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Abstract The nonlinear distortion of wideband signal due to the filtering and efficiently operated high
power amplifiers limits the performance of satellite communications. Volterra series can be used to describe
the nonlinear satellite channels effectively. Most existing equalizers simply ignore the nonlinear terms or
treat all the nonlinear combinations of symbols as interference. In this study, by properly exploiting information from nonlinear terms, we propose three turbo equalizers for nonlinear satellite channels, namely, joint
Gaussian (JG), soft interference cancellation-minimum mean square error (SIC-MMSE) and linear minimum
mean square error (LMMSE) equalizers. In JG and SIC-MMSE-based equalizers, both the linear and nonlinear terms that contain the symbol of interest are considered as desired signals. Accordingly, the required
statistics are calculated based on the a priori probabilities of coded bits from output of channel decoder.
For LMMSE-based equalizer, we propose to calculate the extrinsic information from output of equalizer by
excluding the prior information in both the linear and nonlinear terms. Simulation results demonstrate that
the proposed equalizers significantly outperform the method which ignores the presence of nonlinear interferences. Moreover, the nonlinear terms that contain the symbol of interest can be exploited to further improve
the performance of turbo equalization.
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1

Introduction

To meet the increased power demand, high power amplifiers (HPA), such as traveling-wave tube amplifiers
(TWTA) and solid-state power amplifiers (SSPA), are employed in satellite communication systems [1].
In order to obtain better energy efficiency, these HPAs are driven to work as close as possible from
the saturation point, which leads to severe nonlinear distortion. Together with pre-filter and postfilter, both linear inter-symbol interference (ISI) and nonlinear ISI degrade the performance of satellite
communication systems [2]. It is shown in [3] that nonlinear satellite channels can be effectively modeled
by Volterra series representation, which has been widely adopted in many researches [4–7].
Although predistortion technique can be used to mitigate the impact of nonlinear distortion at the
earth station transmitter [8], due to the low signal-to-noise ratio (SNR) of the feedback loop, it is generally
difficult to compensate the nonlinearity of HPA in the satellite directly. Alternatively, at the receiver
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side, equalization can be employed to eliminate the distortion. Many studies have been performed to
develop equalizer in linear channels [9–17]. In conventional solutions, equalization and channel decoding
work separately, which results in performance loss [18]. Thanks to the invention of Turbo codes and their
iterative decoding methods, turbo equalization has been proposed in [19]. By combining a maximum
likelihood sequence estimator (MLSE) or a maximum a posteriori (MAP) detector [20] with channel
decoder, the performance of receiver has been proved to be near optimum in many transmission channels.
However, the complexity of the above methods increases exponentially with the length of channel. To
solve this problem, matched filter-soft interference cancellation (MF-SIC) equalizer [21], soft interference
cancellation-minimum mean square error (SIC-MMSE) equalizer [22] and linear minimum mean square
error (LMMSE) equalizer [23, 24] are investigated for turbo equalization. In [25], a joint Gaussian (JG)
method is proposed for linear code division multiple access (CDMA) system, which is proved in [26] to be
equivalent to LMMSE equalizer with a concise expression. Although the above equalizers can be applied
in nonlinear channels by simply ignoring the nonlinear terms, this approximation will obviously lead to
performance loss [27].
For nonlinear channels, a Volterra filter is proposed in [28] to compensate the signal distortion in
uncoded satellite communication systems. In [29], the BCJR algorithm is employed to obtain the exact
a posteriori probability of symbols. Although this method is optimal, the computational complexity is
very high. Markov chain Monte Carlo methods are proposed in [27] to obtain the marginal posterior
probability with lower computational and storage complexity. Nonlinear ISI estimator is employed in [30]
to estimate and eliminate the interference. The hard decision used in equalizer leads to performance
degradation. In [31], soft interference cancellation is adopted in the equalizer, which is an extension
of [21], where cancellation filter is excited by not only the feedback symbols but also their nonlinear
combinations. LMMSE-based turbo equalizer is studied in nonlinear satellite channel in [32]. However,
the a priori probabilities of symbols are taking into account only for the linear terms.
In this paper, we study turbo equalization for nonlinear satellite channels described by Volterra model.
Three equalizers based on JG, SIC-MMSE and LMMSE methods are considered, respectively. Different
from existing works, both the JG-based and SIC-MMSE-based equalizers exploit information of interested
symbol from not only the linear terms but also the nonlinear combinations. For LMMSE-based turbo
equalizer, we propose to calculate the extrinsic information from the output of equalizer by fully taking
into account the nonlinear terms. The performance gain of the proposed algorithms compared with the
conventional and the state-of-the-art methods is evaluated by Monte Carlo simulations.
The organization of this paper is as follows. System model is introduced in Section 2. Three equalizers
based on JG, SIC-MMSE and LMMSE are proposed in Section 3, respectively. Statistics are derived in
detail and the information exchanged between equalizer and channel decoder are discussed. Simulation
results and discussion are shown in Section 4. Finally, conclusion is drawn in Section 5.

