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Abstract We study the problem of quantum multi-unicast communication over the butterfly network in
a quantum-walk architecture, where multiple arbitrary single-qubit states are transmitted simultaneously
between multiple source-sink pairs. Here, by introducing quantum walks, we demonstrate a quantum multiunicast communication scheme over the butterfly network and the inverted crown network, respectively,
where the arbitrary single-qubit states can be efficiently transferred with both the probability and the state
fidelity one. The presented result concerns only the butterfly network and the inverted crown network, but
our techniques can be applied to a more general graph. It paves a way to combine quantum computation
and quantum network communication.
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1

Introduction

Network communication was traditionally done by the store-and-forward model, i.e., “routing” in which
the received data is simply copied and forwarded without any data processing. Some kinds of network
communication [1, 2] have been studied. Zhou et al. [1] designed an efficient near-duplicate elimination
approach for visual sensor networks. Zhang et al. [2] studied relocation of sensors with minimum number
of mobile sensors. The coding means [3–5] in network communication have been used. A fast motion
estimation method is proposed to reduce the encoding complexity to 20% time saving [3]. For reducing
the computational complexity, a content similarity based fast reference frame selection algorithm is also
proposed [4]. Some optimal cluster-based mechanisms are proved to be efficient for load balancing with
multiple mobile sinks for these problems [5].
However, Ahlswede et al. [6] originally proposed a new communication-efficient way over large-scale
networks, i.e., network coding technology. Classical network coding (CNC) has been widely studied and
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it involves single-source multi-cast and k-pair uni-cast communication. CNC can solve perfectly the
single-source multi-cast problem in the butterfly network.
Unfortunately, as a quantum counterpart of CNC, quantum network coding (QNC) for single-source
multi-cast is impossible due to quantum no-cloning theorem [7] and thus it is reduced to the quantum kpair uni-cast problem [8–16]. The demand for perfect QNC (fidelity 1) promoted the further study. Perfect
QNC is infeasible without any additional quantum and classical resources [8–20], while QNC is feasible
with fidelity no more than 0.983 in error-free quantum channels with capacity 1 without any additional
resources. To overcome such imperfection and low transmission efficiency flaws, additional classical
resources or pre-shared multi-particle quantum entanglement including local and global entanglement
were introduced [9–20]. However, generally the preparation and coherence maintenance of prior multiparticle global entanglement is not easy especially in large-scale network. Up to now, only ten-photon
quantum entanglement can be prepared using the present technique [21].
Although there are lots of studies on QNC, Leung et al. [22] pointed out that routing turns out optimal
if an asymptotically large number of uses of the (quantum) butterfly network is allowable. This contrasts
with the advantage of CNC, and demonstrates the difference between quantum and classical information. They also studied communication scenarios with various auxiliary resources and demonstrated that
optimality of routing is essentially unchanged.
Quantum walks (QWs) [23] have received much attention for their intrinsic interest and many possible
uses and they have been experimentally demonstrated [24–27]. Babatunde et al. [28] investigated the
possibility of using a biased one-dimensional (1D) quantum walk to act as a router. Zhan et al. [29]
showed that a perfect state transfer (PST) of an arbitrary unknown single-qubit state and that of an
arbitrary unknown two-qubit state can be achieved through a 1D discrete-time QW on a line and a
2D discrete-time QW on a two-dimensional lattice, respectively. Yalçınkaya and Gedik [30] studied the
perfect transfer of an unknown qubit state via the discrete-time QW on a line or a circle. Periodicity
has been first discussed by Travaglione et al. [31] for the 4-cycle. They have shown the full-revival of the
initial quantum state |Φ0 i = |↑i⊗ |0i after 8 steps with a Hadamard coin. Later, Tregenna et al. [32] have
extended this result by showing that, except the 7-cycle, all N -cycles with N <11 manifest periodicity
with appropriate choices of the parameters (ρ, θ, ϕ) for every initial coin state. These observations offer
a new perspective to analyze the solvability for quantum multi-unicast network in a QW architecture.
This QW architecture plays an important role in this paper for analyzing the specific multi-unicast
network. However, this does not imply anything about the specific QW models on specific graphs (graph,
conditional shift operator and coin flip operator) which need to be designed properly.
The purpose of this paper is twofold. We attempt to either propose a new approach to analyze the
solvability over multi-unicast network or design constructive protocols with lower resources cost in a QW
architecture. The coin states as the internal degree of freedom of two walkers represent the quantum
states to be transferred. QW drives the transmission of the coin states from the source node to the sink
via the butterfly network and the inverted crown network, respectively. By subtly constructing the cycle,
the coin operator and the conditional shift operator, perfect state transmission can be achieved.
The rest of this paper is organized as follows. In Section 2, preminaries are provided about the
knowledge of discrete-time QW and graph. In Section 3, we analyze the solvability on 2-unicast session
over the butterfly network, and design constructive protocols in a QW framework. In Section 4, we
analyze the solvability on 3-unicast session over the inverted crown network, and design constructive
protocols in a QW framework. In Section 5, we discuss the resource consumption and conclude this
paper in Section 6.

