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Abstract This paper presents a fast algorithm for nonlinear model predictive control. In real-time implemen-

tation, a nonlinear optimal problem is often rewritten as a nonlinear programming (NLP) problem using the

Euler method, which is based on dividing the prediction horizon into N steps in a given time interval. However,

real-time optimization is usually limited to slow processes, since the sampling time must be sufficient to support

the task’s computational needs. In this study, by combining the Gauss pseudospectral method and model pre-

dictive control, a fast algorithm is proposed using fewer discrete points to transcribe an optimal control problem

into an NLP problem while ensuring the same computational accuracy as traditional discretization methods.

The approach is applied to the torque split control for hybrid electric vehicles (HEV) with a predefined torque

demand, and its computational time is at least half that of the Euler method with the same accuracy.

Keywords energy management, hybrid electric vehicles, nonlinear model predictive control, Gauss pseu-

dospectral method, nonlinear programming
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1 Introduction

Nonlinear model predictive control (NMPC), an optimization-based method, is an approach to solving

complex control problems that involve finding a solution at each sampling instant of a finite horizon

optimal control problem. However, the solution to an on-line nonlinear optimal problem is often com-

putationally complex and time consuming with respect to real-time NMPC implementation [1,2]. Many

recent fast numerical methods have thus been proposed for solving nonlinear optimal problems.

The rigorous theoretical underpinnings of NMPC evolved within the contexts of both continuous and

discrete-time systems [3]. From the theoretical point of view, numerical methods for solving continuous-

time optimal control problems fall into two general categories: indirect and direct methods [4]. In indirect

methods, a two-point boundary-value problem (TPBVP) is established and then solved numerically in

real time. The primary advantage of indirect methods is their high accuracy; their drawbacks are small

convergence radii, and the need to analytically derive the two-point boundary-value problem [5]. In
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Figure 1 (Color online) Discrete points and their corresponding Euler method and Gauss pseudospectral method weights

with different numbers of discrete points. The constant weight of the Euler method is defined as AEuler = 2/N , and the

Gauss weights are Legendre-Gauss (LG) points. Here, N represents the number of discrete points.

direct methods, the continuous-time optimal control problem is transcribed to a nonlinear programming

(NLP) problem. The resulting NLP problem can be solved numerically by well-developed algorithms,

that attempt to satisfy a set of conditions associated with the NLP problem.

There are several methods by which a continuous-time optimal control problem is transcribed into an

NLP problem, one of which is the Euler method, wherein the prediction is divided into N steps over

a time interval ∆t. However, only slow processes should be considered for real-time implementation,

as the sampling time must be sufficient to support the computational needs of the process [1]. Another

approach to transcribing an optimal continuous-time control problem into an NLP problem is pseudospec-

tral methods. Pseudospectral methods are a class of direct collocation in which global polynomials and

collocation of differential-algebraic equations are used to parameterize the states and control variables [6].

One of these pseudospectral methods is the Gauss pseudospectral method (GPM), which was originally

developed by [7] in effort to improve costate estimation. It was originally formulated for optimal control

problems involving integral dynamic constraints, but was later adapted to be used with more common

differential dynamic constraints [8], and has recently been applied to vehicle control. In [9,10], the gear

ratio is obtained by converting a switching nonlinear mixed-integer problem to a nonlinear programming

problem, using a knotting technique and the Legendre pseudospectral method, which is then solved by the

sequential quadratic programming (SQP) algorithm. Results show that better performance is obtained

with higher computational efficiency using this method.

The GPM is based on a Gaussian quadrature formula; its basic concept is the discretization of the

time horizon into non-uniform segments using Legendre-Gauss (LG) points with Gauss weights to obtain

higher accuracy, as shown in Figure 1. From the figure, we can also observe that the density of these

LG points at the beginning of the horizon is higher than that in the central section. Thus, by exploiting

this feature and combining the GPM with NMPC, a computationally effective algorithm is proposed as

a fast solution for a continuous-time optimal control problem. Its computational efficiency is evaluated

by calculating a simple numerical example. The method is also applied to the energy management of a

hybrid electric vehicles (HEV), solving the optimal control problem of torque split based on known torque

demand, and is benchmarked with computation time and accuracy, compared with the Euler method.

