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Abstract This paper considers the impulsive control of unstable neural networks with unbounded time-

varying delays, where the time delays to be addressed include the unbounded discrete time-varying delay

and unbounded distributed time-varying delay. By employing impulsive control theory and some analysis

techniques, several sufficient conditions ensuring µ-stability, including uniform stability, (global) asymptotical

stability, and (global) exponential stability, are derived. It is shown that an unstable delay neural network,

especially for the case of unbounded time-varying delays, can be stabilized and has µ-stability via proper

impulsive control strategies. Three numerical examples and their simulations are presented to demonstrate

the effectiveness of the control strategy.
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1 Introduction

Neural networks have wide applications in many fields such as pattern recognition, parallel computing,

image processing, association, and optimal computation, see [1–7]. In these applications, time delays

are frequently encountered owing to the finite switching speed of hardware and communication time.

Moreover, sometimes it is necessary to introduce time delays to acquire a desired performance. For

example, time delays are introduced in signals transmitted between cells to process moving images [8,9].

Time delays are often introduced in neural networks to exhibit chaotic phenomena that can be applied

to secure communication [10]. Hence, neural networks with time delays have attracted wide interest, and

a large number of results have been reported in recent years, for example [11–14].

In fact, in many practical delayed neural networks, time delays are variant and sometimes may depend

deeply on the information of the history so that they are unbounded, or are known only to be time

varying but nothing else [15–18]. Moreover, neural networks with time delays admit infinite dimensional

structures. In such cases, the essential problem of dynamics analysis for neural networks with unbounded

time-varying delays becomes technically quite difficult. Recently, some interesting results on the dynam-

ics of neural networks with unbounded time-varying delays were reported, see [19–24]. In particular,
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Ref. [19] introduced a new concept of µ-stability and investigated the global dynamics of neural networks

with unbounded time-varying delays. Ref. [21] investigated the global asymptotic stability and global

exponential stability of neural networks with unbounded time-varying delays via some novel analysis

techniques. Ref. [22] studied the global µ-stability of complex-valued neural networks with unbounded

time-varying delays via Lyapunov-Krasovskii functional coupled with linear matrix inequality (LMI)

techniques. Recently, Ref. [24] derived some conditions that ensured the multiple µ-stability of neural

networks with unbounded time-varying delays.

It is noted that in many practical applications, impulsive control as a type of hybrid control method is

attractive because it allows the control action on a plant only at some discrete instances, see [25–29]. For

example, in chaos-based secure communication systems [29], impulsive control allows for the stabilization

of a chaotic system using only small control impulses, which may reduce the amount of information to be

transmitted and increase the robustness against the disturbance. In population models [25,27], to control

the population of a type of insect by using its natural enemies, it is natural to release enemies at proper

instances but not in a continuous release. In recent years, many researchers focused their attention

on impulsive control (impulsive stabilization) of delayed neural networks. This is quite different from

the cases of impulsive perturbation, which is a type of robustness problem, and some attractive results

have been presented in the literature, for example [30–41]. The main idea of impulsive control in neural

networks is to introduce an impulse input into the topological structure of the networks and then control

the states of systems. In [33], impulsive control for the global exponential stability of high-order Hopfield-

type neural networks with bounded time-varying delays were studied via the Lyapunov-Razumikhin

technique. Ref. [34] studied the global exponential control of impulsive neural networks with unbounded

continuously distributed delays using an inequality technique from the control point of view. Ref. [35]

introduced a new concept of control topology and studied the synchronization of complex dynamical

networks with bounded time-varying delays via distributed impulsive control. Recently, Ref. [37] studied

the impulsive stabilization and impulsive synchronization of discrete-time delayed neural networks via

time-varying Lyapunov functionals coupled with a convex combination technique. However, most of the

existing results, such as those in [30–41], focus mainly on the impulsive control of dynamics analysis of

neural networks with bounded discrete delays (constant delays or time-varying delays) and unbounded

continuously distributed delays. There are few results dealing with cases of unbounded time-varying

delays owing to the fact that such a model not only depends on the state information of the entire

history, which is time-varying, but is also discontinuous and admits mixed features of continuous and

discrete systems. It is difficult to introduce impulse input into this structure.

In this paper, we investigate the impulsive control of neural networks with unbounded time-varying

delays. Some control results for µ-stability, which includes uniform stability, (global) asymptotical sta-

bility, and (global) exponential stability, are presented by employing impulsive control theory and some

analysis techniques. An outline of this paper is given as follows. In Section 2, we introduce some prelim-

inary knowledge. In Section 3, some impulsive control results for the µ-stability of neural networks with

unbounded discrete time-varying delays and unbounded distributed time-varying delays are presented.