2

Preminaries

Definition 1 (Graph). A undirected graph G includes a set of vertices V ={v1 , v2 , v3, . . . } and edge
set E ={(vi , vj ), (vk , vl ), . . . }, where E is a set of unordered pairs of connected vertices. If there are d
edges incident on a vertex vi , we say that vi has degree d. A graph G with N vertices is described by its
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adjacency matrix called Q, which is an N × N matrix satisfying Qij = 1 if (vi , vj ) ∈ E otherwise it is
zero. The adjacency matrix of the graph G contains all information about the graph so that it is unique
to the topology of the graph.
Definition 2 (Discrete-time quantum walk). The time evolution of the discrete-time quantum walk on
a graph is controlled by the application of the unitary operator U = S (I ⊗ C) where S is the conditional
shift operator which affects both the coin space Hc and the position spac Hp . Here Hc and Hp are
spanned by the coin orthogonal basis {|0i, |1i} and the position states {|xi, x ∈ Z}, respectively. C is the
coin operator which only affects the coin space Hc and I is the identity operator applied on the position
space Hp .
For one-dimensional discrete-time QW on a line, the most general coin operator can be written as
"
#
√
√
ρ
1 − ρeiθ
C= √
,
(1)
√
1 − ρeiϕ − ρei(θ+ϕ)
where ρ denotes the bias of the coin, i.e., ρ and 1 − ρ are the probabilities for moving left and right,
respectively. Here, θ and ϕ are the parameters defining the most general unitary operator. For ρ=1/2
and θ=ϕ=0, we obtain the unbiased Hadamard operator. For ρ=1 and θ + ϕ = π, we can obtain the
identity operator I. The conditional shift operator Sl is given by
X
X
Sl = |0i h0| ⊗
|x + 1i hx| + |1i h1| ⊗
|x − 1i hx|,
(2)
x

x

where the sum is taken over all discrete positions in the position space Hp . x stands for the position of
the walker. The position of the walker is changed from x to x+1 if the coin state is |0i. Otherwise, the
walker’s position is changed from x to x − 1. The conditional shift operator Sl decides the direction in
which the walker moves.
For one-dimensional discrete-time QW on a cycle with N nodes, the conditional shift operator Sc is
expressed as follows:



 |0i h0| ⊗ |vi+1 i hvi | + |1i h1| ⊗ |vN i hvi |, for i = 1,
Sc =

|0i h0| ⊗ |v1 i hvi | + |1i h1| ⊗ |vi−1 i hvi |,
for i = N,


 |0i h0| ⊗ |v i hv | + |1i h1| ⊗ |v i hv |, for i 6= 1, N,
i+1
i
i−1
i

(3)

where the position of the walker is changed from vi to vi+1 (vN ) if the coin state is |0i (|1i) for i=1. The
position of the walker is changed from vi to v1 (vi−1 ) if the coin state is |0i (|1i) for i = N . Otherwise,
the walker’s position changes from vi to vi+1 (vi−1 ) for other i.
Definition 3 (Perfect state transfer via the network). Assume N arbitrary quantum inputs |ψA1 i,
|ψA2 i, . . . , |ψAN i at the source nodes A1 , A2 , . . . , AN are transferred to the sink nodes B1 , B2 , . . . , BN ,
respectively. If the state fidelity FBi = |hψAi | ψBi i| = 1 for all i ∈ {1, 2, . . . , N } can be obtained via the
network transmission, the state transfer is called perfect state transfer.