The remainder of this paper is organized as follows. In Section 2, the computationally effective al-

gorithm based on the GPM and NMPC is described. Section 3 introduces a simple numerical example,

which is conducted to demonstrate the computation time and accuracy of the proposed method. An
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application of the proposed method to HEV energy management is presented in Section 4, and our

conclusion is given in Section 5.

2 Algorithm description

2.1 Preliminaries

In this section, we consider a class of nonlinear continuous-time systems described by

ẋ(t) = f(x(t), u(t), p(t)), (1)

where x(t) ∈ R
m, u(t) ∈ R

n, and p(t) ∈ R
q are the states, the input variables, and the given time-

dependent parameters, respectively. The control inputs at each time t are determined in order to minimize

the performance index:

min J = ϕ(x(t0), x(tf)) +

∫ tf

t0

g(x(t), u(t), t) dt, (2)

where the time horizon is t ∈ [t0, tf ], ϕ is the terminal constraint, and g is a cost function. Constraints

are also imposed over the horizon in general, as

C(x(t), u(t), p(t)) 6 0 ∈ R
c, Φ(x(t0), x(tf)) = 0 ∈ R

φ, (3)

where C and Φ are boundary and path constraints, respectively. Without loss of generality, the initial

continuous-time NMPC problem can be reformulated as follows:

min J = ϕ(x(−1), x(1)) +
tf − t0

2

∫ 1

−1

g(x(τ), u(τ), τ)dτ, (4)

with constraints

ẋ(τ) =
tf − t0

2
f(x(τ), u(τ), p(τ)), C(x(τ), u(τ), p(τ)) 6 0 ∈ R

c, Φ(x(−1), x(1)) = 0 ∈ R
φ, (5)

where the time interval is transformed from [t0, tf ] to [−1, 1] via the affine transformation

t =
tf − t0

2
τ +

tf + t0
2

, τ ∈ [−1, 1]. (6)

For clear expression, the notations throughout the paper are given in Table 1.

2.2 Gauss pseudospectral discretization

Considering the collocation at the N Legendre-Gauss points, noted as τ1, τ2, . . . , τN , and the initial point

τ0 corresponding to initial time t0, the states x(τ) are discretized as

X = [x(τ0), x(τ1), x(τ2), . . . , x(τN )] ∈ R
m×(N+1). (7)

The control inputs and the given time-dependent parameters are similarly discretized to U and P as

U = [u(τ0), u(τ1), u(τ2), . . . , u(τN )] ∈ R
n×(N+1),

P = [p(τ0), p(τ1), p(τ2), . . . , p(τN )] ∈ R
q×(N+1). (8)

Then the dynamics x(τ) and u(τ) are approximated by the Lagrange interpolation polynomials at collo-

cations points

x(τ) ≈ XL(τ) ∈ R
m, u(τ) ≈ UL(τ) ∈ R

n, (9)

where L(τ) is the basis of Lagrange polynomials given by

L(τ) = [L0(τ), L1(τ), . . . , LN (τ)]T ∈ R
N+1, Li(τ) =

N
∏

j=0,j 6=i

τ − τj
τi − τj

(i = 0, 1, . . . , N). (10)
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Table 1 Notations throughout the paper

