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Abstract This paper is mainly concerned with the time-inconsistent stochastic linear quadratic (LQ) control
problem in a more general formulation for discrete-time systems. The time-inconsistency arises from three
aspects: the coefficient matrices depending on the initial pair, the terminal of the cost function involving the
initial pair together with the nonlinear terms of the conditional expectation. The main contributions are: firstly,
the maximum principle is derived by using variational methods, which forms a flow of forward and backward
stochastic difference equations (FBSDE); secondly, in the case of the system state being one-dimensional, the
equilibrium control is obtained by solving the FBSDE with feedback gain based on several nonsymmetric Riccati
equations; finally, the necessary and sufficient solvability condition for the time-inconsistent LQ control problem
is presented explicitly. The key techniques adopted are the maximum principle and the solution to the FBSDE
developed in this paper.
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1 Introduction

As is well known, the classical stochastic control problem is assumed to be time-consistent in the sense
that the well-celebrated Bellman optimality principle can be applied. Time consistency means that the
optimal control is independent of the initial pair, i.e., if the control is optimal on the full time interval, it is
also optimal on any time subinterval. The Bellman optimality principle from the dynamic programming
methods serves as a basic tool in seeking the optimal control for the time-consistent stochastic control
problems, see [1-5].

However, stochastic control problems may not be time-consistent for real-world systems (or time-
inconsistency) in the sense that the optimal control for a specific initial pair on a later time interval may
not be optimal for that corresponding initial pair [6,7]. The time-inconsistent control problems have vast
potential applications, especially for mathematical finance, such as hyperbolic discounting and mean-
variance portfolio selection problem [8-15]. In [16], the mathematical formulation of time-inconsistent
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problems was first proposed. Following [16], the time-inconsistent control problem has been a hot research
topic and many significant contributions have been made [17-26].

As studied in previous literatures, there are two main approaches to handling time-inconsistent control
problems: pre-committed control method and game theoretic formulation. Pre-commitment means that
the initial pair (7, ) is fixed and we find control to minimize the cost function starting from time 7, dis-
regarding the fact that the control may not be optimal for any k£ > 7. Though the pre-committed control
method is reasonable in some practical situations, the time-inconsistency is actually not considered [18].
On the other hand, the time-inconsistency can be dealt with within the game theoretic framework. To be
more specific, the control uy for & > 7 can be viewed as the kth player, which controls the system only at
time k. This formulation indicates that the terminal pair (k, X}) is the initial pair for (k + 1)th player;
each player tries to find an optimal control for his/her own problem, i.e., the control uy, is only optimal at
time k in the infinitesimal sense [27]. This kind of control is termed as “equilibrium control”. A precise
definition of equilibrium control was given in [18,19]. In this paper, the time-inconsistent control problem
is investigated in a dynamic manner from the game theoretic perspective. Instead of seeking the “opti-
mal” control, we aim to find the open-loop “equilibrium” control by solving the essentially cooperative
stochastic differential game.

The time-inconsistent stochastic LQ control problem for continuous-time systems was studied in [17,28].
The definition of open-loop equilibrium control was presented. The maximum principle was derived, and
the equilibrium control was obtained by decoupling a flow of forward and backward stochastic difference
equations (FBSDE) in the case of coefficient matrices being deterministic and the system state being
one-dimensional. Finally, a mean-variance portfolio selection example was provided to verify the main
results.

For the discrete-time systems, time-inconsistent control problems were studied in [22] and [24-26,29];
some significant contributions have been made in the past several years. A time-inconsistent control prob-
lem with indefinite weighting matrices was considered in [22,24], while the mean-field time-inconsistent
control problem for discrete time systems was investigated in [26, 29].

We would like to point out that the time-inconsistent control problem to be solved in this paper is
more general than that in [22,24-26,29]. To be specific, the time-inconsistency only arises from the
coefficient matrices and weighting matrices depending on the initial time in [22,24-26, 29], while, the
terminal terms in the cost function involve the initial state together with the matrices depending on the
initial time result in time-inconsistency in our framework, which brings essential difficulties in exploring
the solvability conditions. Another thing to note is that the FBSDE obtained in [22] cannot be decoupled,
i.e., the explicit equilibrium control is not obtained. However, the open-loop equilibrium control is derived
in a more general formulation investigated in this paper, which is based on several difference equations
and nonsymmetric Riccati difference equations.

Upon the above analysis, the time-inconsistent control problem for discrete-time systems remains to
be studied, although some progress has been made in previous literature. The objectives to be achieved
in this paper can be concluded as: 1) To explore the maximum principle for the considered general time-
inconsistent equilibrium control problem; 2) To provide the explicit necessary and sufficient solvability
conditions for the time-inconsistent control problem and obtain the explicit equilibrium control.