3

Two-unicast communication over the butterfly network

As mentioned by Soeda et al. [33] and Li et al. [10], the two-unicast communication can be regarded as
performing a distributed swap operation over the butterfly network, where two arbitrary quantum inputs
|ψ1 i and |ψ2 i at the source nodes A1 and A2 are transferred to the sink nodes B1 and B2 , respectively
(Figure 1). We can denote this as a distributed computation Uswap |ψ1 iA1 |ψ2 iA2 = |ψ2 iB2 |ψ1 iB1 . It can be
shown that any unitary map on the photon creation operators can be decomposed into a non-interacting
QW, and similarly any non-interacting QW can be expressed as such a unitary network [34]. In this
paper, we show that the two qubit states |ψ1 i and |ψ2 i are transferred simultaneously from the source
nodes A1 and A2 to the sink nodes B1 and B2 , respectively in a discrete-time QW architecture.
Every vertex of the graph G corresponds to a node in the butterfly network. The edges connecting these
vertices specify the quantum channels between these nodes in the butterfly network in Figure 1(a). In this
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(a)

(b)

Figure 1 (Color online) The butterfly network and its corresponding graph. (a) The butterfly network and (b) 6-cycle.
The six nodes connected by blue lines consist of a 6-cycle. A1 and A2 are source nodes. Target nodes B1 and B2 , and
intermediate nodes C1 and C2 .

proposed protocol, we assume that classical communication is free. As mentioned by Leung et al. [22],
free classical communication can effectively reverse the direction of the quantum channels. Thus, free
classical communication makes quantum networks undirected. Based on this conclusion, we describe new
quantum network communication protocols for the butterfly network in a QW framework.
According to the calculations by Yalçınkaya and Gedik [30], PST can be achieved if A1 and B1 (A2

and B2 ) are the first and N2 + 1 th sites for the N -cycle with even N . They showed that PST can be
achieved via a discrete QW with various settings of parameters of coin operators on the N -cycle with
even N . For example, the coin operator with ρ=1 or identity operator allows PST on the N -cycle with
even N . According to the conclusion of [30], we construct a 6-cycle in Figure 1(b).
Assume that two arbitrary quantum inputs to be transferred |ψ1 i and |ψ2 i are |ψ1 i = α1 |0i + β1 |1i
and |ψ2 i = α2 |0i + β2 |1i, which are the initial coin states of the two walkers at the initial positions A1
2
2
2
2
and A2 , respectively, and satisfy the constraints: |α1 | + |β1 | = 1, |α2 | + |β2 | = 1. The total input
quantum states at the nodes A1 and A2 are |ϕ1 i = |A1 i ⊗ |ψ1 i and |ϕ2 i = |A2 i ⊗ |ψ2 i, respectively. |A1 i
and |A2 i are the initial position states of the two walkers. The total quantum state of the two-walker
QW is |Φ0 i = |ϕ1 i ⊗ |ϕ2 i. The two-walker QW takes place in the Hilbert space Ht = H1 ⊗ H2 , where
H1 = Hp1 ⊗ Hc1, and H2 = Hp2 ⊗ Hc2 . The mathematical representation after t steps can be given by
t

|Φt i = (S (I ⊗ C)) |Φ0 i,

(4)

where (S (I ⊗ C))t means that the S operation and the C operation are applied iteratively on |Φ0 i for t
times.