In Section 4, three numerical examples are provided, and a conclusion is given in Section 5.

2 Preliminaries

Let R denote a set of real numbers, R+ a set of nonnegative real numbers, Rn and Rn×m the n-dimensional

and n×m-dimensional real spaces equipped with the Euclidean norm || · ||, respectively, and Z+ a set of

positive integer numbers. For a symmetric A , let λmax(A ) and λmin(A ) be the maximum and minimum

eigenvalues of matrix A , respectively. Let α∨ β and α∧ β denote the maximum and minimum values of

α and β, respectively. A > 0 or A < 0 denotes that matrix A is a symmetric and positive or negative

definite matrix. ⋆ denotes the symmetric block in one symmetric matrix, and I denotes the identity matrix

with appropriate dimensions. Λ = {1, 2, . . . , n}. For any w = (wij)n×n ∈ R
n×n, [w]

+
= (|wij |)n×n. For

any A ⊆ R, B ⊆ Rk (1 6 k 6 n), C(A,B) = {ϕ : A → B is continuous}, C1(A,B) = {ϕ : A → B
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Figure 1 (Color online) State trajectories x = (x1, x2)T of model (3) with different delays τ , where red lines denote the

trajectories of x1, blue lines denote the trajectories of x2. (a) τ=0; (b) τ= 3; (c) τ=8; (d) τ=0.5t.

is continuously differentiable}, PC(A,B) = {ϕ : A → B is continuous everywhere except at a finite

number of points t, at which ϕ(t+), ϕ(t−) exist and ϕ(t+) = ϕ(t)} and PCB(A,B) = {ϕ ∈ PC(A,B) : ϕ
is bounded }. For any α > 0 (or ∞), let PCBα = PCB([−α, 0],Rn), and for each ϕ ∈ PCBα, the norm

is defined by ‖ϕ‖α = sup−α6s60 ‖ϕ(s)‖. Define set Φ = {µ ∈ C1(R+, [1,∞]) : µ is nondecreasing on

[0,∞)}.
Consider the following delayed neural networks:







ẋ(t) = −Cx(t) +Af(x(t)) +Bg
(
x(t− τ(t))

)
+ J, t > 0,

x(s) = φ(s), s ∈ [−α, 0],
(1)

subject to impulsive control:

∆x(tk) = Γk

(
x(t−k )− x⋆

)
, k ∈ Z+, (2)

where x(t) = (x1(t), . . . , xn(t))
T is the state vector of the neural network; φ ∈ PCBα and the impulse

times tk satisfy 0 6 t0 < t1 < · · · < tk → +∞ as k → +∞; C =diag(c1, . . . , cn) denote the net self-

inhibition satisfying ci > 0, i ∈ Λ; A ∈ Rn×n, and B ∈ Rn×n are the connection weight matrix and the

delayed weight matrix, respectively. J is the external input, Γk ∈ Rn×n is the impulsive control matrix,

f = (f1, . . . , fn)
T and g = (g1, . . . , gn)

T represent neuron activation functions satisfying

|fj(u)− fj(v)| 6 lfj |u− v|, |gj(u)− gj(v)| 6 lgj |u− v|,

for j ∈ Λ, u, v ∈ R with lfj , l
g
j being some positive constants. Define Lf .

=diag(lf1 , . . . , l
f
n) and Lg .

=diag(lg1,

. . . , lgn). τ(t) is the transmission delay, and satisfies

0 6 τ(t) 6 α, α 6 +∞.

We note that when α = ∞, the interval [0, α] is understood to be replaced by [0,∞). It has been shown

that the existence of time delays in a neural network may lead to oscillation, instability, or some complex

phenomenon [42, 43]. This assertion can be illustrated by the following example:

ẋ(t) = −x(t) +

(

−0.8 0.2

0.4 −0.8

)

f(x(t− τ(t))) + J, t > 0, (3)

where x = (x1, x2)
T, J = 0 f1 = f2 = tanh(s), and τ is the time delay. Figure 1 shows the trajectories

of network (3) with delays τ = 0, 3, 8 and 0.5t, respectively. One may find that the network (3) will be

gradually destabilized along with the increasing of the time delay. Especially when τ = 8 and 0.5t, the

network becomes unstable.
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Assume that x⋆ = (x⋆
1, . . . , x

⋆
n)

T is an equilibrium point of model (1), and that the impulses in (2) are

viewed as a control of model (1) with respect to the equilibrium point x⋆ at discrete instances. Then, let

u = x− x⋆. One may transform model (1) and (2) into the following form:







u̇(t) = −Cu(t) +AF (u(t)) +BG
(

u(t− τ(t))
)

, t > 0, t 6= tk,

∆u(tk) = Γku(t
−
k ), k ∈ Z+,

u(s) = ϕ(s), s ∈ [−α, 0],

(4)

where ϕ(s) = φ(s)− x⋆, F (u) = f(u+ x⋆)− f(x⋆) and G(u) = g(u+ x⋆)− g(x⋆).

