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Cognitive radio (CR), a concept that can solve
the conflict between spectrum scarcity and low
spectrum utilization, has been researched widely
recently [1]. There are mainly three CR mod-
els: interweave, overlay and underlay [1]. Among
the three CR models, the underlay model is the
simplest and the easiest to implement in practice,
where the secondary users (SUs) can transmit si-
multaneously on the same spectrum band with the
primary users (PUs) as long as the interference
power from the former to the later is under a cer-
tain threshold. Meanwhile, energy harvesting is
a promising way to support continuous green en-
ergy supply to communication systems by contin-
ually harvesting energy from nature. There are a
lot of works focusing on investigating the energy
harvesting CR networks. Specifically, the works
in [2,3] studied the harvesting-sensing-throughput
tradeoff problems in the energy harvesting inter-
weave CR networks, and the works in [4, 5] stud-
ied the energy-data cooperation problems in the
energy harvesting overlay CR networks. However,
very few work focused on the energy harvesting
underlay CR networks. Notably, under the en-
ergy causality constraint, ref. [6] used a geomet-
ric water-filling power allocation to maximize the
SU throughput with the peak transmit power con-
straint, and ref. [7] proposed a robust power al-

location scheme to maximize the SU throughput
with the interference power constraint.

In this article, we consider an underlay CR mul-
tiple access network where N SUs communicate to
a cognitive base station (CBS) that shares a nar-
row spectrum band with the PU. The communi-
cations of the SUs are time-slotted with duration
T and the inter-SU interference is avoided by allo-
cating each SU a fraction of time in each time slot.
The CBS is assumed to harvest energy from nature
and then transfer the energy to the SUs through
wired power lines. The CBS prices the interfer-
ence power and allocated energy to regulate the
interference and energy consumption of the SUs.
The price-based joint time and energy allocation
problem subject to the interference power and the
energy causality constraints is studied. We formu-
late the problem as a Stackelberg game to jointly
maximize the revenue of the CBS (the leader) and
the individual utilities of the SUs (the followers).
The Stackelberg equilibrium is then investigated.
We derive the optimal interference price, the op-
timal energy price, the optimal time allocation at
the CBS’s side, and the optimal energy allocation
at the SUs’ side. It is shown that one SU occu-
pying the entire time slot is optimal. It is also
shown that the optimal interference price and en-
ergy price are not unique. It is noted that, to
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our best knowledge, resource allocation problems
in energy harvesting underlay CR multiple access
network have not been studied yet in literature.

System model and problem formulation. The
channel power gains from SU i to the CBS and
SU i to the PU are denoted by hi and gi, re-
spectively. The noises power is denoted by σ2.
The total energy consumed by the SUs is limited
by the amount of harvested energy in the CBS.
For simplicity, we assume that energy is consumed
only for wireless transmission and the total en-
ergy available for the SUs in a time slot is de-
noted by Emax. The time fraction allocated to
SU i is denoted as τi, and the energy allocated to
SU i is denoted as Ei. The energy causality con-
straint requires that

∑N

i=1 Ei 6 Emax. Let pi =
Ei

τi
denote the transmit power of SU i. To protect
the PU transmission, the interference power con-
straint requires that the interference power in each
time slot from the SUs to the PU is restricted
as 1

T

∑N

i=1 τipigi = 1
T

∑N

i=1 Eigi 6 Qmax, where
Qmax is the predefined interference power limit.

We assume that the CBS complies with the
interference power and the energy causality con-
straints by pricing the interference power and the
energy, and allocating proper time fractions to the
SUs. The CBS aims to maximize its revenue and
the SUs aim to maximize their individual utilities.
We formulate the price-based resource allocation
problem using the hierarchical Stackelberg game.
At each time slot, the SUs (the followers) know
the prices charged and time fraction allocated by
the CBS (the leader) and the CBS knows the SUs’
energy consumption.

The CBS decides the price λi per unit of in-
terference power and the price µi per unit of
energy for SU i to maximize the revenue given
by R(λ,µ, τ ,E) = 1

T

∑N

i=1 Eigiλi +
∑N

i=1 Eiµi,

where λ = [λ1, . . . , λN ], µ = [µ1, . . . , µN ], τ =
[τ1, . . . , τN ] and E = [E1, . . . , EN ] are the inter-
ference power price vector, the energy price vec-
tor, the time fraction allocation vector and the en-
ergy allocation vector, respectively. The aim of the
CBS is to find the optimal λ, µ, τ such that its
revenue is maximized under the interference power
and the energy causality constraints. The problem
at the CBS’s side is formulated as (P1)

max
λ�0,µ�0,τ�0

R(λ,µ, τ ,E) (1)

s.t.
1

T

N
∑

i=1

Eigi 6 Qmax, (2)