 I ⊗ S2 , k = i 6= B2 ,
S=

(5)

S1 ⊗ I, k = i 6= B1 ,


S ⊗S , k =
6 i,
1
2

where k = i represents both walkers are at the same node. Because of the capacity of quantum channels
bounded by one, only a walker can move when the two walkers are at the same node.



 |0i h0| (|C1 i hA1 | + |A2 i hC1 | + |B1 i hA2 | + |C2 i hB1 | + |B2 i hC2 | + |A1 i hB2 |)
S1 =



 I,

+ |1i h1| (|B2 i hA1 | + |A1 i hC1 | + |C1 i hA2 | + |A2 i hB1 | + |B1 i hC2 | + |C2 i hB2 |), i 6= B1 ,

(6)

i = B1 ,




 |0i h0| (|C1 i hA1 | + |A2 i hC1 | + |B1 i hA2 | + |C2 i hB1 | + |B2 i hC2 | + |A1 i hB2 |)
S2 =
+ |1i h1| (|B2 i hA1 | + |A1 i hC1 | + |C1 i hA2 | + |A2 i hB1 | + |B1 i hC2 | + |C2 i hB2 |), k 6= B2 ,


 I,
k = B2 ,

(7)
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Figure 2 (Color online) Probability (a) and fidelity (b) the QW from A1 to B1 at the butterfly network. The number of
steps t = (N/2) + n × N, N = 6, n = 0, 1, 2, 3, . . ., and α is the amplitude of the initial coin state |ψ0 i = α |0i + β |1i.

The QW procedure can be implemented by repeatedly applying the coin operator C and conditional
shift operator S, where C = C1 ⊗ C2 . We restrict the two coin operators of the two walkers to the identity
operator I.
After t steps, the joint position probability of the walkers 1 and 2 located at nodes B1 and B2 respectively, is
P (B1 , B2 , t) =

X X
i

2

j

|hi, j, B1 , B2 Φt i| .

(8)

The reduced density matrices ρp1 c1 ,t and ρp2 c2 ,t can be obtained by tracing the density matrix ρt =
|Φt i hΦt | over subsystems p2 and c2 , and subsystems p1 and c1 , respectively.
ρp1 c1 ,t = Trp2 c2 (ρt ),

(9)

ρp2 c2 ,t = Trp1 c1 (ρt ).

(10)

The walkers 1 and 2 are initially localized at nodes A1 and A2 , respectively. We are interested in to
what extent the walker 1(2)’s coin state is transferred from A1 to B1 (from A2 to B2 ). For this goal, we
define the state fidelity at time t and node B1 (B2 ) by
q
FB1 ,t = hΨB1 |ρp1 c1 ,t |ΨB1 i,
(11)
q
FB2 ,t = hΨB2 |ρp2 c2 ,t |ΨB2 i,
(12)

where |ΨB1 i = |B1 i ⊗ |ψ1 i, and |ΨB2 i = |B2 i ⊗ |ψ2 i. ρp1 c1 ,t and ρp2 c2 ,t are the reduced density operators
of the walkers 1 and 2 at time t. |ψ1 i and |ψ2 i are the transferred coin states at the nodes A1 and A2 for
t=0, respectively. A PST occurs if FB1 ,t = 1 and FB2 ,t = 1.
By applying iteratively the S operation and the C operation on |Φ0 i, the coin states |ψ1 i and |ψ2 i are
transmitted from A1 to B1 , and A2 to B2 respectively at t = (N/2) + n × N, N = 6, n = 0, 1, 2, 3, . . .. It
is shown that the fidelity and the probability approach both 1 for arbitrary coin states. The numerical
simulation results for the PST from A1 to B1 are shown in Figure 2.

4

Three-unicast communication over the inverted crown network

In the inverted crown network, the source nodes are A1 , A2 and A3 , respectively. They want to communicate with the target nodes B1 , B2 and B3 , respectively. C1 and C2 are the intermediate nodes. The
graph that all nodes are connected by edges looks like an inverted crown, as shown in Figure 3(a).
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(a)

(b)

Figure 3 (Color online) The inverted crown network and its corresponding graph. (a) The inverted crown network.
(b) The corresponding graph. A1 , A2 and A3 are the source nodes. The target nodes are B1 , B2 and B3 , and the
intermediate nodes are C1 and C2 . A cycle is composed of the edges with the same roughness.