Symbol Description Symbol Description

Tm Motor torque Cbat Battery capacity

Pm Motor power Tf Engine torque

∆t Sampling time Tdem Torque demand

x State variable ωf Engine speed

u Control variable ωm Motor speed

ϕ Terminal constraint SoCr Battery state of charge reference

p(t) Given time-dependent parameters Eu Euler method error

g Cost function γ Torque split ratio

L Basis of Lagrange polynomials κ Gear ratio between motor and engine

D Differential approximation matrix Ig Transmission gear ratio

C Boundary constraint ηm Motor efficiency

Φ Path constraint θ Road slope

Ai Gauss weights Rbat Battery internal resistance

uo(t) Optimal control input Voc Battery open-circuit voltage

eu Error of control variable SoC Battery state of charge

ex Error of state Jg Objective function of GPM-MPC

ex,max Maximal error of state Je Objective function of Euler-MPC

eu,max Maximal error of control variable Jexact Exact objective value

uexact Exact control results αelc Weighting factor

xexact Exact state mf Engine fuel rate

Nexact Discrete points for exact results ug Control inputs of GPM-MPC

ue Control inputs of Euler-MPC Ng Discrete points of GPM

Ne Discrete points of Euler Jo Accurate cost

It follows that the differential equation of the state can be approximated by a differential operation on

the Lagrange bases:

ẋ(τ) ≈ XL̇(τ) ∈ R
m. (11)

The derivative of each Lagrange polynomial at the LG points can be represented in a differential ap-

proximation matrix, D = [D1, D2, . . . , DN ] ∈ R
(N+1)×N . The elements of the differential approximation

matrix are determined offline as follows [5]:

Dk = [L̇0(τk), L̇1(τk), . . . , L̇N(τk)]
T ∈ R

N+1, (12)

where k = 1, 2, . . . , N . It follows that ẋ(τk) ≈ XDk ∈ R
m. Thus, the state equation in (5) is reformulated

as algebraic constraints via the differential approximation matrix as follows:

XDk −
tf − t0

2
f(Xk, Uk, Pk) = 0, k = 1, 2, . . . , N, (13)

where Xk ≡ x(τk), Uk ≡ u(τk), and Pk ≡ p(τk). Regarding the terminal constraints in the preceding

optimal problem, additional variables in the discretization are defined as

x(−1) = x(τ0), x(1) = x(τN ) +
tf − t0

2
(1 − τN )f(XN , UN , PN ). (14)

According to the LG quadrature

∫ 1

−1

f(x, τ) dτ ≈

N
∑

i=0

Aif(x(τi)), (15)

an integral item in [−1, 1] can be reformulated as the algebraic sum of discrete points on the integrand,

where Ai is the Gauss weights. The Gauss points τ1, τ2, . . . , τN are determined as the zeros of the Nth-

degree Legendre polynomial [11] and the weights are the integrals of the resulting Lagrange interpolating
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Figure 2 Control inputs of MPC using GPM in real time.

polynomials, so that [7]

Ai =

∫ 1

−1

N
∏

j=0,j 6=i

τ − τj
τi − τj

dτ, (i = 0, 1, . . . , N). (16)

In contrast with the Euler method, LG quadrature is a weighting summation method with a non-

uniform subdivision approach; it can offer a higher accuracy with the same number of discrete points.

Thus, the cost function is obtained and the initial continuous-time optimal problem can be reformulated

as an NLP problem that finds the solution Q = [XT, UT]T, such that

min J = ϕ(x(−1), x(1)) +
tf − t0

2

N
∑

k=0

Akg(Xk, Uk), (17)

with constraints

XDk −
tf−t0

2 f(Xk, Uk, Pk) = 0, C(Xk, Uk, Pk) 6 0 ∈ R
c,

Φ(x(−1), x(1)) = 0 ∈ R
φ, k = 1, 2, . . . , N. (18)

The resulting NLP problem is then solved numerically by well-developed algorithms.

2.3 Moving horizon strategy for online applications

As discussed above, from Figure 1, which shows a series of LG points with different average discrete inter-

vals, we can observe that the prediction horizon is discretized with a nonuniform subdivision approach.