In fact, the existence of the equilibrium points of model (1) can be easily derived using a contraction

mapping theorem, topological degree theory, Brouwer’s fixed point theorem, see [11, 15, 21] for detailed

information. Here, we present only some of the existing results directly without proofs.

Lemma 1. Model (1) has a unique equilibrium point if

√
√
√
√

n∑

i,j∈Λ

p2ij · lf +

√
√
√
√

n∑

i,j∈Λ

q2ij · lg < 1,

where lf = maxj∈Λ lfj , lg = maxj∈Λ lgj , (pij)n×n = C−1A and (qij)n×n = C−1B.

Lemma 2. Model (1) has at least one equilibrium point if C − [A]+Lf − [B]+Lg is an M matrix.

Lemma 3. Model (1) has at least one equilibrium point if f is bounded on Rn.

Definition 1. Let u = u(t, ϕ) be the solution of model (4) through (0, ϕ). Then, the model (4) is said

to be µ-stable. That is, model (1) is µ-stabilized via impulsive control (2) if there exists a scalar M > 0

such that

uTu 6
M
µ(t)

‖ϕ‖2α, t > 0,

where ϕ ∈ PCBα and function µ ∈ Φ.

Remark 1. Note that here, the definition of µ-stability includes some classical stabilities such as uniform

stability, asymptotical stability, exponential stability, Lipschitz stability, and practical stability. In this

paper, we focus on the design of an impulsive control strategy {tk,Γk}k∈Z+
such that system (1), which

may be unstable without impulses, can be µ-stabilized via impulsive control (2).

3 Main results

In this section, the problems of impulsive control of the stabilization of delayed neural networks are

addressed. The following lemma is needed to facilitate the analysis.

Lemma 4. Assume that there exists a function µ ∈ Φ and scalars µ1 > 1, µ2 > 0 such that

µ(tk)

µ(tk−1)
6 µ1,

∫ tk

tk−1

µ(t)

µ⋆(t− τ(t))
dt 6 µ2, ∀k ∈ Z+, (5)

where t0 = 0 and

µ⋆(t) =

{

µ(t), t > 0,

1, −α 6 t < 0.

In addition, there exists an n × n matrix P > 0, two n × n diagonal matrices Q1 > 0 and Q2 > 0, and

three scalars σ1 > 0, σ2 > 0, and ̺ > 1 such that






Π PA PB

⋆ −Q1 0

⋆ ⋆ −Q2






6 0, LgQ2L

g
6 σ2P, (6)
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and

lnµ1 + σ1η + µ2σ2̺ < ln ̺, (7)

where Π = −PC − CP + LfQ1L
f − σ1P, η = supk∈Z+

{tk − tk−1}.
Consider an auxiliary function

LP (t) = µ⋆(t)uTPu, t > −α,

where u = u(t, ϕ) is a solution of model (4) through (0, ϕ). If there exists n ∈ Z+ and some ǫ1 < ǫ2 ∈
[tn−1, tn) such that for every t ∈ [ǫ1, ǫ2], we have

LP (s) 6 ̺LP (t), ∀s ∈ [−α, t], (8)

then

LP (ǫ2) < ̺LP (ǫ1).

Proof. For t ∈ [ǫ1, ǫ2], it can be deduced that

D+
LP (t) = µ⋆′(t)uTPu+ 2µ⋆(t)uTPu′

6 µ′(t)uTPu+ µ(t)
[

uT(−PC − CP )u+ uTPAQ−1
1 ATPu+ uTPBQ−1

2 BTPu

+ uTLfQ1L
fu+ uT(t− τ(t))LgQ2L

gu(t− τ(t))
]

= µ′(t)/µ(t)LP (t) + µ(t)uT
[

− PC − CP + PAQ−1
1 ATP + LfQ1L

f + PBQ−1
2 BTP

]

u

+ µ(t)uT(t− τ(t))LgQ2L
gu(t− τ(t))

(6)

6 µ′(t)/µ(t)LP (t) + µ(t)σ1u
TPu+ µ(t)σ2u

T(t− τ(t))Pu(t − τ(t))

(8)

6

{

µ′(t)

µ(t)
+ σ1 + σ2̺

µ(t)

µ⋆(t− τ(t))

}

LP (t),

which leads to

ln

(

LP (ǫ2)

LP (ǫ1)

)

6

∫ ǫ2

ǫ1

{

µ′(t)

µ(t)
+ σ1 + σ2̺

µ(t)

µ⋆(t− τ(t))

}

dt

6 ln
µ(tn)

µ(tn−1)
+ σ1η + σ2̺

∫ tn

tn−1

µ(t)

µ⋆(t− τ(t))
dt

(5)

6 lnµ1 + σ1η + µ2σ2̺

(7)
< ln ̺.