2

System model

Consider a coded linearly modulated signal transmitted over a nonlinear satellite channel illustrated in
Figure 1. Due to the high SNR of uplink, only downlink noise is taking into account. At the transmitter,
the information bit sequence b = [b1 , b2 , . . . , bK ]T ∈ {0, 1}K is encoded by a channel encoder with coding
rate r = K/M , yielding coded bit sequence c = [c1 , c2 , . . . , cM ]T ∈ {0, 1}M . Then, the coded bits are
interleaved to cI = [cI1 , cI2 , . . . , cIM ]T and partitioned into subsequence cIn = [cIn,1 , cIn,2 , . . . , cIn,P ]T . Each
cIn is mapped to a symbol xn ∈ χ, where χ is the constellation set {si }i=1,2,...,2P , with size M. After
pulse shaping of symbol sequence x = [x1 , x2 , . . . , xN ]T , the signal is sent to the channel.
The nonlinear satellite channel consists of pre-filter, power amplifier and post-filter. Pre-filter is used to
remove the interference from adjacent channels, while post-filter restrains the extended spectrum caused
by the nonlinearity of power amplifier. Volterra model can be used to describe the characteristic of
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nonlinear satellite channel, i.e.,
y(n) =

∞ X
X
v=1 n1

X
∗
∗
···
h2v−1
n1 ,...,n2v−1 x(n − n1 ) · · · x(n − nv )x (n − nv+1 ) · · · x (n − n2v−1 ) + w(n),

(1)

n2v−1

where x(n) and y(n) are, respectively, the input and output baseband equivalent signal, h2v−1
n1 ,...,n2v−1 is
the kernel of Volterra series, w(n) is the circularly-symmetric white Gaussian noise with zero mean and
variance σ 2 . Since even-order terms fall out of frequency band of interest [5], only odd terms are reserved
in (1). Generally, a third order Volterra model is adequate to describe a mild nonlinear channel. Then,
Eq. (1) becomes
y(n) =

L0
X
l=0

h(l)x(n − l) +

XXX
i

j

hijk x(n − i)x(n − j)x∗ (n − k) + w(n),

(2)

k

where L0 is the linear ISI length of the channel1) . The channel model in (2) can be written in a matrix
form, i.e.,
XXX
y = H 0 x0 +
Hijk xijk +w,
(3)
i

|

j

k

{z

}

nonlinear interference

where y = [y1 , y2 , . . . , yN +L ]T , x0 = [x1 , x2 , . . . , xN ]T , xijk = [x1−i x1−j x∗1−k , . . . , xN −i xN −j x∗N −k ]T , H0
is a Toeplitz matrix, which characterizes the linear ISI, the Volterra kernel matrix Hijk is a diagonal
matrix with element hijk , N is the block size. It is seen from (3) that, different from the traditional ISI
channel, both linear and nonlinear interference have to be considered in nonlinear satellite channel.

3

Joint Gaussian, SIC-MMSE and LMMSE based turbo equalization for
Volterra channel

Since the nonlinear channel modeled by Volterra series can be described by trellis, BCJR algorithm can
be employed to obtain p(y|xn ). However, the computational complexity increases exponentially with the
channel length. We propose three alternative algorithms based on JG, SIC-MMSE and LMMSE. In JG
method, interference is approximated by additive Gaussian noise, hence, p(y|xn ) can be expressed in
Gaussian form. In SIC-MMSE and LMMSE, the soft symbol estimation x̂n is calculated first and then
p(y|xn ) is approximated by p(x̂n |xn ). We remark that, different from existing works, those nonlinear
interference terms that contain the interested symbol xn will be exploited.
1) The length of the nonlinear channel L is the maximum value of ISI length of linear and nonlinear part.
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Joint Gaussian-based equalizer