Firstly, by using the variational method, we derive the necessary conditions (i.e., maximum principle)
of the equilibrium control for the general time-inconsistent equilibrium control problem, which is the key
tool in solving the time-inconsistent control problem. Secondly, the solution to an FBSDE composed of
costate and system dynamics is derived using the induction method. Finally, the open-loop equilibrium
control is designed based on nonsymmetric Riccati equations in the case of the system state being one-
dimensional. The necessary and sufficient solvability condition is thus obtained. It should be noted
that the necessary and sufficient solvability condition developed in this paper is based on the positive
definiteness of T, which can be easily verified, while this has never been obtained in the aforementioned
studies like [17,22,28] and so forth. The main tools used are the maximum principle and the solution to
the FBSDE.

The following notations will be used throughout this paper: R™ denotes the n-dimensional Euclidean
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space; Real symmetric matrix A > 0 (> 0) means A is positive definite (positive semi-definite). N is
used to indicate {0,1,...,N} and N; = {[,l +1,...,N}. B’ is the transpose of the real matrix B,
and C~! represents the inverse of matrix C. {Q, F,P, {fk}szo} is a complete probability space with
natural filtration Fy, generated by {xo, wo, ..., wr}. Ei[-] = E[-|F] denotes the conditional mathematical
expectation with respect to F; and F_; = {¢,Q} with ¢ being the empty set.

The remainder of this paper is organized as follows. In Section 2, the time-inconsistent equilibrium
control problem for discrete-time systems is formulated. The main results are presented in Section 3,
where the maximum principle is developed and the necessary and sufficient solvability condition is ex-
plored. A numerical example is provided in Section 4 to illustrate the main results obtained in this paper.
Finally, the paper is concluded in Section 5.

2 Problem formulation

The following linear controlled discrete-time system is considered:

X, -, (1)

{ X7 = (Apr + 0 Ay ) X7 + (Bryr + Wi Brr )uk + frr + Wi frrs
where X7 € R™ is the system state, u;, € R™ is the control, {wy}1_ is the scalar-valued Gaussian white
noise with zero mean and covariance 1, Ay, -, /_hw € R™™, By 7, B;w € R™*™ and the non-homogeneous
terms fi -, fk,r € R™ are given deterministic functions for any k¥ € N, depending on the initial time 7.
The initial state X, = x and (7, z) is called the initial pair.

For an arbitrary initial pair (7, z), the cost function associated with (1) is given as

N
J(rwiu) = Y Er 2 [(X7) Qur X7+ wj Ry rus] + Br a[(Xr) Py s X
k=1
+ (Bro1 X5 ) TNp1,r Br o Xy + 2X M1 Br o XG0 2@ B X, (2)

where E,_1 denotes E[-|Fr_1], {Fk} is the natural filtration generated by {zo,wo,...,wr} and F_q =
{0,9}. The weighting matrices Qi € R™"™ Ry, € R™™ Pyy1, € R"™ I'ny1r € R™™ and
are symmetric, and My11,, € R™", ®ny1- € R™. All the coefficient matrices are deterministic and
bounded. The initial time 7 in the matrices and the state is to indicate that the matrices and state may
change with 7.

Firstly, we define the admissible control set for the time-inconsistent control problem as below:

U;={ur € R™, 7 < k < N|uy, is Fi_1-measurable, F(ujuy) < oo}. (3)

Any uy € U, is called admissible control.

Remark 1. The time-inconsistency investigated in this paper arises from three aspects: 1) With the
passage of time 7, the coefficient matrices and weighting matrices in (1) and (2) are changing accordingly;
2) The coefficient matrices of the first three terms in (2) depend on initial time 7; 3) The last three
terms in (2) also result in the time-inconsistency. To be specific, (E; 1 X} 1) Tni1-Er 1 X5, is
from the mean-variance portfolio selection problem which can be viewed as the risk [11,30]. The term
2X My 11, Er 1 Xy +2®0y By 1 XT, is motivated by the utility function in mathematical finance,
which involves the initial state [7,31].
In this paper, the following LQ control problem is mainly investigated:

Problem 1. For system (1) associated with cost function (2) and initial pair (7,z), to seek uj € U,
7 < k < N, such that cost function (2) is minimized, i.e.,

J(r,zyurp) = inf J(r,z;uk), T<k<N. (4)

up €U
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As analyzed in Section 1, the pre-committed control methods will not be adopted to solve Problem 1
in this paper, which will be dealt with in a dynamic manner instead. To be explicit, we aim to find the
open-loop equilibrium control for Problem 1, which is optimal in an infinitesimal sense.

Firstly, by following from [17], we give the definition of open-loop equilibrium control as below.

Definition 1. For the initial pair (7,z), the control u, ™" € U,, and X" is the state corresponding

to ™", then uy ™" is called the equilibrium control if X7** = z, and for any uy € U, there holds
J(ka XI:’:C’*; UT7x7*|Nk) < J(kv X;7x7*; (uka uT’z’*lNk+1 ))a (5)
where 4™ *|y, means the restrictions of control «™** on N, = {k,...,N}.

