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Dear editor,
Fast Fourier transform (FFT) is one of the most
fundamental algorithms used in digital signal pro-
cessing. Many applications such as orthogonal fre-
quency division multiplexing (OFDM), long term
evolution (LTE), and ultra-wideband (UWB) sys-
tems require an area efficient, high accuracy FFT
processor. To design a high-precision and low-
complexity FFT/IFFT processor architecture, the
optimum bit sizing technique in each stage is usu-
ally adopted. Many fixed-point pipeline FFT
processors are designed in previous studies [1–5].
However, most of the word length schemes in these
studies are proposed based on long-time fixed-
point simulation. It is difficult to provide an ac-

curate, fast word length scheme because of the
diversity of FFT algorithms and the complexity
of circuit structure. In this letter, we focus on
the widely-used radix-2k decimation-in-frequency
(DIF) fast Fourier transform (FFT) algorithm.
Based on our previous research on fixed-point FFT
signal-to-quantization-noise ratio (SQNR) assess-
ment [6], the analytical expression of the word
length in different stages is deduced. We further
put forward a word length optimization method
based on the analytical expression.

In our previous work [6], we reached an
SQNR analytical expression of radix-22 fixed-point
FFT. We re-list the output SQNR expression as
follows:
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The variables are defined as follows:

• σ2
x is the variance of input signal.

• σ2
ai is the addition noise variance in stage i.

• σ2
mi is the complex multiplication noise vari-

ance in stage i.

• b0 is the initial input word length of FFT and
bi is the word length in stage i (i = 1, 2, . . . , v; v =
log2N).

• Ti is the word length scaling variable in
stage i.

According to addition operation rules, word
length is expected to increase by 1 bit after one
addition. Thus we define Ti = 0 if the word length
increases by 1 bit after the butterfly operation in
stage i. The relationship between b0, bi and Ti is
described as follows:

bi = b0 + i−

i
∑

j=1

Tj. (2)

In order to establish the relationship between
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quantization noise variance and word length, we
analyze the rounding and truncation issues based
on the assumptions proposed in [7]. The addition
noise variance in both rounding and truncation is-
sues is expressed as follows:

σ2
ai =

{

N · αi · 2
−2bi

/

12, rounding,

N · αi · 2
−2bi

/

3, truncation.
(3)

The variable αi is defined according to the addi-
tion operation rules as follows:

αi =

{

1, bi < bi−1 + 1,

0, bi = bi−1 + 1.
(4)

Complex multiplication is usually composed of
four real multiplications. In addition, we usu-
ally ensure that the data word length remains un-
changed after a multiplication operation. Thus,
the multiplication noise variance in both rounding
and truncation issues can be expressed as follows:

σ2
mi =

{
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/

3, rounding,
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/

3, truncation.
(5)

ni is the number of non-trivial twiddle factors in
the radix-2k algorithm. We revealed the value of
ni in Appendix A.

Although (1) is extended to both rounding and
truncation issues, it is still not complete. The to-
tal quantization noise should consist of two parts.
One part is the quantization noise generated by
the internal arithmetic operations of fixed-point
FFT. Another is the initial inherent quantization
noise associated with the input fixed-point data.
The quantization noise power of the input b0-bit
fixed-point data can be expressed as follows:

PE ini =

{

2−2b0
/

12, rounding,

2−2b0
/

3, truncation.
(6)

Thus, the quantization noise power PE should
be the sum of addition noise power PA, multiplica-
tion noise power PM , and the initial quantization
noise power PE ini. By substituting (3), (5) and
(6) into (1), the modified SQNR assessment ex-
pression is described as follows:
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Different radix-2k algorithms correspond to the
different values of ni. Thus, the modified SQNR
analytical form (7) is suitable for radix-2k algo-
rithms.

Define that
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R = SQNR0/SQNR. (11)

The expression of the word length scaling variable
Ti is derived as follows. The detailed derivation

process is described in Appendix B.
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(12)
The current stage scaling variable Ti is closely

related with b0, SQNR, and the scaling variables
of previous stages: {T1, T2, . . . , Ti−1}. By substi-
tuting (12) into (2), the presentation of internal
word length sequence {bi} is finally obtained.

According to the derivation above, the internal
word length {bi} can be directly calculated. We
set up a recursive feedback mechanism to generate
the word length scheme {bi} according to a set of
constraints. This mechanism is summarized as a
word length optimization method as follows:

(1) Input constraints. b0, SQNR, NFFT and
quantization mode (rounding/truncation).
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Table 1 Wordlength optimization of a 16384-point fixed-point FFT

Schemes b0 b1 b2 b3 b4 b5 b6 b7 b8 b9 b10 b11 b12 b13 b14 Memory (bit)

Regular 24 24 24 24 24 24 24 24 24 24 24 24 24 24 24 786432

Proposed 16 17 18 18 19 20 21 21 22 23 24 25 26 27 27 581004

(2) Assign initial value. SQNRini = SQNR.
(3) Calculate {Ti} with SQNRini using (12).
(4) Substitute {Ti} into (7) to obtain SQNRest.
(5) Calculate the SQNR error of current solu-

tion {Ti} by SQNRerr = SQNRest − SQNR.
(6) Revise SQNRini by SQNRini = SQNRini −

SQNRerr.
(7) Repeat (3)–(6) until the SQNR error is less

than a threshold.
(8) Transform {Ti} to {bi} using (2).
(9) Output {bi}.
It is worth mentioning that the whole proce-

dure of the above described method is based on
the derived equations. The convergence time of
this recursive process depends on the threshold.
It takes little time to complete the recursive steps
and obtain the word length scheme {bi}.

Applying the optimum bit sizing technique to
large-size FFT undoubtedly saves more hardware
resources. Thus, in order to validate the effec-
tiveness of our method, we consider a 16384-point
FFT word length optimization issue as an exam-
ple.

Table 1 shows the comparison between the word
length scheme generated by the proposed method
and that usually adopted. The SQNR performance
of the two schemes are both about 70.1 dB. Our
method significantly reduces the memory usage
by 26.1% compared with the 24-in-24-out scheme.
The calculation of the memory bit count is shown
in Appendix C.

Conclusion and future work. In this letter, we
extend the SQNR assessment to the radix-2k algo-
rithm under both rounding and truncation cases.
We further derive the analytical word length ex-
pression based on this modified SQNR assessment
expression. A word length optimization method is
proposed accordingly. Considering a 16384-point
fixed-point FFT as an example, an optimized word
length scheme is achieved. In conclusion, the pro-

posed method rapidly and accurately generates
word length optimization schemes that realize an
efficient trade-off between FFT performance and
hardware expenditure.
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