We can rewrite (3) to characterize different terms as follows:
X q q
XX n
ijk nijk
y = hn0 xn0
+
h0 x0 +
hijk
xijk
+
| {z }
nijk i,j,k
q6=n
desired signal
| {z }
|
{z
}
linear ISI

nonlinear interference with xn

X

X

ijk
ijk
hijk
xijk

{z

}

q

q

+w,
(4)

qijk 6=nijk i,j,k

|

nonlinear interference without xn
n

q

ijk
ijk
and hijk
are the nijk th and
where hn0 and hq0 are the nth and qth column of H0 , respectively, hijk
nijk
qijk
q
n
qijk th column of Hijk , respectively, x0 , x0 , xijk and xijk are the nth, qth, njik th and qijk th elements
in x0 and xijk . n and nijk are the indexes of elements that contain xn 2) .
nijk nijk
It can be observed from (4) that both the linear term hn0 xn0 and nonlinear terms hijk
xijk are related
nijk nijk
to xn . Depending on whether the nonlinear terms hijk xijk is considered as useful signal or not, in the
following, we will derive two JG-based equalizers.
P
q q
When only the linear term hn0 xn0 is considered as useful signal, the other terms
q6=n h0 x0 +
P
i,j,k Hijk xijk + w are taken as interference, which is assumed to be Gaussian distributed, with mean
mn and variance vn given as


X q q X
X
mn = E 
h0 x0 +
Hijk xijk + w = H0 E(x′0 ) +
Hijk E(xijk ),
(5)

q6=n

i,j,k

i,j,k

and


vn =cov 

X

hq0 xq0 +

q6=n

X

Hijk xijk + w,

i,j,k



=cov H0 x′0 +

X

i,j,k

X

i,j,k

X

i,j,k

+

hq0 xq0 +

q6=n

Hijk xijk , H0 x′0 +

=H0 cov(x′0 , x′0 )H0H +
X X

X

X

i,j,k

Hijk xijk + w



Hijk xijk  + σ 2 I


H
+
H0 cov(x′0 , xijk )Hijk

Hijk cov(xijk , xi′ j ′ k′ )HiH′ j ′ k′



X

i,j,k

H

H 
H0 cov(x′0 , xijk )Hijk

2

+ σ I,

(6)

i,j,k i′ ,j ′ ,k′

where x′0 = [x1 , . . . , xn−1 , 0, xn+1 , . . . , xN ]T .
Based on (4)–(6), we have
p(y|xn ) ∼ N (hn0 xn + mn , vn ).

(7)

Since only the linear term hn0 xn is considered as useful signal, we refer this method as ‘JG-L’.
nijk nijk
On the other hand, when both the linear term hn0 xn and the nonlinear terms hijk
xijk are considered
as useful signal, the rest of the terms is regarded as interference. Similarly, we have the mean and
covariance given as


X q q
X X q
ijk qijk 
mn = E 
h0 x0 +
hijk
xijk ,
(8)
q6=n

qijk 6=nijk i,j,k

and


vn =cov 

X

q6=n

hq0 xq0 +

X

X

qijk 6=nijk i,j,k

q

q

ijk
ijk
hijk
xijk
+ w,

X

q6=n

hq0 xq0 +

X

X

qijk 6=nijk i,j,k

q

q



ijk
ijk
hijk
xijk
+ w

2) The elements in xijk that contain xn are in the form of xn xj x∗k , xi xn x∗k , xi xj x∗n , xn xn x∗k , xn xj x∗n , xi xn x∗n and
xn xn x∗n , where i, j, k are integers but not n.
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=cov H0 x′0 +

X

Hijk x′ijk , H0 x′0 +

i,j,k

=H0 cov(x′0 , x′0 )H0H +
+

i,j,k

X

i,j,k

X

i,j,k
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Hijk x′ijk  + σ 2 I


H
H0 cov(x′0 , x′ijk )Hijk
+

X

i,j,k

H

H 
H0 cov(x′0 , x′ijk )Hijk

Hijk cov(x′ijk , x′i′ j ′ k′ )HiH′ j ′ k′ + σ 2 I,

(9)

i′ ,j ′ ,k′

where x′ijk has the same form as xijk except that the elements which contain xn are zero.
Based on (4), (8) and (9), we have


XX n
nijk
ijk
p(y|xn ) ∼ N hn0 xn +
hijk
E(xijk
|xn ) + mn , vn  .