This completes the proof of Lemma 4.

Remark 2. It should be noted from Lemma 4 that scalar ̺ in condition (7) has a sufficient and necessary

condition. That is, there is ̺ > 1 such that Eq. (7) holds if and only if the following condition holds:

µ1µ2σ2 < exp
(

− 1− σ1η
)

.

Theorem 1. Under conditions (5)–(7), assume that

[

−1/̺P (I + Γk)
TP

⋆ −P

]

6 0, k ∈ Z+. (9)
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Then, the model (4) is µ-stable. Moreover, any solution u = u(t, ϕ) of model (4) through (0, ϕ) satisfies

uTu 6 ̺
µ(0)λmax(P )

µ(t)λmin(P )
‖ϕ‖2α, t > 0. (10)

Proof. Without loss of generality, assume that ϕ 6≡ 0. We only need to prove that

LP (t) 6 ̺M, t ∈ [tn−1, tn), n ∈ Z+, (11)

where M = µ(0)λmax(P )‖ϕ‖2α. First, we show that Eq. (11) holds for n = 1. Note that

LP (t) = u(t)TPu(t) 6 M < ̺M, −α 6 t 6 0.

If the above assertion is false, then there exists ǫ2 ∈ (0, t1) such that

LP (ǫ2) = ̺M, LP (t) 6 ̺M, −α 6 t 6 ǫ2. (12)

One may further choose ǫ1 ∈ [0, ǫ2) such that

LP (ǫ1) = M, M 6 LP (t) 6 ̺M, ǫ1 6 t 6 ǫ2. (13)

It follows from (12) and (13) that for any t ∈ [ǫ1, ǫ2],

LP (s) 6 ̺M 6 ̺LP (t), ∀s ∈ [−α, t].

By Lemma 4, one obtains

̺M = LP (ǫ2) < ̺LP (ǫ1) = ̺M,

which is a contradiction. Thus, Eq. (11) holds for n = 1.

Now, we assume that Eq. (11) holds for any n 6 N, for some N ∈ Z+, that is,

LP (t) 6 ̺M, t ∈ [tn−1, tn), n 6 N.

Next, we show that

LP (t) 6 ̺M, t ∈ [tN , tN+1). (14)

Suppose on the contrary that there exists ǫ⋆2 ∈ [tN , tN+1) such that

LP (ǫ
⋆
2) = ̺M, LP (t) 6 ̺M, −α 6 t 6 ǫ⋆2. (15)

Notice from (9) that

[

−1/̺P (I + Γk)
TP

⋆ −P

]

6 0 ⇔
[

(I + Γk)
TP (I + Γk)− 1/̺P 0

⋆ −P

]

6 0

⇔ (I + Γk)
TP (I + Γk)− 1/̺P 6 0,

which implies that

LP (tN ) =µ⋆(tN )uT(tN )Pu(tN)

=µ⋆(tN )uT(t−N )(I + ΓN)TP (I + ΓN )u(t−N )

61/̺LP (t
−
N ) = M.

Thus, there exists ǫ⋆1 ∈ [tN , ǫ⋆2) such that

LP (ǫ
⋆
1) = M, M 6 LP (t) 6 ̺M, ǫ⋆1 6 t 6 ǫ⋆2. (16)
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By (15) and (16), for any t ∈ [ǫ⋆1, ǫ
⋆
2],

LP (s) 6 ̺M 6 ̺LP (t), ∀s ∈ [−α, t].

Lemma 4 leads to a contradiction that

̺M = LP (ǫ
⋆
2) < ̺LP (ǫ

⋆
1) = ̺M.

Thus, Eq. (14) holds, that is, Eq. (11) holds for n = N + 1.

By mathematical induction, we finally obtain

LP (t) 6 ̺µ(0)λmax(P )‖ϕ‖2α, t ∈ [tn−1, tn), n ∈ Z+,

which implies that Eq. (10) holds, and model (4) is µ-stable. The proof is complete.

If Γk ≡ ΓI, where Γ is a given constant, then the following corollary can be derived.

Corollary 1. Under conditions (5)–(7), assume that

− 1− 1/
√
̺ 6 Γ 6 −1 + 1/

√
̺.

Then, the model (4) is µ-stable. Moreover, any solution u = u(t, ϕ) of model (4) through (0, ϕ) satisfies

(10).