Remark 2. It is noted from Definition 1 that the equilibrium control is local optimal. Specifically, from
(5) we see that u™**|y, differs with (ug,u™**|n,,,) only at time £. On the other hand, the perturbation
of equilibrium control uy will not change the control ug41,...,ux. In this sense, the equilibrium control
given in Definition 1 is defined within the class of open-loop controls.

To guarantee the solvability of Problem 1, we make the following standard assumption on weighting
matrices of (2).
Assumption 1. For k € N; and | € Ni, the weighting matrices in (2) satisfy: Qi r > 0, Rix > 0 and
Pyt 2 0.

3 Main results

3.1 Maximum principle

To solve Problem 1, the necessary conditions (maximum principle) for the existence of the open-loop
equilibrium control will be derived first. Clearly, from (3) we know that the control set in this paper
is a convex and closed subset of R", then the method adopted in this paper is the convex variational
method, see [32,33]. For the case of the control set being non-convex, the corresponding results can also
be derived by using spike variation, which will not be discussed in this paper, see [34].

Theorem 1. For initial pair (7, z), the equilibrium control u;x* satisfies the stationary relationship:

0= Ry pup™ + E[(Biy +wp B i) Ny 7% | Froa], k€N, (6)
where the costate )\Z’T’z can be calculated from the adjoint equation as below:
AT =QuaXT + El(Ak + wiA) N Fioal, 1€ N, (7)
with final condition
AT = PN+1,kX]]f;’lf + FN+1,kEk—1(XN+1 )+ My X0 + Py ks (8)

and Pyi1k, Dng1,k, Myy1,x and @15 are given in (2).

Proof. Since the control set U, defined in (3) is convex, if we choose w;, du; € U, for | € N,, then
uf = w + du; € U, for any € € (0,1) can be developed. Accordingly, J(k, X;""; w|n,) and Xlk’T’m are
the cost function and state trajectory, respectively, with control u;, and J&(k, X, ™"; uf|w, ) and Xf’]”’m

represent the cost function associated with uj,.
It is noted that the variation of the initial X;"*" is zero, i.e., 6X;" = 0. Thus, it holds from (1) that

OX[TT = XPhTT = X[ = (Auk + widig)SX T 4 (Buy + wiBig)eduy
1
= Fx(l, k’)(SX;’a’* + Z Fx(l,j + 1)(Bj7k + ’u}ij,k)E(S’u,j
j=k
1

Z (1,5 4+ 1)(Bj.x + w; Bj 1.)eduj, (9)
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where Fx(l,j) = (Al,k + wlfllyk) s (Aj’k + '(szzlj’k), and Fx(l, I+ 1) =1.
Since the coefficient matrices in (1) are deterministic and E(w?) is finite for any & < j < N, Then
6J = J(k, X7 4w, ) — J(k, X" ww, ) can be calculated from cost function (2) as

0J = 2E{[PN+1’]€X]]%’:_’§ + FNJrLkEk,lX]lzfllz + MNJrLkX]:’m’* + @N+17k]/5X]lif’lf

N

+ Z |:(Xlk77—7l‘)lQl7k§Xlk,T’x + u;RLkE(SU[} ‘]:k—l} + O(E)
k

1=
N

=2F ()\];\}T’m)/(sX]]iflf + Z |:(X;€7T7m)/Ql’k(5Xlk’T7m + uERl,kséul} ‘.7:]91} + 0(5), (10)
=k

where o(e) means that an infinitesimal of the higher order with ¢ and (8) has been used.
Now substituting (9) in (10), we have

N
6J = QE{(A';;T’I)’ > Fx(N,j+1)(Bjk + w;Bj )edu;
=k
N -1 N
+ Z(Xlk’T’x)/Ql,k ZFx(l —-1,7+ 1)(Bj,k + ijLk)E(SUj + ZuERl,keéuﬂfk_l} + O(E)
=k =k =k

=2F [(A%T’Q)/(BN,k + ’IUNBNJf) + u?VRN,k} E(SUN

2

-1 N
WiRik+ Y (X7 QuiFx (1= 1,5+ 1)(Bjk +w;Bj )

I=j+1

+ E5Uj

Il
e

J
N7 —
+ [()\?V’T’z)/Fx(N,j + 1)(Bj7k + ijj,k)] E5Uj|]:k1} + O(E)
j=k

—

N—1
= 2E{Q(N+1,N)55UN|.7:k1}+2E{ g(j+1,N)55uj|.7:k1}+0(5), (11)
=k

where the following fact has been used

N -1
SUEXSTYQui| Y Fx(l— 1,5+ 1)(Bjx + ijj,k)E(S“j]
I=k j=k
-1 N )
— l Z (XY QuiFx (I — 1,5+ 1)(Bjr, +w;Bjx) | eduy, (12)
j=k Li=j+1
and G(N + 1, N) and G(j + 1, N) are respectively given as
G(N +1,N) = \5™") (Byx +wnByg) + uy Ry, (13)
G +1,N) = W) Fx (N, j +1)(Bjx + w;Bjx)
N —
+uiRie+ Y (X7 QuaFx (I — 1,5+ 1)(Bj + w; Bjx)- (14)