(10)

nijk i,j,k

n

n

ijk
ijk
Since not only the linear term hn0 xn0 but also the nonlinear terms hijk
xijk
are considered as useful
signal, we refer this method as ‘JG-NL’.
The expectations and covariances in (5), (6), (8) and (9) are calculated based on the a priori probabilities (APPs) of coded bits given by the channel decoder. Moreover, the covariances are derived based on
the expectations of symbols and their nonlinear combinations, e.g., cov(xijk , xi′ j ′ k′ ) = E(xijk xH
i′ j ′ k′ ) −
E(xijk )E(xi′ j ′ k′ )H . The expectations of matrix and vectors are calculated element by element. Taking
∗ ∗ ∗
E(xijk xH
i′ j ′ k′ ) as example, the variables are in the form of xi xj xk xi′ xj ′ xk′ . Due to the discrete characteristic of symbols and independent relationship between different symbols, E(xi xj x∗k x∗i′ x∗j ′ xk′ ) is calculated
as follows:
Y
E(xum x∗v
(11)
E(xi xj x∗k x∗i′ x∗j ′ xk′ ) =
m ),

m

E(xum x∗v
m) =

M
X

p(xm = si )sui s∗i v ,

(12)

i=1

p(xm = si ) =

Y

p(cIm,p ),

(13)

p

where p(cIm,p ) is the APP of cIm,p that is fed back from the channel decoder, u and v are the numbers
that xm and x∗m appear in the term xi xj x∗k x∗i′ x∗j ′ xk′ . Other expectations can be calculated in a similar
way.
Given the expression of p(y|xn ) in (7) and (10), the extrinsic log-likelihood ratio (LLR) of coded bits
from the JG-based equalizer and demapper to the deinterleaver is given by
P
Q
I
p(cIn,p = 0|y)
∀xn :cIn,p =0 p(y|xn )
p′ 6=p p(cn,p′ = dn,p′ )
e I
I
P
Q
(14)
L (cn,p |y) = ln
−
L(c
)
=
ln
,
n,p
I
p(cIn,p = 1|y)
∀xn :cI =1 p(y|xn )
p′ 6=p p(cn,p′ = dn,p′ )
n,p

where cIn,p = i means the pth bit of cIn is i, and xn : cIn,p = i refers to the symbol xn corresponding to cIn
whose pth bit is i.
3.2

SIC-MMSE-based equalizer

SIC-MMSE equalizer consists of two components, i.e., soft interference canceller and linear filter. The
interference from other symbols are eliminated roughly by using their expectations, and then the residual
interference is processed by a linear filter.
In a similar way to that of the JG-based equalizer, we are able to derive two SIC-MMSE equalizers
depending on whether the nonlinear terms which contain xn are regarded as useful signal or not.
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When only the linear term related to xn is considered as useful signal and all the nonlinear terms are
considered as interference, the output of soft interference canceller is given by


X q q X
ỹ = y − E 
h0 x0 +
Hijk xijk  ,
(15)
q6=n

i,j,k

where the expectation is calculated based on the a priori information from the channel decoder.
A linear filter is then employed to eliminate the residual interference. The final soft decision symbol is
x̂n = cH ỹ,

(16)

cH = E(xn ỹ H )E(ỹ ỹ H )−1 .

(17)

where cH is the coefficient vector given by

The first term E(xn ỹ H ) in (17) is derived as


E(xn ỹ H ) =E[xn (H0 (x0 − E(x′0 )))H ] + E xn
H
=E(xn x∗n )sH
n H0 +

X

X

i,j,k



(Hijk (xijk − E(xijk )))H  + E(xn wH )

H
,
cov(xn , xijk )Hijk

(18)

i,j,k

where sn = [0, . . . , 0, 1, 0, . . . , 0]T , i.e., the nth element is 1, others are all zero. The second term E(ỹ ỹ H )
in (17) can be derived as
E(ỹ ỹ H ) =E[(H0 (x0 − E(x′0 )))(H0 (x0 − E(x′0 )))H ]


X
+ E (H0 (x0 − E(x′0 )))
(Hijk (xijk − E(xijk )))H 
i,j,k



+E

X

i,j,k

+



(Hijk (xijk − E(xijk )))(H0 (x0 − E(x′0 )))H 

X X

Hijk cov(xijk , xi′ j ′ k′ )HiH′ j ′ k′ + σ 2 I

i,j,k i′ ,j ′ ,k′

=H0 V0′ H0H



+

X

i,j,k

+

X X



H 
H0 cov(x0 , xijk )Hijk

Hijk cov(xijk , xi′ j ′ k′ )HiH′ j ′ k′



+
2

X

i,j,k

+ σ I,

H

H 
H0 cov(x0 , xijk )Hijk

(19)

i,j,k i′ ,j ′ ,k′

where V0′ = diag[var(x1 ), . . . , var(xn−1 ), E(|xn |2 ), var(xn+1 ), . . . , var(xN )].
Combining (15)–(19), we can obtain the soft symbol estimation x̂n . We refer this method as ‘SICMMSE-L’.
nijk nijk
As we have discussed, nonlinear terms hijk
xijk also contain xn and therefore can be reserved in
useful signal3) . Based on this observation, the interference canceller can be written as