The goal of the protocol is to transfer the coin states of A1 to B1 , A2 to B2 , and A3 to B3 , simultaneously
and individually. However, the inverted crown network consists of N = 8 nodes. The pairs {A1 , B1 }

and {A2 , B2 } cannot satisfy the constraint of PST: they should be the {1th, N2 + 1 th} sites if they
are chosen as the outermost sites on the N -cycle with even N . Although the pair {A3 , B3 } satisfies the

condition of being the {1th, N2 + 1 th} sites, it is possibly not optimal to transfer the state |ψ3 i from
A3 to B3 via a QW on 8-cycle. Therefore, to apply the conclusion on the PST on an N -cycle with even
N , we design the efficient QW process to achieve the PST from A1 to B1 , A2 to B2 , and A3 to B3 ,
respectively.
To achieve the PST from A1 to B1 , we divide the process into two sub-cycles as exhibited in Figure 3(b).
• G1 = {A1 , A3 , C1 , B2 }. By running the QW on the cycle G1 , the coin state |ψ1 i is first transferred
perfectly from A1 to C1 .
• G2 = {C1 , A3 , A2 , B1 , C1 , B3 }. C1 relays the coin state |ψ1 i to B1 via the QW on the cycle G2 .
Due to the symmetry, to achieve the PST from A2 to B2 , we divide the process into two parts for the
PST.
• G3 = {A2 , A3 , C2 , B1 }. By running the QW on the cycle G3 , the coin state |ψ2 i is first transferred
perfectly from A2 to C2 .
• G4 = {C2 , A3 , A1 , B2 , C1 , B3 }. C2 relays the coin state |ψ2 i to B2 via the QW on the cycle G4 .
To achieve the PST from A3 to B3 efficiently, we design the graph as G5 = {A3 , C1 , B3 , C2 }.

Assume that three arbitrary quantum inputs to be transferred |ψ1 i, |ψ2 i, and |ψ3 i are |ψ1 i = α1 |0i +
β2 |1i, |ψ2 i = α2 |0i + β2 |1i, and |ψ3 i = α3 |0i + β3 |1i which are the initial coin states of the three
walkers at the initial positions A1 , A2 and A3 , respectively, and satisfy the constraints: |α1 |2 + |β1 |2 = 1,
2
2
2
2
|α2 | + |β2 | = 1, |α3 | + |β3 | = 1. The total input quantum states at the nodes A1 , A2 and A3 are
|ϕ1 i = |A1 i ⊗ |ψ1 i, |ϕ2 i = |A2 i ⊗ |ψ2 i and |ϕ3 i = |A3 i ⊗ |ψ3 i , respectively. |A1 i, |A2 i and |A3 i are
the initial position states of the three walkers. The total quantum state of the three-walker QW is
|Ψ0 i = |ϕ1 i ⊗ |ϕ2 i ⊗ |ϕ3 i .
The three-walker QW takes place in the Hilbert space Ht = H1 ⊗ H2 ⊗ H3 , where H1 = Hp1 ⊗ Hc1,
H2 = Hp2 ⊗ Hc2 and H3 = Hp3 ⊗ Hc3 .
The proposed protocol includes two phases and is described as follows.
(1) The first phase: PST from A1 to C1 , A2 to C2 , and A3 to B3 .

The three walkers 1–3 take the walk on the graphs G1 , G3 and G5 , respectively. The mathematical
representation after t1 steps can be given by
|Ψt1 i = (S (I ⊗ C))t1 |Ψ0 i,
where (S (I ⊗ C))

t1

(13)

means that the S operation and the C operation are applied iteratively on |Ψ0 i for
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t1 times.


 S1 ⊗ S2 ⊗ S3 ,



 I ⊗ S2 ⊗ S3 ,






 S1 ⊗ S2 ⊗ I,
S = I ⊗ I ⊗ S3 ,




I ⊗ S2 ⊗ I,





S1 ⊗ I ⊗ I,




S1 ⊗ I ⊗ S3 ,

i 6= j 6= k,

C2 6= i = j 6= k; B3 6= i = k 6= j,

C1 6= i = k 6= j; C2 6= j = k 6= i,

(14)

i = j = k 6= B3 ,

i = j = k 6= C2 ,
i = j = k 6= C1 ,

B3 6= j = k 6= i; C1 6= i = j 6= k,

C = C1 ⊗ C2 ⊗ C3 = I ⊗ I ⊗ I,

(15)

where i, j, k represent the nodes which the walkers 1–3 are at respectively. And i = j = k represents the
three walkers are at the same node.