I=j+1
Furthermore, it is noted that (11) can be rewritten as

N-1
0J =2E, 1 {FE[G(N+1,N)| Fn_1]edun}+ 2Ek_1{ E[G(H+1,N) | F;_1] Eéu]} +o(e), (15)

=k
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where

Ey_1{{G(N+1,N)— E[G(N +1,N)|Fn_1]}edun} =0,
N—-1

Ek—l{ Z{g(] + 17N) _E[g(] + 17N)|]:j—1]}€6u’j} =0
ji=k

has been inserted into (15).

Since duy, is arbitrary, and the equilibrium control u;*™ is optimal only at time &, from (15) we know

that the following relationship should be satisfied
E{G(k+1,N)| Fr_1}=0. (16)

Next, we will show that (6) and (7) are the necessary condition (16).
In fact, following from (7) and (8), we can obtain

AT = Qi X" + E[(Aps1k + wk+1Ak+1,k)l)\Zi—’1x|fk—1]
= Qre1 X" + E{(Ak+1,k + wk+1z‘_1k+1,k)/[Qk+2,kX,ff1’x
+ El(Axsan +wiraArso ) N IF)IFia }

= E{Qr1 1 X" + (Aps1k + wk+1z‘_lk+1,k)'[Qk+2,kX,fj:1’x+(Ak+2,k + wk+21‘_1k+2,k)'>\23:’2x]|7k—1}

N
= E{ Z Fe(j—1,k+ 1)Qj,kX]’?’T’x + Fi (N k+ 1)A™T ]-'k_l}. (17)
j=k+1

Substituting (17) into (6), one has

N
0= Ry pup™" + E{(Bk,k +weBeg) Y Fi(— Lk+1)QpXPT?
j=kt1

+ (B, + wiBi i) Fi (N, k + 1)(>\]1€\}T’x)'|]:k—1}7 (18)

which is indeed the relationship (16). The proof is complete.

Remark 3. It is noted that (7) is the costate equation (backward) with final condition (8), associated
with the system (forward) below:

{ Xlkj:l’x = (A +w AL ) XPT" 4 (Bug + wiBy)uy™™ + fug +wifi, (19)

k, 7 T, X%
X =X, 1 eN,

T,T,%

which forms a flow of the FBSDE system. The equilibrium control u,*"" can be calculated by decoupling
the FBSDE system with the stationary condition (6).

Remark 4. The proposed maximum principle in Theorem 1 and the solution to the FBSDE serve as
the key tools for the time-inconsistent equilibrium control problem investigated in this paper, as well as
other stochastic control problems [32,33]. It is stressed that the derivation methods in Theorem 1 differ
from those in previous work on time-inconsistent control problems [22,24].

3.2 Solution to Problem 1

Time-inconsistent control problems usually arise in financial applications, like the mean-variance portfolio
selection problem. In these cases, the wealth of the investor is scalar-valued. Therefore, we mainly
investigate the n = 1 case in this section, i.e., the state of system (1) is one-dimensional. By using the
maximum principle and the solution to the FBSDE developed in Theorem 1, we will explore the necessary
and sufficient solvability conditions of Problem 1.

The main results of this section can be stated as follows.
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Theorem 2. Under Assumption 1, Problem 1 is uniquely solved if and only if Yy, k& € N, as given
below are all positive definite.
In this case, for any 7 < k < N, the equilibrium control can be given as

u;’x’* = —T;lAkX;’x’* — T;Hk, (20)

where Y, Ag, Il follow the relationship as below:

Tr = Rk + (Pes1.k + Dhg1,6) Bi x Bk + Prg 1,6 By 1 Bro s (21)
A = (Pegrk + Tri16) Bi oAk + Progrx Bl Ak i + By Myt (22)
I = (Piy1k + Dhrtk) Brp frk + Pov1.k B oSk + Bl pPrtt ks (23)

in which Py41.k, 'k+1,% can be calculated from the following nonsymmetric Riccati equations for I € Ny 1,

P = Qi+ (A7) + A7) Pk — (AuePrar kB + Aye P o Bur) Y A, (24)
Tie = A7 Tivine — Al w Bue YA (25)

with final condition Pyt and I'yy1x given by cost function (2).
Moreover, My41,k, Pry1,1 satisfy the difference equations for I € Np4; as below:

M = A Mgk, (26)
1 = (Prrk + Divrn) A fir + A Pt e frr + A @ik
~ |\ (Prg1k + Toiprk) A e Bk + AL g Pk Brg | Y5 T, (27)

while Mn41,, and ®n4q are as in (2).
In this case, the system state X lk’T’x and costate )\f’T’x have the following relationship (the solution to
the FBSDE developed in Theorem 1):

k, T, k, T, k,T,x T, T, %
AN =P e X0y A ik B X0 A+ Mgk X7+ @rga, (28)

where Pit1k, Tiv1k, Mit1k, @i+1,6 can be calculated by (24)—(27), respectively.
Proof. “Sufficiency”: Suppose T, k € N, are strictly positive definite. We will show that Problem 1
is uniquely solvable.