Using the obtained discrete optimal control variable U(τk), k = 0, 1, 2, . . . , N , the continuous-time opti-

mal control input, uo(t)(t ∈ [t0, tf ]), can be derived by (6) and (9). In real-time applications, suppose

the sampling time ∆t is fixed and the interval time between two adjacent control instructions ∆tc is less

than the sampling time. In this case, because the discrete points at the ends of the horizon are dense, it

is not appropriate to use uo(t0) directly as the control input. In general, the first several elements of the

control sequence can be applied to the plant, such as

u(t) = uo(t), t ∈ [t0, t0 +∆t], (19)

as shown in Figure 2. However, if ∆tc > ∆t, the control instruction can be defined as

u(t) = uo(t0) . (20)

Influence of the control interval ∆tc in control performance will be discussed in Subsection 3.2.2.

3 Numerical examples

In order to evaluate the computational efficiency and accuracy of the proposed algorithm, two numerical

examples are given in this section.
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3.1 Numerical example without the moving horizon strategy

As the first step in evaluating the performance of the GPM, we discuss a numerical simulation without

the moving horizon strategy. Consider the following optimal control problem:

min J =
1

2

∫ 1

0

(x2(t) + u2(t))dt,

s.t. ẋ(t) = −0.5x2(t) + 2u(t)

(

√

x(t) +
1

x(t)

)

,

x(0) = 2, x(1) = 3, |u(t)| 6 5, (21)

where x(t) ∈ R and u(t) ∈ R are the state and the control variables, respectively.

For a computational efficiency comparison, the preceding optimal control problem is separately refor-

mulated as an NLP problem using the GPM and the Euler method using different numbers of discrete

points. The resulting NLP problem is then solved by the SQP algorithm. The time horizon is transformed

back to [t0, tf ] by (6) after obtaining the optimal results, and the state and control variable errors are

defined as

eu(tk) = |u(tk)− uexact(tk)| , ex(tk) = |x(tk)− xexact(tk)| ,

eu,max = max{eu(tk)}, ex,max = max{ex(tk)}, k = 0, 1, . . . , N, (22)

where uexact(tk) and xexact(tk) represent the exact results, which are obtained by a large number of

discrete points, Nexact = 200, using the Euler method.

Figure 3 shows the state and control input trajectories during the time horizon. Figure 4 represents

the maximum error of the control variables and the states using the GPM and the Euler method with

different numbers of discrete points. From these results, we can see that with the same number of discrete

points, the accuracy of the GPM is much higher than that using the Euler method; by increasing the

number of collection points, the maximum error in the GPM decreases rapidly to a feasible level. This

is expected because in the GPM, the integral item (cost function of the optimal problem) is expressed

as the algebraic sum of the discrete points using a weighting summation method, which represents a

higher accuracy in comparison to linearization methods, according to LG quadrature. Furthermore,

the discretization of the state equation using polynomial method in the GPM shows better precision,

especially for continuous-time systems. Thus, in real time, under the same accuracy requirements, the

number of discrete points can be reduced, which contributes to the reduction of computation time.

From the results shown in Figure 3, we can also observe that the early errors are much lower than the

maximum ones. In real-time applications, for most numerical algorithms, only the first element or the

first several elements of the derived control sequence is applied to the plant within one control interval.

Thus, influence on real-time control performance depends on the errors at the beginning of the horizon.

For more detailed observation, errors in one-tenth of the horizon are chosen, and are redefined as

e′u,max = max{eu(tk)}, e′x,max = max{ex(tk)}, k = 0, 1, . . . , h, (23)

with h determined by

th−1 <
1

10
(tf − t0) 6 th . (24)

Figure 5 shows the redefined maximum errors e′u,max using the GPM and Euler method under different

numbers of discrete points. By comparing the results in Figures 4 and 5, we can see that the improvement

potential of the GPM in terms of computational accuracy is larger when considering only the early errors.

This will be further discussed in the next subsection.