Consider the case where µ(t) = 1 + δt and τ(t) = τt, where δ > 0 and τ ∈ (0, 1). We get Corollary 2.

Corollary 2. Under conditions (6) and (9), assume that

ln(1 + δη) + σ1η +
η

1− τ
σ2̺ < ln ̺.

Then, the model (4) is globally asymptotically stable. Moreover, any solution u = u(t, ϕ) of model (4)

through (0, ϕ) satisfies

uTu 6 ̺
λmax(P )

(1 + δt)λmin(P )
‖ϕ‖2α, t > 0.

Consider the case in which µ(t) ≡ µ, where µ > 1 is a given constant. We get Corollary 3.

Corollary 3. Under conditions (6) and (9), assume that

η <
ln ̺

σ1 + σ2̺µ
.

Then, the model (4) is uniformly stable. Moreover, any solution u = u(t, ϕ) of model (4) through (0, ϕ)

satisfies

uTu 6 ̺
λmax(P )

λmin(P )
‖ϕ‖2α, t > 0.

Consider the case in which µ(t) = exp(ςt) and τ(t) ∈ [0, τ ], where ς and τ are two positive constants.

Note that

µ(t)

µ⋆(t− τ(t))
=

µ(t)

µ(t− τ(t))
6 exp(ςτ), t− τ(t) > 0,

µ(t)

µ⋆(t− τ(t))
6 exp

(

ςτ(t)
)

6 exp(ςτ), t− τ(t) < 0.

Then, the following result can be derived.

Corollary 4. Under conditions (6) and (9), assume that

η <
ln ̺

ς + σ1 + σ2̺ exp(ςτ)
.

Then, the model (4) is globally exponentially stable. Moreover, any solution u = u(t, ϕ) of model (4)

through (0, ϕ) satisfies

uTu 6 ̺
λmax(P )

λmin(P )
‖ϕ‖2α exp(−ςt), t > 0. (17)
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Remark 3. Because −σ1P < 0 in (6), it is possible that model (4) is unstable without impulses.

Theorem 1 presents an impulsive control strategy to stabilize model (4) such that it becomes µ-stable.

In particular, the control conditions for globally asymptotic stability, uniform stability, and globally

exponential stability are presented in Corollaries 2–4, respectively. Here, we should point out that

although the globally exponential stability of model (4) is derived in Corollary 4, it is based on the

assumption that time-varying delay τ(t) is bounded, which is somewhat inconsistent with our research

topic on unbounded time-varying delays. In fact, the developed result in Theorem 1 can be used for

exponential stability of some unbounded cases. For example, when µ(t) = exp(t), to guarantee the

exponential estimate (17), it is necessary that the following restriction on the delay τ holds:

∫ tk

tk−1

exp
(

τ(t)
)

dt 6 µ2, ∀k ∈ Z+, (18)

where µ2 is a constant. Obviously, it is a severe restriction that has limited applications such as

τ(t) = ln
(

1 + h(t)
)

,

where tk = ηk, η > 0 is a given constant, and

h(t) =







(2k + 1)2ηt− (2k + 1)3η2

2
+

(2k + 1)η

2
, t ∈

[
(2k + 1)η

2
−
( 1

2k + 1
∧ η

2

)

,
(2k + 1)η

2

]

,

−(2k + 1)2ηt+
(2k + 1)3η2

2
+

(2k + 1)η

2
, t ∈

[
(2k + 1)η

2
,
(2k + 1)η

2
+
( 1

2k + 1
∧ η

2

)]

,

0, others.

In this case, there exists µ2 = 3η/2 such that Eq. (18) holds. Thus, more methods and tools for the

exponential stability of unbounded time-varying delays should be explored and developed.

Remark 4. In the literature, Ref. [19–24] dealt with the stability problems of neural networks with

unbounded time-varying delays, and derived some interesting stability criteria. Compared with those

results, the advantage of this paper is that the effect of impulsive control is greatly emphasized, and some

control results are established to stabilize neural networks with unbounded time-varying delays that may

be originally unstable. This indicates that proper impulsive control may contribute to the stabilization

of unstable systems with unbounded time-varying delays.

Next, we develop the previous ideas for delayed neural networks with unbounded distributed time-

varying delays, and derive some impulsive control conditions for µ-stability.

Consider the following delayed neural networks:






ẋ(t) = −Cx(t) +Af(x(t)) +B

∫ τ(t)

0

ω(s)g(x(t− s))ds+ J(t), t > 0,

x(s) = φ(s), s ∈ [−α, 0],

(19)

subject to impulsive control:

∆x(tk) = Γkx(t
−
k ), k ∈ Z+, (20)

where ω ∈ C([0, α],R+), J is the external input at time t, and some other conditions and assumptions

needed in the following are the same as those in the previous section.