In fact, for simplicity, we denote

V}(;) £ B a[PL(XPT0), Vl(? 2Tk (Bear X772,
VD 2 B (XP M XY, VG 2 B X (29)
Vie 2V + V@ +2v® oy, (30)

where P, and I';j satisfy Riccati equations (24) and (25), and M;; and ®;; satisfy (26) and (27),
respectively.
Through simple calculation, we can obtain

VY = Vi & = Beoa [(Puk — PaAly — P e A2 ) (XP70)?2
- 2Xlk’7’x(f4l,kpl+1,kBl,k + Ak Prv1,k B )w
— 2X[ T (ALk Py i ik + APk fur) — wi[Prea k(B Bug + By Bug)u
= 2uj(By y Pryi ke fik + Bl Prwfir) — P (fl + fl%k)} ; (31)
VS -V = B X — AL L) B X7

1/ k,T,x / /
—Ep1 (QUZBl,kFlH,kAl,kXZ + w L1k By Bikw



Qi QY, et al. Sci China Inf Sci  December 2017 Vol. 60 120204:8

+ 2Al7kFl+17kfl’lek,r,x T 2ugBl’7kFl+17kfz,k + sz,kFl-i-l,k), (32)
Vl’(z) a Vl(ﬂk = B {X’?my*(Mlvk — Myg1 g AL) XPT0 = X% My By — X;’m’*MHl,kfz,k}’ (33)
Vl,(lj) - Vz(ﬂ,k = Ekq{(@z,k — Dy AL ) X — @y By g — ‘I)l+1,kfl,k}. (34)
Thus, combining (31)—(34) yields
Vik = Vigrn = EIH{(Pz,k — A} Pk — A7 P ) (XT0)?

— 2u)(B)  Pry1 Ak + Bll,kplﬂ,klel,k)Xlk’T’z
—uj[(Pyrk + Ti1,0) Bl Bik + Prow Bl Biwlu

- 2Xlk’T’m {Az,kplﬂ,kfz,k + AL kP fir + ATk fie

+ (A e Mg — Mygp) X" + Ay @i, — @l,k}

—2u (Bllkul+1,kAl,kEk—lekmx + B 1 Pk Sk + By Pk fir + Bl gDk fik
+ By M1 1 X0 + Bf,k‘I)zH,k) + B (X7 (T — ApeDigr w Aue) B X07°

- [2X;7x7*Ml+1,kfl,k + fixProankfire + firPrsfir + fielieiefir + 2(I)l+1,kfl,k} }
(35)

Especially, noticing (24)—(27), (35) indicates that
Viek — Vis1,k = W R gtr, + Quoe (X707 = [ug + T H(ARXD™ + ) Ylur + L H(ARXD™ + 0]
+ [Pk,k — Qrk — Ai,kpkﬂ,k - Ai,kpkﬂ,k
+ (A g Pry1,x Bk + Ak,kPkH,kBk,k)T;;lAk} (X752 + 2(My, — AMpy1.5)(X55)?
+ (Fk,k — A7 Thyre + Ak,kaJrl,kBk,kT]:lAk) (X772
+2X,0" [q)k,k — Ak ®rsik — Ak Porr i S — Ak e Tkt fok — Ak Prg 1k ik
+ (Ag kDt 6 Bro + Asoe Pot1,5 Brok + Ak Pt 1, Brg) Y g
- (QXg’x’*MkJrl,kfk,k + frkPrrikfer + ferPortkfrk
+ fra ke frk + 2fkkPryir — M1, B e Ty ' AR(X075)?
— OXT My o By T I, — H;Tglﬂk)
= ufRi pur + Quep(X7)? — [ug + T M (AR XD + 1)) Trlur + T (ApXD* + 1)
- [QX;’x’*Mk+1,kfk,k + fekPrerrk + FRpPovik + fikDhrk + 2 ek ®Prtt
— (X7 M1k Brer T A = 2X7"" My 1 B Ty e — T e . (36)
Taking summation on both sides of (35) from ! to N and using (36), we can obtain