3.2 Numerical example with the moving horizon strategy

3.2.1 Comparison of the two methods

This subsection deals with the evaluation of the computational performance of the proposed method by

combining the GPM with a moving horizon strategy. To better demonstrate the benefit of the proposed
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Figure 3 (Color online) State, control input, and error trajectories during the time horizon using the GPM. From top to
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Table 2 Errors using GPM-MPC and Euler-MPC

No. GPM Euler

Ng E(×10−5) Ne E(×10−5)

1 6 498 15 236

2 8 183 20 136

3 10 71 25 79

4 16 18 30 50

5 20 11 40 44

6 24 10 50 35

7 32 12 80 25
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Figure 6 Final cost using different control intervals and sampling time.

strategy, a comparison simulation is given below. We consider the following NMPC problem:

min J =
1

2

∫ t+T

t

(x2(t′) + u2(t′))dt′, (25)

subject to the state equation in (21), x(t + T ) = 3 and x(t, 0) = 2, wherein the receding horizon T is

defined as T = 1 − t. For clarity, the GPM and Euler method in the MPC framework are respectively

noted as GPM-MPC and Euler-MPC, and their corresponding control inputs are defined as ug and ue.

Additionally, the error is defined as

E = |J − Jo| , (26)

with Jo defined as the accurate cost.

Table 2 summarizes the GPM-MPC and Euler-MPC errors using different numbers of discrete points,

marked as Ng and Ne, respectively. From these results, we can see that under the same accuracy

requirement, the computational efficiency of GPM-MPC is much higher than that of Euler-MPC. Thus,

for a continuous-time control problem, the potential of further computational efficiency improvement can

be realized by combining the GPM with a moving horizon strategy.

3.2.2 Influence of the control interval ∆tc

As discussed above, after obtaining the continuous-time optimal control input uo(t), the control instruc-

tion can be determined by (19) if ∆tc 6 ∆t, which means that a difference occurs between the control

interval and sampling time. To observe the influence of ∆tc on control performance, we conducted a

simple comparison simulation. The optimal problem is the same as (25) in Subsection 3.2.1 and the

number of LG points is Ng = 20.

Figure 6 shows the final cost results under different sampling times and control intervals. From these

results, we can see that the final cost increases with the sampling time. Thus, in real-time applications,

if the control interval is smaller than the sampling time, the first several optimal control inputs can be

applied for better performance. This may be possible when considering sensor capacity limits. However,

for most controls, uo(t0) is applied to the system because the sampling time is sufficiently small.
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Figure 7 Topology of the parallel hybrid electric vehicle powertrain [14].

Table 3 Vehicle parameters

Symbol Description Value

M Vehicle mass 1800 (kg)

ρ Air density 1.205 (kg/m3)

Af Face area 2.08 (m2)

cd Coefficient of air resistance 0.36

f Coefficient of rolling resistance 0.011

ηt Drive train total efficiency 0.96

rw Dynamic tire radius 0.33 (m)

Cbat Battery charge capacity 20 (Ah)

4 HEV energy management

Hybrid electric vehicles (HEVs), which are a more viable option for reducing energy consumption and

emissions than conventional vehicles, have become popular in recent years [12]. To fully utilize the

capability of regenerative braking and the potential of optimizing the operation of its energy sources,

splitting torque between the two sources without affecting vehicle speed has become a critical issue in

HEV control [13]. In this section, using the GPM-MPC, a real-time solution for determining the optimal

torque-split ratio of an HEV is proposed. Figure 7 shows the system under consideration, a passenger

vehicle with a parallel hybrid electric drivetrain. The drivetrain comprises an internal combustion engine

(ICE) and an electric capacity device, the parameters of which are shown in Table 3.

4.1 Methodology and problem formulation

Many power flow paths can be created within the parallel HEV powertrain in response to the positive

torque demand. Each of these flow paths can be identified schematically by vehicle modes and numerically

by the torque-split ratio γ(t), which is defined as the ratio of the torque contribution of the electric system

to the total torque demand [15], as follows:

• γ(t) = 0, pure thermal mode: the torque demand is given by the engine only.