X q q
X X q
q
ijk
ijk 
ỹ = y − E 
h0 x0 +
hijk
xijk
.
(20)
q6=n

qijk 6=nijk i,j,k

3) Note that nonlinear terms that have only one xn will be reserved.
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Then, the two terms to calculate the coefficient vector c in (17) are given by
X
H
E(xn ỹ H ) = E(|xn |2 )(H0 sn )H +
△n,ijk Hijk
,

(21)

i,j,k

and
E(ỹ ỹ H ) = H0 V0′ H0H +

X

i,j,k

+

X X



H
H0 △0,ijk Hijk
+

Hijk △ijk,i′ j ′ k′ HiH′ j ′ k′

X

i,j,k

H

H 
H0 △0,ijk Hijk

+ σ 2 I,

(22)

i,j,k i′ ,j ′ ,k′

where △n,ijk = E[(xn )(xijk − E(x′ijk ))], △0,ijk = E[(x0 − E(x′0 ))(xijk − E(x′ijk ))H ], and △ijk,i′ j ′ k′ =
E[(xijk − E(x′ijk ))(xi′ j ′ k′ − E(x′i′ j ′ k′ ))H ]. The element having only one xn in E(x′ijk ) and E(x′i′ j ′ k′ ) is
zero, and others are calculated based on the APPs of coded bits obtained from channel decoder.
Combining (16), (17), and (20)–(22), we name this method ‘SIC-MMSE-NL’, since nonlinear terms
that contain xn are also exploited.
We approximate the conditional distribution of SIC-MMSE equalizer output as Gaussian distribution
[33], i.e.,
p(x̂n |xn ) ∼ N (E(x̂n |xn ), var(x̂n |xn )),

(23)

where the mean and variance are expressed as
E(x̂n |xn ) = cH E(ỹ|xn ),

(24)

and
H
var(x̂n |xn ) = E(x̂n x̂H
n |xn ) − E(x̂n |xn )E(x̂n |xn )

= cH E(ỹ ỹ H |xn )c − |E(x̂n |xn )|2 .

(25)

Then, the extrinsic information from SIC-MMSE equalizer to the demapper and deinterleaver is given by
P
Q
I
p(cIn,p = 0|x̂n )
∀xn :cIn,p =0 p(x̂n |xn )
p′ 6=p p(cn,p′ = dn,p′ )
I
e I
Q
(26)
L (cn,p |x̂n ) = ln
− L(cn,p ) = ln P
.
I
p(cIn,p = 1|x̂n )
∀xn :cIn,p =1 p(x̂n |xn )
p′ 6=p p(cn,p′ = dn,p′ )
3.3

LMMSE-based equalizer

H
LMMSE equalizer is an affine transform [23,34], i.e., x̂n = aH
n y +bn , where an is the coefficient vector and
bn is the bias. In linear Gaussian model, when the symbol obeys Gaussian distribution, it is equivalent
to minimum mean square error (MMSE)/MAP detector. Specifically, when bn is set to zero, it becomes
Wiener equalizer. The expressions of LMMSE equalizer and Wiener equalizer are given as follows:
For LMMSE equalizer,

x̂n = E(xn ) + cov(xn , y)cov(y, y)−1 (y − E(y)).

(27)

x̂n = E(xn y H )E(yy H )−1 y.

(28)

For Wiener equalizer,

In turbo equalization, the extrinsic information from output of equalizer should be calculated based on
x̂n that does not depend on L(cIn,q ) [23]. Therefore, based on turbo principle, Eq. (27) can be rewritten
as
−1
x̂n = aH
(y − E(y))|p(xn )=1/M ,
n (y − E(y))|p(xn )=1/M = cov(xn , y)cov(y, y)

(29)
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where the expectation and covariance are calculated based on the condition that the possible values of
xn are equal-probable.
We derive the statistics in (29) term by term. Different from the linear ISI channel discussed in [23],
due to the nonlinear combination of symbols in y, there is no concise expression for these statistics.
The first term cov(xn , y) is given by



X
cov(xn , y)|p(xn )=1/M = cov(xn , H0 x0 ) + cov xn ,
Hijk xijk 
i,j,k

H
= sH
n H0 +

X

p(xn )=1/M

H
cov(xn , xijk )Hijk

.