N
Vi — Vviik = Ry puk + Qrn(X0 ) + Er 1 { Z [ ™ Ry g + Ql,k(sz’T’x)Q]}
I=ht1

— [uk + T (ARXD™ 4+ ) Clun + T H(ARXD ™" + )] + Q + Uy, (37)

where X lk’T’z is the regulated state with equilibrium control u; as given in (20) for I € Ni41, and @ and
U, are as given below:

= — [QX’:z’*Mkalkakvk + flg,kPkH,k + flg,kpkﬂ,k + fl?,kaJrl,k + 2[5k Prt1k
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Ty ,%\ 2 —1 T, X% -1 ! -1
(X7 Myg1 1 Br T A — 2X 7% My 5 B Y5 g — T, Y5 M0 | (38)

N
Uy = Z Ekfl{(Pl,k — Qui — A2 Py g — A2 P ) (X772
I=k+1

—2uj(By Py Ak + Bl/,kBJrLkAl,k)Xlk’T’z
—uj(Ruk + Bl Piv1,kBuk + Bl Pivr i Bk + Bl L1 Bu)w

-2 [Al,kPlJrl,kfl,k + APk fie + Akl e fi

+ (A Mg, — M) X0 4+ A @i, — <I>l7k} X

- 2u (Bll,kFl+1,kAl,kEk71Xlk’T’m + Bl P fik + Bl p P fir + Bl e fur

+ Bl M1, X0 + Bz/,k‘I)lH,k) + (L — Al,kFlJrl,kAl,k)(Ek71Xlk’T’m)2

— X" My g fetfrePee fie + fePaefie + foelie fie + 2(I)l+1,kfl,k)}- (39)
From (36)—(39), the cost function (2) can be rewritten as:

J(k’, X;axa*; (Uk7u7—7x7*|Nk+1)) — Pk7k(X;€'7a:,*)2 + Fk,k(X;c—’l"*f + 2Mk,k(X]:’x’*)2 + Qq)k,kX]?l"* _ Qk _ \I/k
+ fun + T (AR + T T fur + 0y (AR X0 + 1)) (40)

It is stressed that w; for [ € N4 in (37)—(40) is the equilibrium control given by (20), which is fixed,
though unknown (see (19)). From Definition 1 of the equilibrium control and Remark 2, we know that
uy is the local optimal only at time k.

Moreover, since it is assumed that Yy > 0, from (40) we can conclude that equilibrium control wy,
satisfies (20) for k£ € N;. The optimal cost function is as below:

I, X050 v, ) = Prp (X0 + Do (X077) 4 2My 1o (X07)? 4 205 o X077 — Qp — Uy, (41)

where Q, U}, satisfy (38) and (39), respectively.
“Necessity”: For the initial pair (7, ), suppose Problem 1 is uniquely solvable. We will show T > 0

for k € N;.
Firstly, we will show YT > 0. From Definition 1 and Remark 2 we know uy is only optimal at time
N, i.e., uy minimizes J(N, X" un). Moreover, we know J(N, X *"; un) can be calculated as:

J(N, XG5 uy) = Ena[Qnn (X572 + uy By vun + Py (XN 507
+ FN+1,N(EN—1X]]\\[[1Q$)2 +2(My1 N XN+ q)N+1,N)EN—1XxL:f
= FN-‘:-I,NA?V,N(XX;%*f +(Qn,n + PN+1,NA?V,N + PN+1,NA?V,N)(XX;%*)2
+ 22X [ANN(Pvyi,N + Tni1,n) By + An NPnii,n By n]un
+ uy[Ry N + By n(Pni1,§ +Tni1,n8)By,n + By yPyy1,8 By v]un
+ 22X AN N(Pvyi N + Tniin) NN + AN NPri1N N N]
+ 2uly[By N (Pn41,8 + Tng1,N) NN + By nPys1,n N N]

+ (Pyy1,v + Tnvg,n) fin + Pysin iy

+2(MN N X+ Prya,N) (AN N XN + By nun + fNN)- (42)

Since Problem 1 is uniquely solvable, i.e., J(N, X" ux) is minimized with a unique equilibrium

control uy™*. In what follows, we set X ™" = 0 and ®ny1.8v = fyn = fyn = 0, so that (42)
reduces to

J(N, X" 5 un) = uy T Nun, (43)

where T obeys (21) for k = N.
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T,T,%*

It is noted that the equilibrium control uy™™ is unique; thus for the case of X" = 0 and ®ny1,x =
N = f_N,N = 0, Problem 1 is also uniquely solvable.

In this case, we choose A to be any fixed eigenvalue of Y . We will show A > 0. Otherwise, A < 0, we
choose vy to be a unit eigenvector associated with A satisfying vvy = 1. Then [A|7!Yv) = —v, holds.