N
∑

i=1

Ei 6 Emax, (3)

N
∑

i=1

τi 6 T. (4)

At the SUs’ side, the utility of SU i is defined as
Ui(Ei) = νiτi ln(1 +

Eihi

τiσ2 ) −
Eigiλi

T
− Eiµi, where

νi denotes the unit rate utility gain for SU i. The
utility of SU i consists of three parts. The first
part is the profit for successfully transmission, the
second and the third parts are the costs for caus-
ing interference power to the PU and consuming
energy from the CBS, respectively. The problem
at the side of SU i is formulated as (P2)

max
Ei>0

Ui(Ei), i = 1, . . . , N. (5)

P1 and P2 together form the Stackelberg game
and we aim to find the Stackelberg equilibrium
(SE) where neither the CBS nor the SUs have in-
centives to deviate. Since the utility of SU i does
not depend on other SUs’ energy consumption, the
best response of each SU can be found by solving
P2. Then, the best response of the CBS can be
found by solving P1 given the best responses of
the SUs. Thus, the SE for the formulated Stackel-
berg game can be found by solving P2 for given λ,
µ, τ , and then solving P1 with the obtained best
responses of the SUs.

Stackelberg equilibrium solution. At the SUs’
side, it can be easily verified that P2 is convex
and thus the optimal solution of P2 is obtained by
setting the first derivative of Ui(Ei) to zero as [8]

E∗
i = τi

(

νiT

giλi + µiT
−

σ2

hi

)+

, i = 1, . . . , N, (6)

where (·)+ = max(·, 0). It is observed from the
above expression that if λi or µi is too high, the
SU’s transmit power is zero, i.e., the SU is not
allowed to transmit.

With the obtained best responses of the SUs
given in (6), we solve P1 by exploring its special
structure. The following two propositions give im-
portant properties of the solution of τ to P1 with
Ei = E∗

i .

Proposition 1. For fixed values of λ and µ, the
optimal solution to P1 with Ei = E∗

i has at most
one SU k, k ∈ {1, . . . , N}, with τk > 0.
Proof. Refer to Appendix A.

Proposition 2. The optimal solution to P1 with
Ei = E∗

i has only one SU k, k ∈ {1, . . . , N}, with
τk > 0.
Proof. Refer to Appendix B.

Based on Proposition 2, we can solve P1 with
Ei = E∗

i by finding N optimal solutions, that is,
one for each of the N SUs with allocated time frac-
tion larger than zero, and then choosing the SU
that maximizes the objective function in (1).
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Theorem 1. Supposing that SU i is allocated
with nonzero time fraction, i.e., τi > 0 and τj =
0, ∀j 6= i, then the optimal value of τi to P1 with
Ei = E∗

i is τ∗i = T , the optimal values of λi and
µi must satisfy

giλ
∗
i + µ∗

iT =
νiT

min
(

Qmax

gi
, Emax

T

)

+ σ2

hi

, (7)

and the maximum revenue of the CBS is
νi min(QmaxT

gi
,Emax)

min(Qmax

gi
,
Emax

T
)+σ2

hi

.

Proof. Refer to Appendix C.

Theorem 1 indicates that the optimal interfer-
ence price and energy price are not unique and
must satisfy the equality in (7). Based on Theo-
rem 1, the SU indexed by k given as

k = arg max
i∈{1,...,N}

νi min
(

QmaxT

gi
, Emax

)

min
(

Qmax

gi
, Emax

T

)

+ σ2

hi

, (8)

is selected for allocating the entire time slot and
the prices must satisfy the equality in (7).

Simulation results. All the channels involved are
assumed to follow Rayleigh fading with unit mean.
For simplicity, we assume that the unit rate utility
gains for all the SUs are the same, i.e., νi = ν, ∀i.
In addition, we set σ2 = 1 and T = 1. Figure 1
illustrates the average revenue of the CBS and the
average sum utility of the SUs against the energy
causality constraint. It is seen that both the aver-
age revenue of the CBS and the average sum utility
of the SUs increase as Emax increases and then sat-
urate when Emax is large. It is also seen that the
curves for different values of Qmax almost overlap
when Emax is small. When Emax is large, it is seen
that higher value of Qmax leads to higher average
revenue of the CBS and higher average sum utility
of the SUs. This indicates that the revenue of the
CBS and the utilities of the SUs are constrained
by Emax when Emax is small, and constrained by
Qmax when Emax is large. In addition, it is seen
that higher value of ν leads to higher average rev-
enue of the CBS and higher average sum utility of
the SUs.
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Figure 1 (a) Average revenue of the CBS and (b) average
sum utility of the SUs vs. Emax.
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