(30)

p(xn )=1/M

i,j,k

The second term is derived as


cov(y, y)|p(xn )=1/M


H
X
X

H
H 
= H0 cov(x0 , x0 )H0H +
H0 cov(x0 , xijk )Hijk
+
H0 cov(x0 , xijk )Hijk
i,j,k

+

X X

i,j,k i′ ,j ′ ,k′

i,j,k



Hijk cov(xijk , xi′ j ′ k′ )HiH′ j ′ k′ + σ 2 I 

,

(31)

p(xn )=1/M

where cov(x0 , x0 ) is a diagonal matrix, the nonzero elements are the corresponding variance of symbols.
The last term in (29) is derived as
X
y − Ep(xn )=1/M (y) = y − H0 E(x′0 ) −
Hijk E(xijk )|p(xn )=1/M .
(32)
i,j,k

Substituting (30)–(32) into (29), we have the LMMSE equalizer for nonlinear channel. Note that for
each xn , the statistics related to the nonlinear combination of symbols in (30)–(32), e.g., cov(x0 , xijk ),
have to be recalculated by setting p(xn ) = 1/M. To reduce complexity, one can ignore this constraint
and using prior information from channel decoder output directly for the nonlinear terms. Accordingly,
for different xn , the parts of the statistics related to the nonlinear terms are not needed to be recalculated.
This approximation leads to the result in [32], which will be also evaluated in Section 4.
In a similar way, we can calculate the statistics in (28) for Wiener equalizer, i.e.,


X
H
H 
E(xn ynH )|p(xn )=1/M = E(xn xH
E(xn xH
,
(33)
0 )H0 +
ijk )Hijk
i,j,k

p(xn )=1/M

and



H
E(yn ynH )|p(xn )=1/M = H0 E(x0 xH
0 )H0 +
+

X X

i,j,k

i′ ,j ′ ,k′

X

i,j,k



H

H0 E(x0 xH
ijk )Hijk +

X

i,j,k

H 
H0 E(x0 xH
ijk )Hijk



H
2 
Hijk E(xijk xH
i′ j ′ k′ )Hi′ j ′ k′ + σ I

H

.

(34)

p(xn )=1/M

As in [23, 35], we approximate p(x̂n |xn ) as Gaussian distribution. Then, for LMMSE equalizer, the
mean and covariance are given as follows:
E(x̂n |xn ) = aH
n (E(yn |xn ) − E(yn )|p(xn )=1/M ),
cov(x̂n , x̂n |xn ) =

aH
n cov(yn , yn |xn )an .

(35)
(36)
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Computational complexity per symbol per iteration

Algorithm

BCJR

LMMSE [23]

LMMSE [32]

Proposed JG

Proposed SIC-MMSE

Proposed LMMSE

Complexity

O(ML )

O(S 3 +SM)

O(S 3 +L2 S 2 KM)

O(S 3 +L2 S 2 KM)

O(S 3 +L2 S 2 KM2 )

O(S 3 +L2 S 2 KM2 )

For Wiener equalizer, the mean and covariance are
E(x̂n |xn ) = aH
n E(yn |xn ),
cov(x̂n , x̂n |xn ) =

(37)

aH
n cov(yn , yn |xn )an .

(38)

Extrinsic information can be achieved by taking (35)–(38) into (26). We can find that the expectation
and covariance should be recalculated for each constellation point, which is too complex for high order
modulation. Inspired by [23,35], p(x̂n |xn ) can be approximated by the probability density function of the
output error, p(x̂n |xn ) ≈ p(en |xn ), where en = x̂n − kxn . After some derivations and approximations, we
−1
can find that, with p(xn ) = 1/M, k = cov(x̂n , xn ) = aH
cov(y, xn ),
n cov(y, xn ) = cov(xn , y)cov(y, y)
and the corresponding mean and variance of en are given as follows:
E(en ) = 0,

(39)
H

H

var(en ) = cov(x̂n , x̂n ) − cov(x̂n , xn )cov(x̂n , xn ) = cov(x̂n , xn )(1 − cov(x̂n , xn ) ).