 |0i h0| ( |A3 i hA1 | + |C1 i hA1 | + |B2 i hC1 | + |A1 i hB2 |)
S1 =



 I,

S2 =

+ |1i h1| (|A3 i hA2 | + |B1 i hC2 | + |C2 i hA3 | + |A2 i hB1 |), j 6= C2 ,




 {|0i h0| (|C2 i hA3 | + |B3 i hC2 | + |A3 i hC1 | + |C1 i hB3 |)


 I,

(16)

i = C1 ,




 |0i h0| (|B1 i hA2 | + |A2 i hA3 | + |A3 i hC2 | + |C2 i hB1 |)


 I,

S3 =

+ |1i h1| (|B2 i hA1 | + |A3 i hC1 | + |A1 i hA3 | + |C1 i hB2 |), i 6= C1 ,

(17)

j = C2 ,

+ |1i h1| (|C1 i hA3 | + |B3 i hC1 | + |C2 i hB3 | + |A3 i hC2 |), k 6= B3 ,

(18)

k = B3 .

The reduced density matrices ρp1 c1 ,t1, ρp2 c2 ,t1 and ρp3 c3 ,t1 are the reduced density operators of the
walkers 1–3 at time t1 and they can be obtained by tracing the density matrix ρt1 = |Ψt1 i hΨt1 | over the
subsystems p1 and c1 , p2 and c2 , and p3 and c3 , respectively.
ρp1 c1 ,t1 = Trp2 c2 ;p3 c3 (ρt1 ),

(19)

ρp2 c2 ,t1 = Trp1 c1 ;p3 c3 (ρt1 ),

(20)

ρp3 c3 ,t1 = Trp1 c1 ;p2 c2 (ρt1 ).

(21)

The state fidelity at time t1 and the nodes C1 , C2 , and B3 are as follows:
q
FC1 ,t1 = hΨC1 |ρp1 c1 ,t1 |ΨC1 i,
q
FC2 ,t1 = hΨC2 |ρp2 c2 ,t1 |ΨC2 i,
q
FB3 ,t1 = hΨB3 |ρp3 c3 ,t1 |ΨB3 i,

(22)
(23)
(24)

where |ΨC1 i = |C1 i ⊗ |ψ1 i, |ΨC2 i = |C2 i ⊗ |ψ2 i, and |ΨB3 i = |B3 i ⊗ |ψ3 i. The formulas FC1 ,t1 = 1,
FC2 ,t1 = 1, and FB3 ,t1 = 1 hold. This is because the pairs {A1 , B1 } and {A2 , B2 } can satisfy the
constraint of PST: they are the {1st, 3th} sites if they are chosen as the outermost sites on the cycles
G1 , G3 and G5 , respectively.
(2) The second phase: PST from C1 to B1 , and C2 to B2 .
Since the PST has been done from A3 to B3 , in this phase only the PST from C1 to B1 , and C2 to B2
is considered.
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In this phase, the two walkers 1 and 2 take the walk on the graphs G2 and G4 , respectively. The total
quantum states at the nodes C1 and C2 are |ϕ′1 i = |C1 i ⊗ |ψ1 i, |ϕ′2 i = |C2 i ⊗ |ψ2 i, respectively. The total
quantum state of the two-walker QW is |Ψ′0 i = |ϕ′1 i ⊗ |ϕ′2 i.
The mathematical representation after t2 steps can be given by
|Ψt2 i = (S ′ (I ⊗ C))t2 |Ψ′0 i,

(25)

where

′


 I ⊗ S2 , i = j 6= B2 ,
S ′ = S1′ ⊗ I, i = j 6= B1 ,


 S ′ ⊗ S ′ , i 6= j,
1
2

(26)

C = C1 ⊗ C2 = I ⊗ I,

(27)

where i, j represent the nodes which the walkers 1 and 2 are at respectively. And i = j represents the
two walkers are at the same node.



 |0i h0| (|A3 i hC1 | + |A2 i hA3 | + |B1 i hA2 | + |C2 i hB1 | + |B3 i hC2 | + |C1 i hB3 |)
′
S1 =
+ |1i h1| (|B3 i hC1 | + |C2 i hB3 | + |B1 i hC2 | + |A2 i hB1 | + |A3 i hA2 | + |C1 i hA3 |), i 6= B1 , (28)