Remark 5. Note that the time delay considered here is a type of unbounded distributed time-varying

delay, which is different from an unbounded continuous distributed delay as it is not only unbounded

but also depends on the time variable t. In this case, it is clear that model (19) may not admit any

equilibrium point owing to the effect of time-varying delay τ(t), and thus the impulsive control here is

considered as the perturbations of the state at discrete points, i.e., (20), instead of the perturbations with

respect to the equilibrium point x⋆. In addition, we need to redefine the µ-stability for models (19) and

(20).
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Definition 2. Assume that u = u(t, ϕ) and v = v(t, φ) are two any solutions of model (19) through

(0, ϕ) and (0, φ), respectively. Then, the models (19) and (20) are said to be µ-stable, namely, model

(19) is µ-stabilized via impulsive control (20) if there exists a scalar M > 0 such that

(u− v)T(u− v) 6
M
µ(t)

‖ϕ− φ‖2α, t > 0,

where φ, ϕ ∈ PCBα and function µ ∈ Φ.

Lemma 5. Assume that there exists a function µ ∈ Φ and scalars µ1 > 1, µ2 > 0 such that

µ(tk)

µ(tk−1)
6 µ1,

∫ tk

tk−1

µ(t)

µ⋆(t− τ(t))

(
∫ τ(t)

0

ω(s)ds

)2

dt 6 µ2,







∀k ∈ Z+, (21)

where t0 = 0 and

µ⋆(t) =

{

µ(t), t > 0,

1, −α 6 t < 0.

In addition, there exist an n× n matrix P > 0, two n× n diagonal matrices Q1 > 0, Q2 > 0, and three

scalars σ1 > 0, σ2 > 0, and ̺ > 1 such that Eqs. (6) and (7) hold.

Consider an auxiliary function

LP (t) = µ⋆(t)zTPz, t > −α,

where z = u−v, u = u(t, ϕ) and v = v(t, φ) are any two solutions of model (19) through (0, ϕ) and (0, φ),

respectively. If there exist ǫ1 and ǫ2 ∈ [tn−1, then tn) for some n ∈ Z+ such that Eq. (8) holds. Then

LP (ǫ2) < ̺LP (ǫ1).

Proof. Similar to Lemma 4, for t ∈ [ǫ1, ǫ2], one may derive that

D+
LP (t) 6 µ′(t)zTPz + µ(t)

[

zT(−PC − CP )z + zTPAQ−1
1 ATPz + zTPBQ−1

2 BTPz + zTLfQ1L
fz

+

∫ τ(t)

0

ω(s)ds

∫ τ(t)

0

ω(s)gT(z(t− s))Q2g(z(t− s))ds
]

6 µ′(t)/µ(t)LP (t) + µ(t)zT
[

− PC − CP + PAQ−1
1 ATP + LfQ1L

f + PBQ−1
2 BTP

]

z

+

∫ τ(t)

0

ω(s)zT(t− s)LgQ2L
gz(t− s)ds · µ(t)

∫ τ(t)

0

ω(s)ds

(6)(8)

6 µ′(t)/µ(t)LP (t) + µ(t)σ1z
TPz + µ(t)σ2̺

∫ τ(t)

0

ω(s)ds

∫ τ(t)

0

ω(s)

µ⋆(t− s)
dsLP (t)

6

{

µ′(t)

µ(t)
+ σ1 + σ2̺

µ(t)

µ⋆(t− τ(t))
·
(
∫ τ(t)

0

ω(s)ds

)2}

LP (t),

which implies that

ln

(

LP (ǫ2)

LP (ǫ1)

)
(21)

6 lnµ1 + σ1η + µ2σ2̺
(7)
< ln ̺.

This completes the proof of Lemma 5.

Theorem 2. Assume that conditions (6), (7), (9), and (21) hold. Then, the models (19) and (20) are

µ-stable. Moreover, any two solutions u = u(t, ϕ) and v = v(t, φ) satisfy

(u− v)T(u− v) 6 ̺
µ(0)λmax(P )

µ(t)λmin(P )
‖ϕ− φ‖2α, t > 0. (22)
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Based on Theorem 2, it is easy derive the following corollaries.

Corollary 5. Under conditions (6), (7), and (21), assume that Γk ≡ ΓI, where Γ is a given constant

satisfying

− 1− 1/
√
̺ 6 Γ 6 −1 + 1/

√
̺.

Then, the models (19) and (20) are µ-stable. Moreover, any two solutions u = u(t, ϕ) and v = v(t, φ)

satisfy (22).