(40)

In fact, the covariance matrixes have been obtained during calculating the soft decision symbol x̂n . By
simply replacing k with E(xn ỹ H )E(ỹ ỹ H )−1 E(xn ỹ H )H , this method is also applicable to SIC-MMSE-based
equalizer and the corresponding p(x̂n |xn ) in (26) is Gaussian distribution with mean kxn and variance
k(1 − k)∗ .
3.4

Complexity analysis

Similar to the traditional LMMSE equalizer in [23, 32], sliding window is used in the proposed methods
to reduce the complexity. It is shown in [36] that, for a suitable window size S, performance degradation
due to the sliding window can be ignored. Only the computational complexity per symbol per iteration
of equalizer is considered here.
Consider a Kth order nonlinear Volterra channel with memory length L and the number of nonlinear
terms is L. The size of constellation is M. The complexity of BCJR algorithm depends on the number
of trellis states, which is O(ML ) per symbol per iteration. The complexity of other algorithms consists
of two parts: calculating inverse matrix and statistical matrices. Only taking the linear terms into
consideration, the complexity of the traditional LMMSE equalizer [23] is O(S 3 + SM) per symbol per
iteration, where O(S 3 ) arises from the calculation of inverse matrix and O(SM) is due to the calculation of
statistical matrix. The complexity of JG-based equalizer is the same as the LMMSE equalizer in [32], i.e.,
O(S 3 +L2 S 2 KM) per symbol per iteration. Where L2 is the number of statistical matrices related to pure
nonlinear terms. The complexity of exact SIC-MMSE and LMMSE-based equalizer is O(S 3 +L2 S 2 KM2 )
per symbol per iteration, when the approximation method is used for calculating extrinsic information,
it reduces to O(S 3 + L2 S 2 KM). The computational complexities of different algorithms are summarized
in Table 1.
3.5

Relationship between different equalizers

In linear ISI channel, JG and LMMSE equalizers are proved to be equivalent [26]. For nonlinear memory
channel, however, no such equivalence holds due to the nonlinear interferences. It is difficult to find any
direct relationships between JG equalizer and others. As to SIC-MMSE and LMMSE equalizers, they
can be written in the form of x̂ = aH (y − b), where aH is the coefficient vector and b is the bias vector.
Both of them can be considered as a canceller followed by a filter. Therefore, the same structure can be
used for the implementation of LMMSE and SIC-MMSE equalizers, but with different cancellation terms
and coefficients of filters. Also, we can find that the proposed SIC-MMSE-L method is equivalent to the
LMMSE equalizer in [32] when the prior probability of decision symbol is set to be equally-likely only for
the linear terms.
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Figure 2 (Color online) BER performance of the proposed JG-based turbo equalizers for BPSK signal.
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Figure 3 (Color online) BER performance of the proposed SIC-MMSE-based turbo equalizers for BPSK signal.

Simulation results

The proposed turbo equalizers based on JG, SIC-MMSE, and LMMSE are evaluated by means of Monte
Carlo simulations. The number of information bits in each frame is set to 1024, the rate-1/2 (117,
155) convolutional code with truncated termination is used for channel coding. 16-random interleaver
is employed to scramble the coded bits in order to reduce burst error and produce the independence
between symbols.
The nonlinear Volterra model is yn = 0.407(n)+0.815(xn −1)+0.407x(n−2)+0.4x(n)x(n−1)x∗(n−2).
The memory depth of channel is 2, and the size of sliding window is 11. The number of turbo iteration
is 4, unless otherwise specified.
Bit error rate (BER) performance of the proposed JG-based turbo equalizers is evaluated in Figure 2
for BPSK signal. For comparison purpose, the results by BCJR algorithm and that by ignoring the
nonlinear interference [23, 27] (named as ‘Linear’) are also plotted. It can be observed that the proposed
JG-NL equalizer, which takes the nonlinear terms that contain the symbol to be detected as useful signal,
performs very close to BCJR algorithm at high SNRs and significantly outperforms the ‘Linear’ method.
Interestingly, although nonlinear channel instead of linear channel is used and the statistics of nonlinear
interference is considered, JG-L equalizer performs worse than the ‘Linear’ method. This may be due to
the large deviation of the mean and covariance obtained in JG-L.
BER performance of the proposed SIC-MMSE and LMMSE equalizers using exact extrinsic information
for BPSK signal is illustrated in Figures 3 and 4, respectively. It is seen that all the proposed algorithms
have superior performance than the ‘Linear’ method, which reveals that not only linear ISI but also
nonlinear interference have been eliminated. By properly reserving the nonlinear terms as useful signal in
the interference cancellation step, about 1dB performance gain can be obtained by using SIC-MMSE-NL
compared with SIC-MMSE-L at BER = 10−4 . In Figure 4, we can observe that the proposed LMMSE
and Wiener equalizers have superior performance than the LMMSE equalizer in [32] at medium to high
SNRs. This is due to the fact that ref. [32] excludes only the prior information of the linear term when
calculating the extrinsic information from the output of equalizer, which is an approximation of the
proposed algorithms. Moreover, LMMSE equalizer outperforms Wiener equalizer via including nonzero
bias. We remark that although LMMSE and Wiener equalizers are based on linear transforming, when
they are properly designed for Volterra channel, nonlinear interference can also be eliminated.
Convergence behavior for the proposed algorithms is shown in Figure 5 for BPSK signal at Eb /N0 =
4 dB. We can see that all the proposed equalizers are able to converge. After 4 iterations, the performance
gain by increasing the number of iterations becomes negligible.
As discussed in Section 3, for SIC-MMSE and LMMSE equalizers, the extrinsic information from
equalizer to demapper has to be calculated for all the possible values of the symbol, which leads to
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Figure 4 (Color online) BER performance of the proposed LMMSE-based turbo equalizers for BPSK signal.