• 0 < γ(t) < 1, hybrid mode: both the engine and the motor provide the torque, denoted as Tf and

Tm, respectively.

• γ(t) < 0, recharging mode: the electric motor is engaged with wheels as a generator producing

electricity.

Pure thermal mode is preferred when the engine operates in its peak-efficiency region. Pure electric

mode is selected when the engine operates in a low-efficiency zone, such as at low speeds. In hybrid mode,

both the engine and the motor are used. When the state of the battery charge is low, the engine produces

excess energy to recharge the battery efficiently; conversely, when the state of the battery charge is high,

pure electric mode is used. It should be noted that during deceleration, the clutch disengages the engine

from the driveline. The electric motor alone remains engaged to recuperate energy and thus acts as a

generator. Thus in this case, the only control variable is the motor torque (with respect to power source),
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which can be calculated by the powertrain ratio and the brake force required. Then, a brake recovery

control system can be used. This calculation is outside the scope of this study.

For the torque-split optimization, the objective is to find the optimal torque ratio that reduces energy

consumption and maintains state-of-charge (SoC) stability. In equations, we find the control policy

u = γ(t), t′ ∈[t, t+ T ], such that [16]

min J =

∫ t+T

t

mf(t
′) + αelc(SoC(t

′)− SoCr)
2dt′, (27)

subject to
d

dt
SoC(t) = −

Voc −
√

V 2
oc − 4Pm(t)Rbat

2CbatRbat
, (28)

where mf(t) is the fuel rate of the engine; αelc is a weighting factor; SoCr is the reference battery

state-of-charge, Pm(t) is the motor power; and Voc, Rbat and Cbat are the battery open-circuit voltage,

internal resistance, and capacity, respectively. It should be noted that positive battery power Pm(t) > 0

indicates that the battery is discharging and negative battery power Pm(t) < 0 indicates that the battery

is charging.

In general, the motor power is a function of the motor torque Tm(t) and speed ωm(t), as

Pm(t) = Tm(t)ωm(t)η
−sign(Tm(t))
m ,

Tm(t) = γ(t)Tdem(t), (29)

where ηm, the efficiency of the motor, is used to calculate the power loss of the motor as a function of

the corresponding torque and speed and Tdem is the torque demand from the driver. The engine fuel rate

mf(t), is often expressed as a map, extracted rom the engine, as

mf(t) = Ψ(Tf(t), ωf(t)), (30)

where Tf and ωf are the torque and speed of the engine, respectively; here, Tf is determined by

Tf(t) + κTm(t) = Tdem(t), (31)

wherein κ is the gear ratio between the engine and motor. It should be noted that the torque demand

Tdem in the optimal control problem can be obtained by driver actions. Generally, Tdem is a function of

the pedal position and the maximum torque, which is determined by a lookup table with the initial speed.

In previous publications [17–19], several approaches to torque demand prediction have been proposed; in

this study, we use the method proposed in [17].

For online implementation, approximate closed-form expressions are used instead of (29), e.g., polyno-

mial expressions [20,21]. In this paper, for analytical expressions, the motor power Pm(t) and the engine

fuel rate mf(t) are approximated as an affine piece-wise second order function of the output torque and

speed, as

Pm(t) =

2
∑

i=0

2
∑

j=0

ai,jTm(t)
iωm(t)

j ,

mf(t) =

2
∑

i=0

2
∑

j=0

bi,jTf(t)
iωf(t)

j . (32)

There are also two kinematic equality constraints between velocities

ωm(t) = κ
Ig
rw

v(t),

ωf(t) =
Ig
rw

v(t), (33)
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where v(t) is the vehicle speed with the following dynamics:

d

dt
v(t) =

Tdem(t)Ig
Mrw

−
1

2M
ρcdAfv

2(t)− crg, (34)

where Ig ∈ {16.41, 9.65, 6.32, 4.75, 3.63, 2.78} is the transmission gear ratio; M is the equivalent mass;
1
2ρcdAfv