For the case of µ(t) = 1 + δt and τ(t) = τt, where δ > 0 and τ ∈ (0, 1), we have the following result.

Corollary 6. Under conditions (6) and (21), assume that

ln(1 + δη) + σ1η +
σ2̺

1− τ
ω2η < ln ̺,

where ∫ ∞

0

ω(s)ds
.
= ω < ∞. (23)

Then, the models (19) and (20) are globally asymptotically stable. Moreover, any two solutions u = u(t, ϕ)

and v = v(t, φ) satisfy

(u − v)T(u− v) 6 ̺
λmax(P )

(1 + δt)λmin(P )
‖ϕ− φ‖2α, t > 0.

For the case of µ(t) ≡ µ, where µ > 1 is a given constant, we get Corollary 7.

Corollary 7. Under conditions (6), (21), and (23), assume that

η <
ln ̺

σ1 + σ2̺ω2
.

Then, the models (19) and (20) are uniformly stable. Moreover, any two solutions u = u(t, ϕ) and

v = v(t, φ) satisfy

(u− v)T(u− v) 6 ̺
λmax(P )

λmin(P )
‖ϕ− φ‖2α, t > 0.

4 Numerical examples

In this section, three examples are provided to illustrate the validity of our proposed approaches.

Example 1. Consider the following 2D network model:







ẋ(t) = −Cx(t) +Af(x(t)) +Bf
(

x(t − τ(t))
)

+ J, t > 0,

x(s) = φ(s), s ∈ [−α, 0],

(24)

subject to impulsive control:

∆x(tk) = Γk

(

x(t−k )− x⋆
)

, k ∈ Z+,

where τ = 0.2t, J = [0, 0]T, and f(u) = u. The parameter matrices C,A and B are given as follows:

C = I, A =

(

1 1

−1 1

)

, B =

(

1 −0.5

0 1

)

.

Obviously, x⋆ = (0, 0)T is an equilibrium point of (24). By our simulations, we know that model (24)

is unstable, as indicated in Figure 2(a) and (b).
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Figure 2 (Color online) State trajectories and phase plots of system (24) in Example 1. (a) State trajectories of 2D (24)

without impulses; (b) phase plots of 2D (24) without impulses; (c) state trajectories of 2D (24) with impulsive input (25);

(d) phase plots of 2D (24) with input (25); (e) state trajectories of 2D (24) with input (26).

To utilize the impulsive control strategy in Corollary 2, we consider the case where µ(t) = 1+0.2t, and

choose σ1 = 3, σ2 = 1, ̺ = 1.25, and η = 0.046 such that ln ̺ − ln(1 + δη) − σ1η − η
1−τ σ2̺ = 0.0041 > 0

and the LMIs (6) and (9) hold. This leads to the impulsive controller







Γk =

(

−0.1 0.1

−0.2 −1.9

)

,

tk − tk−1 6 0.046, k ∈ Z+,

(25)

such that Eq. (24) can be stabilized and becomes µ-stable, i.e., globally asymptotically stable. This

can be shown in Figure 2(c) and (d) for the case of tk = 0.04k. Moreover, by Corollary 2, any solution

x = x(t, φ) satisfies

xTx 6
1.7856

(1 + 0.2t)
‖φ‖20, t > 0.

However, if we make a slight change and consider the impulsive controller as follows, then







Γ⋆
k = Γk+

perturbation
︷ ︸︸ ︷

0.08I ,

tk = 0.04+

perturbation
︷︸︸︷

0.01 , k ∈ Z+,

(26)

which is against Corollary 2. Thus, in this case, it is interesting to see from Figure 2(e) that Eq. (24)

cannot be stabilized.

Example 2. Consider 3D network model (24) with τ(t) = t + e − (t + e)
5
6 , J = [1.6 − 3.4 cos 1, 0.1 −

2.2 cos 1,−3.5 cos1]T, f(u) = cosu. The parameter matrices C,A and B are given as follows:

C = 0.2I, A =







1.5 0.4 0

1 0 1

0 −1 2







, B =







2 −1 −0.1

0.2 −0.1 0

0.3 0 1.2







.

In this case, as f is bounded, model (24) has at least one equilibrium point. It is easy to check that

x⋆ = (1, 0,−1)T is an equilibrium point of (24) that is unstable by simulation, as indicated in Figure 3(a).