Choose a fixed constant § € R, set uy = WLI/Q’UA; then from (43) we know J(N, X3 un) = —4°.
By letting § — oo, we have J(N, Xy“";un) — —oo, which is a contradiction with Assumption 1 and
the restrictions for weighting matrices of (2). Hence, we have T > 0. On the other hand, since the
equilibrium control is unique, and J(N, X 5**; un) = 0. Thus uy"" = 0 is the unique equilibrium control
of minimizing (43), and Y > 0 can be derived.

In what follows, notice (8) and use the system dynamics (1), and letting k = N, it follows from (6)
that

0= Ry nun + Exn_1[(Bn,N + wnBy,N) AN N,
= RN,NUN+EN71[(BN,NerNBN,N)/(PN+1,NXgL:f+FN+1,NEN71X]]\\;]’J:inrMNH,NX,T\;m’*JrCI)NH,N)]
= Ry nun + En_1[(Bynn + wNBN,N)/PNH,NX]]\\;[L:iI]
+ Bﬁv,NFN+1,NEN—1X]]\\;[L:iI + By My v X" + By nONs1N
= Ry Nun+EN_1{(Bn.N + WNBNn N) Pn+1,8[(ANN + wNANN) XN 4+ (By,n + wn By v)un
+ fvn +wn NN} 4 By TN+, N (AN N XN + Byvun + fyoN)
+ Bﬁv,NMNH,NX]V’”’* + B§v7N¢N+1,N
= (RN N+By nPN41,N BN N+By nPri1, N By N)un+(By nPni1, VAN N+By v Py, NAN N) XG5
+ By NIt 1, NANNX N + By NUni1, 8By vun + By xUnivi NN + By yPyin iy
+ BN NPNii NN N+ By NMn 1, nXN+By nPNi1,N
= (RN,N + By yPNi1,vBy oy + B§V7NPN+1,NBN,N + B§v7NFN+1,NBN,N)UN

+ (B;V,NPN+1,NAN,N + By nPny1,NANN + By nNINi1.NAN N + B§v7NMN+1,N)X17;fx7*

+ By NIN+1,N NN 4 By nPyyi,n NN + By nPyiin Ny + By n®nii,n
= TNUN—I—ANXX;%*"FHN, (44)

where YT, Ay and Iy satisfy (21)—(23) for k = N.
Since Problem 1 is solvable and T > 0 has been proved as above, (44) indicates that the equilibrium
control uy™™" is
u;\}m’* = *T;Vl(ANX]‘I\—]’I’* + HN), (45)
i.e., the equilibrium control (20) has been verified for k = N.
T X%

Next, from (6) we know that to obtain the equilibrium control uy*"] for time N —1, we should calculate
A%j’mﬂ first. In fact, following from (7), we can obtain

N—1,r, N—1,r, T N—1,r,
Av 1 =QN N1 Xy T+ Enoa[(An N1 HwNAN o) AN T

= QN,NAX]J\\;FLT’I + En_1[(AnN—1 + wnAN N-1)

N—-1,7,z N-1,7,x STk
X (PN N1 Xy " A TN N BN 2 Xy T M v X0+ Py v -)]
N—-1,7x 2 A2 N-1,7z
=QnNaXy T+ EN 1 {(PNyin ANy No1 F PnaNv A vo) Xy T

A D, 7x7*
+ (AN, N—1PNy1,N—1BNn,N-1+ AN N-1Pny1,N—1 BN N-1)Uuy

+ AN N-1PNvyi N1 fNN—1+ AN N1 PNy, N—1 N N-1
T,m,*

2 N—-1,7,x
+ N N1 AN o1 B2 Xy + AN N-1I'ny1, N1 BN N1 En_ouy

T,m,*
+ AN N 1INy v N N1 F AN NI MN i N XN F AN N1 PN, N1

2 12
= |@nnN-1+PyrNvaAy v+ Pyyin—1An v



QiQY, et al. Sci China Inf Sci  December 2017 Vol. 60 120204:11

— (An N—1PNy1,v—1 BN N-1 + AN,N—1PN+1,N—IBN,N—1)TEIAN}Xx_lﬂ—’x

2 —1 N-1,7,
+ (FN+1,N—1AN,N,1 — Ay N-aI'nyi,n—1By v Ty AN)EN—2XN e

+ AN N My v X+ [Anv N1 Py, N1 N N—1
+AnN_1PyianafNN-1 FANN TN N1 NN
+ AN N 1PN N1 — AN N-1Tny1 v 1By v Ty Ty
— (AN N-1PN41,N-1BNN-1+ AN N-1PNi1,N—1By N-1)T 5 TIN]
= PN,Nlex_LT’x + FN,NflEN72X]]\\[[_1’T’x + My N XD+ PnoN—1, (46)

where the equilibrium control uy** in (45) has been inserted.

From (46) we know that (28) has been verified for [ = N — 1,k = N — 1.

To use the induction method, take 7 < k < N, for any j > k + 1, we assume:

o T, >0;

e The equilibrium control u; for minimizing J(j, X uj, ..., un) satisfies (20);

e The costate )\?’T’z obeys the relationship (28).