 I,
i = B1 ,



 |0i h0| (|B3 i hC2 | + |C1 i hB3 | + |B2 i hC1 | + |A1 i hB2 | + |A3 i hA1 | + |C2 i hA3 |)
S2′ =



 I,

+ |1i h1| (|A3 i hC2 | + |A1 i hA3 | + |B2 i hA1 | + |C1 i hB2 | + |B3 i hC1 | + |C2 i hB3 |), j 6= B2 , (29)
j = B2 .

The reduced density matrices ρp1 c1 ,t2 , ρp2 c2 ,t2 are the reduced density operators of the walkers 1 and 2
after t2 steps and they can be obtained by tracing the density matrix ρt2 = |Ψt2 i hΨt2 | over the subsystems
p2 and c2 , p1 and c1 , respectively.
ρp1 c1 ,t2 = Trp2 c2 (ρt2 ),

(30)

ρp2 c2 ,t2 = Trp1 c1 (ρt2 ).

(31)

The state fidelity at time t2 and the nodes B1 , B2 are as follows:
q
FB1 ,t2 = hΨB1 |ρp1 c1 ,t1 |ΨB1 i,
q
FB2 ,t2 = hΨB2 |ρp2 c2 ,t1 |ΨB2 i,

(32)
(33)

where |ΨB1 i = |B1 i ⊗ |ψ1 i and |ΨB2 i = |B2 i ⊗ |ψ2 i. The formulas FB1 ,t2 = 1 and FB2 ,t2 = 1 hold. This
is because the pairs {C1 , B1 } and {C2 , B2 } can satisfy the constraint of PST: they are the {1st, 4th}
sites if they are chosen as the outermost sites on the cycles G2 and G4 , respectively.
To summarize, the coin states |ψ1 i, |ψ2 i and |ψ3 i can be transferred from A1 to B1 , A2 to B2 , A3 to
B3 respectively with both probability and fidelity 1.

5

Discussion

Resource consumption is an important indicator of evaluating a QNC protocol. Firstly, we compared our
scheme with existing QNC protocols in terms of prior local or global entanglement, classical communication and necessary quantum operation, as shown in Table 1.
In [35], Raussendorf et al. introduced another metric of the resource consumption, i.e., three parameters: spatial resources S, operational resources O and temporal resources T . Spatial resources S can
be defined as the number of the required particles associated to a given network G. The operational
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Table 1
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Comparison in terms of resource consumption and fidelity

Prior entanglement

Classical communication

Quantum operation

Average fidelity

Probability

Ref. [3]

Yes

Yes

Yes

0.5 6 f 6 1

1

Refs. [4, 6, 9–14]

Yes

Yes

Yes

1

1

Refs. [5, 15]

Yes

Yes

Yes

1

p61

Our scheme

No

Yes

Yes

1

1

resources O can be defined as the total number of quantum unitary operations involved. As for the
temporal resources, specified by the logical depth T is the minimum number of quantum unitary operation rounds. In this paper, the spatial resource consumption is 2 in that only two walkers are used for
the butterfly network and three walkers for the inverted crown network. Therefore, the spatial resource
independent of the network size is always a constant. The probability and fidelity approach 1. Since the
S operation and the C operation are applied iteratively on the position space and the coin space, the
corresponding temporal resource consumption is also 2 in the butterfly network and 5 in the inverted
crown network.
In conclusion, no prior local or global entanglement is necessary in our QW-based quantum multiunicast communication protocol. Moreover, the spatial resource consumption is a constant independent
of the network size in that only two walkers are used in the butterfly network and three walkers are used
in the inverted crown network. The operational resource consumption is equivalent to the corresponding
temporal resource consumption.

6

Conclusion

In summary, by introducing quantum walks into quantum network communication, we presented a quantum multi-unicast communication scheme over the butterfly network and the inverted crown network,
respectively. In fact, our techniques can be applied to a more general graph. It paves a way to combine
quantum computation and quantum network communication.
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