Let µ(t) = ln(e + t). It is clear that µ ∈ Φ. Choose σ1 = 5.5, σ2 = 2.4, ̺ = 1.5, and η = 0.036 such that
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Figure 3 (Color online) State trajectories of system (24) in Example 2. (a) State trajectories of 3D (24) without impulses;

(b) state trajectories of 3D (24) with impulsive input (27) and tk = 0.035k, k ∈ Z+; (c) state trajectories of 3D (24) with

tk = 0.065k and Γk = −1.9129I.
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Figure 4 (Color online) State trajectories of system (28) in Example 3. (a) State trajectories of (28) without impulses;

(b) state trajectories of (28) with impulsive input (29) in which tk = 0.33k and Γ = −1.4714, k ∈ Z+; (c) state trajectories

of (28) with impulsive input (29) in which tk = 0.5k and Γ = −1.4714, k ∈ Z+.

all conditions in Corollary 1 hold. Then, one may obtain the impulsive controller
{

Γk ≡ ΓI, −1.8165 6 Γ 6 −0.1835,

tk − tk−1 6 0.036, k ∈ Z+,
(27)

such that Eq. (24) can be stabilized and becomes µ-stable, i.e., globally asymptotically stable. Moreover,

any solution x = x(t, φ) satisfies

xTx 6
2.1408

ln(e+ t)
‖φ‖2α, t > 0,

where α = e − e5/6. In particular, when tk = 0.035k and Γk = −1.8165I, the corresponding simulation

is shown in Figure 3(b). This shows that all solutions will tend to the unique equilibrium point x⋆ =

(1, 0,−1)T under the designed impulsive control. If we let tk = 0.065k and Γk = −1.9129I, which are

against the impulsive controller (27), Figure 3(c) tells us that model (24) cannot be effectively stabilized.

The numerical results greatly reflect the advantages of our development control strategies.

Example 3. Consider the following 2D network model with unbounded distributed time-varying delays:






ẋ(t) = −Cx(t) +Af(x(t)) +B

∫ 0.5t

0

ω(s)g(x(t− s))ds+ J(t), t > 0,

x(s) = φ(s), s ∈ [−α, 0],

(28)

subject to impulsive control: ∆x(tk) = Γkx(t
−
k ), k ∈ Z+, where J = [sin 0.5t, cos 0.3t]T, ω = 0.6 exp(−s),

and f = g = tanh(s). The parameter matrices C,A and B are given as follows:

C = 0.1I, A =

(

2 0.2

−0.3 1

)

, B =

(

0.2 0.1

0.1 −0.2

)

.

By our simulations, we know that model (28) is unstable, as shown in Figure 4(a). Then, consider

µ(t) = 1 + 0.5t and choose σ1 = 4, σ2 = 0.5, ̺ = 4.5 and η = 0.33 such that all conditions in Corollary 1

hold. This leads to the following impulsive controller:






Γk ≡ ΓI, −1.4714 6 Γ 6 −0.5286,

tk − tk−1 6 0.33, k ∈ Z+,
(29)
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such that Eq. (28) can be stabilized and becomes µ-stable, as shown in Figure 4(b), for Γ = −1.4714 and

tk = 0.33k. Moreover, any two solutions u = u(t, ϕ) and v = v(t, φ) satisfy

(u− v)T(u − v) 6
5.4329

1 + 0.5t
‖ϕ− φ‖20, t > 0.

If we keep the same impulsive weight Γ = −1.4714 but make a slight change in control intervals such as

tk = 0.5k, k ∈ Z+, then it is against our control scheme. The corresponding simulations are shown in

Figure 4(c). Note that R1 and R2 are two different curves, as well as B1 and B2. Thus, in such cases,

model (28) cannot be stabilized. This indicates that the designed control strategy is efficient as well as

effective.

5 Conclusion

Based on impulsive control theory and some analysis techniques, this paper presented some analytical

results on the µ-stability of unstable neural networks with unbounded time-varying delays, where the

addressed µ-stability includes uniform stability, (global) asymptotical stability, and (global) exponential

stability. The paper’s key idea is how to introduce impulse inputs to estimate the state information of an

entire history that is time varying, rather than an integral from negative infinity until the present time.

Our method shows that unbounded time-varying delay network models can be controlled and become

µ-stable via a proper impulsive control strategy even if it was originally unstable or divergent. Three

numerical examples and their computer simulations were given to show the effectiveness of the proposed

control strategy. Here, we also point out that although the developing results in this paper can be applied

to control problems of unstable delayed neural networks, we mainly focuses on the rational stability and

admits very limited applications for the exponential control of cases with unbounded time-varying delays

such as the problem mentioned in (18). As we know, in addition, the method of the Lyapunov-Krasovskii

functional is very popular for solving the dynamics of delayed neural networks with or without impulses,

but mainly focuses on impulsive robustness rather than impulsive control. Thus, how to develop a

method to solve the impulsive control problem in delay neural networks, even for constant delays or

bounded time-varying delays, is still an open problem. Hence, more methods and tools for the impulsive

control of delayed neural networks should be developed and explored.
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