2(t) is the aerodynamic drag resistance; ρ, cd, and Af are air density, air resistance coefficient, and

face area, respectively; crg represents the acceleration caused by the rolling resistance and the gradient

resistance, which is determined by the road slope θ, as

cr = f cos(θ) + sin(θ). (35)

Here, f is the coefficient of rolling resistance. Given the transmission gear ratio Ig, which is obtained by

a gear shift map, assuming the torque demand constraint in (31) holds, the vehicle velocity profile along

the prediction horizon can be uniquely determined by the initial velocity and driver torque profile [16]. In

summary, the optimization problem can be expressed as minimizing (27), subject to system dynamics (28)

and (34), with control variables defined as u = γ(t) = Tm(t)/Tdem(t) and states defined as x = SoC(t),

under the given gearshift schedules and torque requirements.

Control inputs of the torque-split problem Tf(t) and Tm(t) are bounded by limitations T{f,m},max and

T{f,m},min that typically vary with speed, since both engines and electric motors have torque peak curves

that are functions of their respective rotational speeds. In addition to these limits, some other physical

constraints must be enforced, as follows:

γ(t) 6 1,

SoCmin 6 SoC(t) 6 SoCmax,

Tm,min 6 Tm(t) 6 Tm,max,

0 6 Tf(t) 6 Tf,max,

0 6 ωm(t) 6 ωm,max,

0 6 ωf(t) 6 ωf,max. (36)

It should be noted that when in real-time applications, modelling parameters such as current SoC,

battery open-circuit voltage Voc, internal resistance Rbat, reference SoCr and total mass M should be

tuned before optimizing the problem (27) and (28). Based on the previous equations, the torque-split

optimization problem can be represented and solved by the proposed GPM-MPC. In this study, we utilize

the commercial optimization software, SNOPT [22], in which an SQP algorithm is used.

4.2 Evaluation of the GPM-MPC for torque-split optimization

This section presents simulation results that demonstrate the validity of the proposed GPM-MPCmethod.

The driving cycles used in this section are the New European Driving Cycle (NEDC) and the Urban

Dynamometer Driving Schedule (UDDS).

4.2.1 Computational accuracy of the two methods

Before showing the simulation results over standard driving cycles, we first discuss a driving scenario that

includes acceleration from 0 to 16 m/s and a constant cruise, which is useful for choosing the number of

discrete points. The velocity, gear shift schedule, and torque demand of the driving scenario are shown in

Figure 8. To observe the performance of the proposed method, we compare the errors of the GPM-MPC

and Euler-MPC. The sampling time is determined by the discrete point number N , the prediction horizon

is T as ∆t = T/N , and we set T = 5 s.

Neglecting the computational capacity of the hardware, for the Euler method, it is apparent that the

larger the discrete point number is, the more accurate the solution that can be obtained. Thus, in this

section, because of the infeasibility of the analytical solution, an approximate optimal result is chosen as
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Figure 8 A driving scenario for evaluating the computational efficiency of the two methods.
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Figure 9 (Color online) Errors of the control variables

and states using the GPM and Euler method in a driving

scenario.

Figure 10 (Color online) State-of-charge and torque tra-

jectories using the GPM-MPC (Ng = 16).

the benchmark with a larger number of discrete points, Nexact = 200, using the Euler method. Then, the

error is defined as

Eu =

∣

∣J{g,e} − Jexact
∣

∣

Jexact
, (37)

where Jg and Je are the objective functions obtained by the GPM-MPC and Euler-MPC, respectively

and Jexact is the exact objective value. Figures 9 and 10 show the results of the driving scenario. It can

be seen that with the same number of discrete points, the computational accuracy of the GPM is much
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Table 4 Fuel consumption using different methods under NEDC

Controller Initial SoC Final SoC Fuel (g)

0.6 0.466 –

GPM-MPC method 0.466 0.463 –

0.463 0.463 284

0.6 0.464 –

Euler-MPC method 0.464 0.458 –

0.458 0.458 284

Table 5 Fuel consumption using different methods under UDDS

Controller Initial SoC Final SoC Fuel (g)

GPM-MPC method
0.6 0.446 –

0.446 0.446 396

Euler-MPC method
0.6 0.443 –

0.443 0.443 419

higher than that of the Euler method, and the errors in the GPM decrease rapidly to a feasible level as

the number of collocation points increases.