In what follows, we shall show that the above statements are also true for j = k.

Firstly, we will show Y; > 0. In fact, similar to the derivation of (47), by letting X, = 0 and
fk,k = fk,k = (I)k+1,k = O7 we have

Ik, X550 ) = wip Toug — P, (47)

T,T,%*

where Wy, is given by (39) with u;™" satisfying (20) as assumed for £ +1 < j < N.

Similar to the discussion for YTy of (42)—(43), it follows from (47) that if Problem 1 has a unique
solution, then Y5 > 0.

Since T > 0 has been shown, from (44)—(46) we know the equilibrium control u; can be given as (20).

Finally, noting that )\?’T’z for j € Ni4 satisfies (28), along the lines of (46), )\Z’T’z can be derived from
(7) as in (28) for | = k. This ends the necessity proof by using induction method.
Remark 5. The explicit necessary and sufficient condition for the solvability of the time-inconsistent
control problem has been obtained for n = 1 case in Theorem 2, which has never been derived for time-
inconsistent equilibrium control problems. The solvability conditions in previous work like [17,22, 28]
were based on the solvability of FBSDE, which cannot be easily verified.

The Riccati difference equations given in (24) and (25) are nonsymmetric, but they can be calculated
backwardly. It is noted that the proposed algorithm in Theorem 2 is feasible.

The procedure for calculating the feedback gain matrices Yy, Ay, II; for k € N, can be stated as:

1) From (21)—(23) for k = N, then Y, Ay, Iy can be derived;

2) Plugging YT n, Ay, Iy into (21)-(23) and (24)—(27) for I = N and &k = N — 1, we can obtain
Tn_1,An—1,HNn_1;

3) By repeating the above steps backward iteratively, Ty, Ay, II; for k € N, can be developed.

4 Numerical example

This section provides an example to clarify the results obtained in Theorem 2 and verify the effectiveness
of the procedures proposed in the above algorithm. It is noted that the presented example can be applied
to solve mean-variance portfolio selection problems [11,17].

We consider system (1) and associated cost function (2) with 7 = 0, N = 2 and the coeflicients as
below:

A070 = 1.5, ALO = —2, AQ,O = 1.6, Al,l = —3.2, Ag,l = 1.5, A2,2 = 2,

Boo =25, Big=—45, Byg=08, By =09, By =14, Byy=—3,
Ao =08, Ajg=—12, Ayg=26, Aj; =—2, Ayy =05, Ayy =32,
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BO,O = 0.6, BI,O = 8.2, Bgy() = —4.7, Bl,l = 3.8, Bg’l = —2.5, 3272 =3,
Joo =05, fio=0, fo0=24, fin=-15, fa1 =2, f22=0,
foo=-18, fio=55, fan=02, fi1 =12, fo1=-05, fop=—-15,
Q0,0 =0, Q10=2, Q20=35, Q11 =238, Q21 =0, Q22=1,

Roo =12, Rig=0, Rog=0, Rij=0, Roy =15, Ros=36,

Py =23, Ps1=12 Pyy=0, I50=08, [s; =08, ['55=2,
Mo =03, Msj=—22, Myo=0, Bsg=—5, &3y =2, B3y =3.

Firstly, by (21)—(23) for k = N = 2, we have To =21.6 > 0, Ay = —12, Il = —9.
Next, by calculating (24)—(27) with the obtained Tq, Ag, IIs, there holds

Py = 3.5667, My = —3.3, Tyq = —2.7333, &y = 3.6250,

then Y1 = 52.1782 > 0, Ay = —32.4771, II; = 18.4015 can be obtained by solving (21)—-(23) for k = 1.
Finally, by plugging T;, A;,IL;, i = 1,2 obtained above, again using (24)—(27), it can be obtained:

Py = 9.2745, My = 0.48, D'y = 2.6854, o = 13.6127,
Py = 47.6042, My o = —0.96, T'y o = 25.7848, &, o = —42.1266.

Then naturally, we have
Ty =477.0188 > 0, Ap = 295.6588, IIj = —64.9928.
In conclusion, the equilibrium control can be calculated from (20) as
uy™* = 0.5556 X5 + 0.4167, ud™F = 0.6224X 07 —0.3527,  ug"t = —0.6198X )" — 0.1362,

where z is the initial state at initial time 7 = 0.

5 Conclusion

The general time-inconsistent equilibrium control problem for discrete-time systems has been studied in
this paper. We have developed the maximum principle by using variational methods, and thus, a flow of
FBSDE is obtained. Based on the established maximum principle and the solution to the FBSDE, the
open-loop equilibrium control of n = 1 case has been derived and the explicit necessary and sufficient
solvability condition has been developed for the first time. For future research, we would like to extend
our work to solve the stabilization problems for time-inconsistent stochastic control.
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