0

2

4

6
Iterations

8

10

Figure 5 (Color online) Convergence behavior for the
proposed algorithms for BPSK signal.

10 0

10 0

10 −1

10 −1

BER

BER

10 −2
10 −3

10 −2
10 −3

Linear [22]
LMMSE [32]
Proposed LMMSE
SIC−MMSE−NL
JG−NL

10 −4
SIC−MMSE−NL−Appro
SIC−MMSE−NL−Exact
LMMSE−Appro
LMMSE−Exact

10 −5

10 −4

10 −6

10 −5
1

2

3
4
Eb /N0 (dB)

5

6

Figure 6 (Color online) Performance comparisons by using the approximation in (39) and (40) for BPSK signal.
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Figure 7 (Color online) BER performance of the proposed algorithms for QPSK signal.

high complexity for high order modulations. This problem can be solved by using (39) and (40) to
approximate the distribution of the output error of equalizer. The performance of the proposed SICMMSE and LMMSE equalizers by using this approximation is evaluated in Figure 6 for BPSK signal, and
compared with that using the exact solutions. It is seen that performance loss due to this approximation
for SIC-MMSE and LMMSE equalizers is negligible, which provides a low complexity implementation in
practice.
The proposed algorithms are evaluated for QPSK signal in Figure 7. For clarity purpose, only the
equalizers that properly consider the information in nonlinear terms, i.e., JG-NL, SIC-MMSE-NL and
the proposed LMMSE equalizers, are plotted. Extrinsic information obtained by approximation method
is used for SIC-MMSE-NL and LMMSE equalizer in order to reduce the complexity. We can see that
the proposed equalizers perform close to each other, although JG-NL slightly outperforms the other
two. Moreover, the proposed equalizers have superior performance than [23], which simply ignores the
nonlinear term, and also outperforms the LMMSE method in [32], which does not exclude the prior
information of nonlinear terms when calculating of extrinsic information.

5

Conclusion

In this paper, we studied turbo equalization for nonlinear satellite channels represented by Volterra
model. Based on the observation that the interested symbol is present not only in the linear terms but
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also in the nonlinear combinations of symbols, three equalizers based on JG, SIC-MMSE and LMMSE
were proposed. Depending on whether the nonlinear terms that contain the interested symbol were
treated as useful signals, JG-L, JG-NL, and SIC-MMSE-L, SIC-MMSE-NL were derived. For LMMSEbased equalizer, we proposed to calculate the extrinsic information from output of equalizer by excluding
the prior information in both the linear and nonlinear terms. Based on this method, LMMSE and
Wiener-based turbo equalizers were presented. Simulation results showed that all the proposed equalizers
significantly outperformed the method that ignored the nonlinear terms. The proposed JG-NL and
SIC-MMSE-NL have superior performance than JG-L and SIC-MMSE-L, which revealed that nonlinear
terms that contain the symbol of interest should be considered as useful signals. Moreover, the proposed
LMMSE and Wiener equalizers outperformed the existing LMMSE method, which verified the necessary
of excluding the prior information in nonlinear terms when calculating the extrinsic information from
output of equalizer.
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