4.2.2 Performance comparison over standard driving cycles

A simulation was conducted by comparing the energy consumption of the proposed method (GPM-MPC)

with that using the Euler method (Euler-MPC). The parameters are the same as in the above simulation,

as are the NEDC and UDDS. The sampling time and discrete point number were chosen as ∆t = 0.5 s

and Ng = Ne = 10, with prediction horizon T = 5 s.

Tables 4 and 5 compare the fuel consumption values with equal initial and final SoCs for different

controllers run on the same model of HEV. For fair comparison, the effect of different initial and final

SoCs on fuel consumption should be considered. When the final SoC is lower than the initial SoC, fuel

consumption will be lower. In order to remove this effect, we ran the simulations over the same cycle

multiple times to reach a charge balance. Figures 11 and 12 show the results over the standard driving

cycles with the same initial and terminal SoCs.

Figures 11 and 12 illustrate that, although the formulation of the optimization problem is the same,

different discrete methods lead to different control results. Neglecting the computing accuracy of the

converted NLP, different discrete methods and points may influence the approximate optimal control

values, which will further influence the control effect. For the same number of discrete points, the energy

efficiency obtained using the GPM-MPC is better than that using the Euler-MPC by 3%–4% on average,

particularly for UDDS.

To evaluate the performance improvement of computational efficiency resulting from the proposed

method, a simulation was performed aiming at comparing the computational time of the two methods

while maintaining the same accuracy. The simulations were run on an Intel(R) Core(TM) i7-4790 CPU

(3.60 GHz), and an estimate of CPU computational time was obtained using the CPU command in

MATLAB. The computational times needed to solve the torque-split problem are shown in Figure 13.

From these results, we can see that with the same energy efficiency (average error is 0.02 in Figure 9,

and thus, the discrete point number is Ng = 10 and Ne = 20, respectively), the proposed method shows

better potential for real-world implementation.

5 Conclusion

In this paper, a new formulation of model predictive control for continuous-time nonlinear systems is

introduced; this method allows for the use of real-time optimization techniques. By combining the

GPM and MPC, the finite-horizon optimal control problem is converted to an NLP problem. The main
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Figure 11 (Color online) Trajectories of simulation results using the GPM-MPC and Euler-MPC in NEDC. From top to

bottom, the figures show the trajectories of (a) vehicle speed, (b) torque demand, (c) torque-split ratio, (d) state-of-charge,

(e) motor torque, and (f) engine torque, respectively.
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Figure 12 (Color online) Trajectories of simulation results using the GPM-MPC and Euler-MPC in UDDS. From top to

bottom, the figures show the trajectories of (a) vehicle speed, (b) torque demand, (c) torque split ratio, (d) state-of-charge,

(e) motor torque, and (f) engine torque, respectively.
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Figure 13 (Color online) Computational efficiency of the proposed method (NEDC). The second figure shows the results

in the time horizon t ∈ [800, 1180] s.

advantage of the proposed method is that it is less computationally demanding for online implementation

compared with traditional discretization approaches, such as the Euler method.

To observe the effectiveness of the proposed method, several numerical examples are discussed in this

paper, from which we conclude that the computational accuracy of the proposed method is superior to

that of the Euler method. Using this solution, the optimal control of torque-split in HEVs based on known

torque demand has been addressed. The novel algorithm calculates the optimal torque-split strategy by

converting the problem to an NLP problem, and then solving the resulting NLP problem using the SQP

algorithm, all with a computational effort of less than half that required for the Euler method, while

ensuring the same accuracy.
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