the solution.

Computational results. PAS-PCI was coded
in C++ and run on a personal computer with
3.0 GHz and 4.0 GB memory. To assess the ef-
ficiency of the proposed approach, we tested it on
two groups of benchmark instances: ri = i and
ri =

√
i (ri is the radius of circle i, 1 6 i 6 n). The

instances for ri = i are large-variation instances,
and the second group ri =

√
i contains small-

variation instances. The range of n is from 1 to 72
on the Packomania website. Given its stochastic
nature, we run PAS-PCI independently 10 times to
solve each instance. For each instance, the search
process terminates when it reaches the time limit
or we obtain a feasible solution that is better than
or equal to the current best result. All the param-
eters are set based on a small number of trials or
referred to parameters of the previous algorithm
ASGO. We compared PAS-PCI with ASGO [6]
and the best results downloaded from the Pack-
omania website in October 2015, which were col-
lected from different experts1). The best records
obtained in these experiments are maintained2) by
Eckard Specht. In general, the proposed PAS-
PCI equipped with its particular features attains
a highly competitive performance while compar-
ing with state-of-art algorithms. In comparison
with ASGO on the 68 tested instances, PAS-PCI
achieves smaller containers for 64 instances and

matches the other 4. In comparison with the best
records of the Packomania website for 94 instances
in October 2015 when PAS-PCI uploaded the new
results to this website, PAS-PCI finds smaller con-
tainers for 82 instances and matches the other 12.
In particular, PAS-PCI can find improved records
for 19 instances (47–48, 51–54, 57, 61–72) that had
remained unchanged since 2013. Even comparing
with the current results on the Packomania website
in March 2017, PAS-PCI can find smaller contain-
ers for 10 instances.

Conclusion. This article proposes a PAS-PCI
algorithm for packing unequal circles in a two-
dimensional square container (PUC-SC). The PAS
is used to partition the narrow action space on the
long side to get two equal action spaces to make
a maximum utilization of the unoccupied spaces.
While the PCI is used to partition the circle items
into four groups based on item sizes for the basin-
hopping strategy. Experimental evaluations on
two sets of benchmark instances showed that the
proposed algorithm is highly competitive in com-
parison with the state-of-art ASGO algorithm and
the best records of the Packomania website.
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